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Circuit Concepts and
Network Simplification
Techniques

1.1 Introduction

Today we live in a predominantly electrical world. Electrical technology is a driving force
in the changes that are occurring in every engineering discipline. For example, surveying
is now done using lasers and electronic range finders.

Circuit analysis is the foundation for electrical technology. An indepth knowledge of
circuit analysis provides an understanding of such things as cause and effect, feedback
and control and, stability and oscillations. Moreover, the critical importance is the fact
that the concepts of electrical circuit can also be applied to economic and social systems.
Thus, the applications and ramifications of circuit analysis are immense.

In this chapter, we shall introduce some of the basic quantities that will be used
throughout the text. An electric circuit or electric network is an interconnection
of electrical elements linked together in a closed path so that an electric current
may continuously flow. Alternatively, an electric circuit is essentially a pipe-line that
facilitates the transfer of charge from one point to another.

1.2 Current, voltage, power and energy

The most elementary quantity in the analysis of electric circuits is the electric charge.
Our interest in electric charge is centered around its motion results in an energy transfer.
Charge is the intrinsic property of matter responsible for electrical phenomena. The
quantity of charge ¢ can be expressed in terms of the charge on one electron. which is
—1.602 x 10~!? coulombs. Thus, —1 coulomb is the charge on 6.24 x 10'® electrons. The
current flows through a specified area A and is defined by the electric charge passing
through that area per unit time. Thus we define ¢ as the charge expressed in coulombs.
Charge is the quantity of electricity responsible for electric phenomena.
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The time rate of change constitutes an electric current. Mathemetically, this relation
is expressed as

Z(t)qud(;) (1.1)
or q(t):/_' i(z)dz (1.2)

The unit of current is ampere(A); an ampere is 1 coulomb per second.
Current is the time rate of flow of electric charge past a given point.
The basic variables in electric circuits are
current and voltage. If a current flows into ;
terminal a of the element shown in Fig. 1.1, g o
then a voltage or potential difference exists -
between the two terminals a and b. Nor-
mally, we say that a voltage exists across
the element.

Vah

Figure 1.1 Voltage across an element

The voltage across an element is the work done in moving a positive charge
of 1 coulomb from first terminal through the element to second terminal. The
unit of voltage is volt, V or Joules per coulomb.

We have defined voltage in Joules per coulomb as the energy required to move a
positive charge of 1 coulomb through an element. If we assume that we are dealing with
a differential amount of charge and energy,

_dw

then v = ch

(1.3)

Multiplying both the sides of equation (1.3) by the current in the element gives

. dw (dq dw
vi = a7 <dt> = T (1.4)
which is the time rate of change of energy or power measured in Joules per second or
watts (W).
p could be either positive or negative. Hence it i
is imperative to give sign convention for power. o——— | —5
If we use the signs as shown in Fig. 1.2., the x v y

current flows out of the terminal indicated by =,
which shows the positive sign for the voltage. In
this case, the element is said to provide energy
to the charge as it moves through. Power is then

provided by the element.
Conversely, power absorbed by an element is p = vi, when ¢ is entering through the

positive voltage terminal.

Figure 1.2 An element with the current
leaving from the terminal
with a positive voltage sign
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Energy is the capacity to perform work. Energy and power are related to each
other by the following equation:

t
Energy =w = / p dt

—00
EXAMPLE A
Consider the circuit shown in Fig. 1.3 with i
v=28etVandi=20e"tAfort>0. Find o— | 5
the power absorbed and the energy supplied - " +
by the element over the first second of oper-
ation. we assume that v and i are zero for Figure 1.3
t <O0.
SOLUTION
The power supplied is

p=wvi = (8¢ ")(20e™")
=160e" 2 W

The element is providing energy to the charge flowing through it.
The energy supplied during the first seond is

1 1
w= / pdt = / 160e—2tdt
0 0

=80(1 — e %) = 69.17 Joules

1.3 Linear, active and passive elements

A linear element is one that satisfies the prin- a —» b
ciple of superposition and homogeneity. S— — O
In order to understand the concept of super- v

position and homogeneity, let us consider the Figure 1.4 An element with excitation
element shown in Fig. 1.4. 1 and response v

The excitation is the current, ¢ and the response is the voltage, v. When the element
is subjected to a current i1, it provides a response v;. Furthermore, when the element is
subjected to a current s, it provides a response wvo. If the principle of superposition is
true, then the excitation i; + io must produce a response vi + vs.

Also, it is necessary that the magnitude scale factor be preserved for a linear element.
If the element is subjected to an excitation (37 where (3 is a constant multiplier, then if
principle of homogencity is true, the response of the element must be [v.

We may classify the elements of a circuir into categories, passive and active, depending
upon whether they absorb energy or supply energy.
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1.3.1 Passive Circuit Elements

An element is said to be passive if the total energy delivered to it from the rest of the
circuit is either zero or positive.
Then for a passive element, with the current flowing into the positive (4) terminal as

shown in Fig. 1.4 this means that
¢

w:/vidtzo

—00

Examples of passive elements are resistors, capacitors and inductors.

1.3.1.A Resistors

Resistance is the physical property of an ele- R

ment or device that impedes the flow of cur- o———AMWWW——o
rent; it is represented by the symbol R.
Resistance of a wire element is calculated us-
ing the relation:

Figure 1.5 Symbol for a resistor R

R:%l (1.5)

where A is the cross-sectional area, p the resistivity, and [ the length of the wire. The
practical unit of resistance is ohm and represented by the symbol €.
An element is said to have a resistance of 1 ohm, if it permits 1A of
current to flow through it when 1V is impressed across its terminals.
Ohm’s law, which is related to voltage and current, was published in 1827 as
v=Ri (1.6)
or R= E
i
where v is the potential across the resistive element, ¢ the current through it, and R the
resistance of the element.
The power absorbed by a resistor is given by
2

. v v
p=vi=v(g)=7% (.7
Alternatively,
p=wvi=(iR)i = i*R (1.8)

Hence, the power is a nonlinear function of current ¢ through the resistor or of the
voltage v across it.
The equation for energy absorbed by or delivered to a resistor is

t t
w:/ pdT:/ i’R dr (1.9)

2 is always positive, the energy is always positive and the resistor is a passive

Since
element.
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1.3.1.B Inductors

Whenever a time-changing current is passed through a coil or wire, the voltage across
it is proportional to the rate of change of current through the coil. This proportional
relationship may be expressed by the equation

v=Ly
Where L is the constant of proportionality known as induc-
tance and is measured in Henrys (H). Remember v and i are
both funtions of time.
Let us assume that the coil shown in Fig. 1.6 has NV turns and
the core material has a high permeability so that the magnetic
fluk ¢ is connected within the area A. The changing flux

creates an induced voltage in each turn equal to the derivative Figure 1.6 Model of the
of the flux ¢, so the total voltage v across N turns is inductor
d¢
v=N— 1.11
i (1.11)

Since the total flux N¢ is proportional to current in the coil, we have
N¢ = Li (1.12)

Where L is the constant of proportionality. Substituting equation (1.12) into equa-
tion(1.11), we get

= —
TR

di
p =t <dt>l

The energy stored in the inductor is

t
w:/ pdr

l(t) 1
= L/ i di = §Li2 Joules (1.13)
i(—o0)

The power in an inductor is

Note that when ¢t = —o0,i(—0c0) = 0. Also note that w(t) > 0 for all i(¢), so the
inductor is a passive element. The inductor does not generate energy, but only stores
energy.



6 | Network Theory

1.3.1.C Capacitors

A capacitor is a two-terminal element that is a model of a
device consisting of two conducting plates seperated by a di-
electric material. Capacitance is a measure of the ability of
a deivce to store energy in the form of an electric field.
Capacitance is defined as the ratio of the charge
stored to the wvoltage difference between the two con-
ducting plates or wires,

c=1

v
The current through the capacitor is given by

d d
i=-cZ
dt dt
The energy stored in a capacitor is
t

w:/vid'r

— 00

1.7 Circuit symbol for
a capacitor

(1.14)

Remember that v and ¢ are both functions of time and could be written as v(¢) and

i(t).
dv
Si =C—
ince i =
t
we have w:/deU dr
dr
b 1 e
=C / v dv = =Cv?
2 v(—00)
v(—00)
Since the capacitor was uncharged at ¢t = —o0, v(—00) = 0.
Hence w = w(t)

1
= 56’112(75) Joules
Since ¢ = Cv, we may write

w(t) 2(t) Joules

~ 201

(1.15)

(1.16)

Note that since w(t) > 0 for all values of v(t), the element is said to be a passive

element.
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1.3.2 Active Circuit Elements (Energy Sources)

An active two-terminal element that supplies energy to a circuit is a source of energy. An
ideal voltage source is a circuit element that maintains a prescribed voltage across the
terminals regardless of the current flowing in those terminals. Similarly, an ideal current
source is a circuit element that maintains a prescribed current through its terminals
regardless of the voltage across those terminals.

These circuit elements do not exist as practical devices, they are only idealized models
of actual voltage and current sources.

Ideal voltage and current sources can be further described as either independent
sources or dependent sources. An independent source establishes a voltage or current
in a circuit without relying on voltages or currents elsewhere in the circuit. The value of
the voltage or current supplied is specified by the value of the independent source alone.
In contrast, a dependent source establishes a voltage or current whose value depends on
the value of the voltage or current elsewhere in the circuit. We cannot specify the value
of a dependent source, unless you know the value of the voltage or current on which it
depends.

The circuit symbols for ideal independent sources are shown in Fig. 1.8.(a) and (b).
Note that a circle is used to represent an independent source. The circuit symbols for
dependent sources are shown in Fig. 1.8.(c), (d), (e) and (f). A diamond symbol is used
to represent a dependent source.

o (o] o o o (o]

C) ; <D ,- <+> v=bu, <+> v=ri, <1 i=gy, <f> i=di,
o (o] O O o O
(a) (b) © (@ (© (0

Figure 1.8 (a) An ideal independent voltage source
(b) An ideal independent current source
(c) voltage controlled voltage source
(d) current controlled voltage source
(e) voltage controlled current source
(f) current controlled current source
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1.4 Unilateral and bilateral networks

A Unilateral network is one whose properties or characteristics change with the direction.
An example of unilateral network is the semiconductor diode, which conducts only in one
direction.

A bilateral network is one whose properties or characteristics are same in either direc-
tion. For example, a transmission line is a bilateral network, because it can be made to
perform the function equally well in either direction.

1.5 Network simplification techniques

In this section, we shall give the formula for reducing the networks consisting of resistors
connected in series or parallel.
1.5.1 Resistors in Series

When a number of resistors are connected in series, the equivalent resistance of the com-
bination is given by

R=Ri+Rys+---+R, (1.17)
Thus the total resistance is the algebraic sum of individual resistances.
R, R, R,

Figure 1.9 Resistors in series

1.5.2 Resistors in Parallel

When a number of resistors are connected in parallel as shown in Fig. 1.10, then the
equivalent resistance of the combination is computed as follows:
1 1 1 1
s=5+5+... + — (1.18)
Thus, the reciprocal of a equivalent resistance of a parallel combination is the sum of
the reciprocal of the individual resistances. Reciprocal of resistance is conductance and
denoted by G. Consequently the equivalent conductance,

G=Gi+Gat--+Gy

Figure 1.10 Resistors in parallel
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1.5.3 Division of Current in a Parallel Circuit

| 9

Consider a two branch parallel circuit as shown in Fig. 1.11. The branch currents I; and
I> can be evaluated in terms of total current I as follows:

L IR IGy
""Ri+Ry, G +Gy
L IR IG,
" Ri+R Gi+G

LR
—— AN/

12 R2
—— AN/

Al

14

=

||

Figure 1.11 Current division in a parallel circuit

(1.19)

(1.20)

That is, current in one branch equals the total current multiplied by the resistance of the
other branch and then divided by the sum of the resistances.

SV 1.2

The current in the 62 resistor of the network shown in Fig. 1.12 is 2A. Determine the

current in all branches and the applied voltage.

\

6Q c 8Q
—— \VVW— A%
2A
4Q
O—AVW—
| 8Q 200
b VMV 2 MWW
' v
(applied voltage)
Figure 1.12
SOLUTION
Voltage across 62 =16 x 2

=12 volts
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83Q

Since 62 and 8() are connected in parallel, voltage C D
= AAAA——
across 8(2 = 12 volts.
Therefore, the current through _ 12 15 A 35A
80 (between A and B) 8 O——]
Total current in the circuit =2+1.5=3.5 A 20Q
Current in the 42 branch = 3.5 A —VVW—
C t th h 8Q (bet C and D) 3.5 X 20
rrent thr n n = 3.
urre oug etwe a 20+ 38
=25 A
Therefore, current through 2002=3.5-25
=1A
6x8 8x20
Total resistance of the circuit =4+ G i 313 j_ 20
= 13.143Q2
Therefore applied voltage, V=35x13.143 (- V =1IR)
=46 Volts
SNV 1.3
Find the value of R in the circuit shown in Fig. 1.13.
L 20Q
——AMA———
5Q
MWWV L 200
S AMA——
[=2.5A & I3 N
| |
I I
25 Volts
Figure 1.13

SOLUTION
Voltage across 5{) = 2.5 x 5 = 12.5 volts
Hence the voltage across the parallel circuit = 25 — 12.5 = 12.5 volts

Current through 202 =17 or I

12.5
= —— =0.625A
50 0.625
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Therefore, current through R=Is=1—-1 — I
=2.5-0.625—0.625
=1.25 Amps

12.5
H =— =100
ence, R 195 0

1.6 Kirchhoff’s laws

In the preceeding section, we have seen how simple resistive networks can be solved
for current, resistance, potential etc using the concept of Ohm’s law. But as the network

becomes complex, application of Ohm’s law for
solving the networks becomes tedious and hence
time consuming. For solving such complex net-
works, we make use of Kirchhoff’s laws. Gustav
Kirchhoff (1824-1887), an eminent German physi-
cist, did a considerable amount of work on the
principles governing the behaviour of eletric cir-
cuits. He gave his findings in a set of two laws: (i)
current law and (ii) voltage law, which together
are known as Kirchhoff’s laws. Before proceeding
to the statement of these two laws let us familar-
ize ourselves with the following definitions encoun-
tered very often in the world of electrical circuits:

D

Figure 1.14 A simple resistive network
for difining various circuit
terminologies

(i) Node: A node of a network is an equi-potential surface at which two or more circuit
elements are joined. Referring to Fig. 1.14, we find that A,B,C and D qualify as

nodes in respect of the above definition.

(ii) Junction: A junction is that point in a network, where three or more circuit elements
are joined. In Fig. 1.14, we find that B and D are the junctions.

(iii) Branch: A branch is that part of a network which lies between two junction points.
In Fig. 1.14, BAD,BCD and BD qualify as branches.

Loop: A loop is any closed path of a network. Thus, in Fig. 1.14, ABDA,BCDB and
ABCDA are the loops.

Mesh: A mesh is the most elementary form of a loop and cannot be further divided
into other loops. In Fig. 1.14, ABDA and BCDB are the examples of mesh. Once
ABDA and BCDB are taken as meshes, the loop ABCDA does not qualify as a mesh,
because it contains loops ABDA and BCDB.
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1.6.1 Kirchhoff’'s Current Law

The first law is Kirchhoff’s current law(KCL), which states that the algebraic sum of
currents entering any node is zero.
Let us consider the node shown in Fig. 1.15. The sum of the currents entering the
node is
—bg +1p —tc+ 190 =0
Note that we have —i, since the current i, is leaving the node. If we multiply the
foregoing equation by —1, we obtain the expression

lg— 1+ 1.—1q=20

which simply states that the algebraic sum of currents leaving a node is zero. Alternately,
we can write the equation as
1+ iqg = iq +ic

which states that the sum of currents entering a node
is equal to the sum of currents leaving the node. If the
sum of the currents entering a node were not equal
to zero, then the charge would be accumulating at a
node. However, a node is a perfect conductor and
cannot accumulate or store charge. Thus, the sum of
currents entering a node is equal to zero.

Figure 1.15 Currents at a node

1.6.2 Kirchhoff’'s Voltage Law

Kirchhoff’s voltage law (K VL) states that the algebraic sum of voltages around any closed
path in a circuit is zero.
In general, the mathematical representation of Kirchhoff’s voltage law is

N
> i) =0

j=1
where v;(t) is the voltage across the j branch (with proper reference direction) in a loop
containing N voltages.
In Kirchhoff’s voltage law, the algebraic sign
is used to keep track of the voltage polarity.
In other words, as we traverse the circuit, it is
necessary to sum the increases and decreases
in voltages to zero. Therefore, it is impor-
tant to keep track of whether the voltage is
increasing or decreasing as we go through each
element. We will adopt a policy of consider-
ing the increase in voltage as negative and a
decrease in voltage as positive.

Figure 1.16 Circuit with three closed paths
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Consider the circuit shown in Fig. 1.16, where the voltage for each element is identified
with its sign. The ideal wire used for connecting the components has zero resistance,
and thus the voltage across it is equal to zero. The sum of voltages around the loop
incorporating vg, vs, v4 and vy is

—vg —v3+v4+v5=0

The sum of voltages around a loop is equal to zero. A circuit loop is a conservative
system, meaning that the work required to move a unit charge around any loop is zero.

However, it is important to note that not all electrical systems are conservative. Ex-
ample of a nonconservative system is a radio wave broadcasting system.

VI 1.4
Consider the circuit shown in Fig. 1.17. Find each branch current and voltage across
each branch when R; = 8Q, vy = —10 volts i3 = 2A and Rg = 12. Also find Rs.

E R, Ay o By R B
NV : ANNNN—
+ v - ll3 + v, -
+
10V <+> v, <R3 <+>12V
D C
Figure 1.17

SOLUTION
Applying KCL (Kirchhoff’s Current Law) at node A, we get

i =12 +13
and using Ohm’s law for R3, we get
v3 = Ryig = 1(2) = 2V
Applying K VL (Kirchhoff’s Voltage Law) for the loop EACDE, we get

—10+v; +v3=0
= v =10 —vg =8V
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Ohm’s law for Ry is

v =11 Ry
. U1
21 R1
Hence, 19 =11 — 13
=1-2=-1A
From the circuit, v9 = Roio
—10
= Ro=2="""-100
19 -1
AWV 1.5
Referring to Fig. 1.18, find the follow-
ing:

(a) iy if 4y = 2A and i, = 0A
(b) i, if iy = 2A and i, = 2i,
)

(¢) iy if iy = iy = is

SOLUTION
Applying KCL at node A, we get

Figure 1.18

54ty +i, =i+ 3

(a> Iy = 2 +Zy+lz

=24+2+0=4A
(b) iy =341y —5—1,

— —2+42-2i,
= iy =0A
(c) This situation is not possible, since i, and i, are in opposite directions. The only

possibility is i, = 0, and this cannot be allowed, as K C'L will not be satisfied (5 # 3).

G 1.6
Refer the Fig. 1.19.

(a) Calculate v, if i, = —3A

(b) What voltage would you need to replace 5 V source to obtain v, = —6 V if
i, = 0.5A7
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e
N\

O IS TR

+

Figure 1.19

SOLUTION
(a) vy =1 (3 v, +1i.)

Since v, =5V and i, = —3A,

we get v, =3(5) —3 =12V
(b) vy=1B v, +1i,) =—6

=3v, + 0.5
= 3 v, =—6.5
Hence, vy = —2.167 volts

SNV 1.7

For the circuit shown in Fig. 1.20, find 4; and vy, given R3 = 6.

iy 6Q2 R,

M —— AN,

(OGN N OF

C
Figure 1.20
SOLUTION
Applying KCL at node A, we get
—i1—12+5=0
From Ohm’s law, 12 =isR3
12 12
= o =—=—=2A
“T Ry 6

Hence, i1=5—1y =3A
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Applying KVL clockwise to the loop CBAC, we get

—v1 —6i1+12=0
= v =12 — 64
=12 —6(3) = —6volts

EXAMPLE ]

Use Ohm’s law and Kirchhoff’s law to evaluate (a) v, (b) i, (¢) Is and (d) the power
provided by the dependent source in Fig 1.21.

4Q
i MWV
mn + ,UX —
(o,
+ S +
2V § 20 Cf) 6A I 2Q §8V <1> dv,
O
Figure 1.21
SOLUTION
(a) Applying KVL, (Referring Fig. 1.21 (a)) we get
—24v,+8=0
= vy = —6V
KVLpath | 4Q |
i : AMAN :
= Ty + v, - a !
O ) :
L2V §29 Cf) 6A I 20 §8v: <f> 4
o : I

Figure 1.21(a)
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(b) Applying KCL at node a, we get

v 8

Litdv,+ =3

N IS—|—4(—6)—g:4

= I,—24—-15=4
N I, = 29.5A

(c) Applying KCL at node b, we get

2 (.
’inzf Is — —6
) 2—|- +4

6
= iin:1—|—29.5—1—6:23A
(d) The power supplied by the dependent current source = 8 (4v, ) =8 x4x—6 = —192W

DNV 1.9
Find the current i and voltage v for the circuit shown in Fig. 1.22.

20 3i,
—AN—< >
i AN
+ li 2
21V C*) 30 6Q < v
4Q
0 VMWV q
Figure 1.22
SOLUTION
From the network shown in Fig. 1.22, ¢ = %
The two parallel resistors may be reduced to
3x6
= =2Q
P 3+6

Hence, the total series resistance around the loop is

R,=2+R,+4
=80
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Applying KVL around the loop, we have
—214+8i—3ip =0 (1.21)

Using the principle of current division,

. iRQ _i><3
12_R1+R2 346
3
9 3
= i = 3iy (1.22)

Substituting equation (1.22) in equation (1.21), we get

—21 + 8(3i2) —3i5=0
Hence, o =1A
and v = 06i9 = 6V

SNV 1.10
Find the current i and voltage v for resistor R in Fig. 1.23 when R = 16().

" I
® 4 b

2Q

X
O
O

<0

Figure 1.23

SOLUTION
Applying KCL at node z, we get

4—141 +3i9—129=0

v v
Al _ _v
50 1T 41276
v_uv
TR 16

v v

H 4-Yig Lo

ence, 67° %16 16

= v = 96volts

96

and i2:3:7:6A
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A wheatstone bridge ABCD is arranged as follows: AB = 102, BC = 3012, CD = 150

and DA = 20Q2. A 2V battery of internal resistance 2() is connected between points A
and C with A being positive. A galvanometer of resistance 40f) is connected between B

and D. Find the magnitude and direction of the galvanometer current.

SOLUTION

1x+1y

2Q

2V
| —a

Applying KVL clockwise to the loop ABDA, we get
102, + 402, — 20, =0
= 10¢; — 207, +40i, =0

Applying KVL clockwise to the loop BCDB, we get
30(iy — i) — 15(iy 4 i) — 40i, = 0
= 30i; — 15i, — 85i, =0

Finally, applying KVL clockwise to the loop ADCA, we get

20iy + 15(iy + i) + 2(ix +iy) —2 =0

= 2, + 37i, + 15i, = 2

Putting equations (1.23),(1.24) and (1.25) in matrix form, we get
10 —-20 40 g 0
30 —15 =85 iy | =10
2 371 15 iz 2

Using Cramer’s rule, we find that

i, =0.01 A (Flows from B to D)

_—
i,

(1.23)

(1.24)

(1.25)
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1.7 Multiple current source networks

Let us now learn how to reduce a network having multiple current sources and a number
of resistors in parallel. Consider the circuit shown in Fig. 1.24. We have assumed that
the upper node is v(t) volts positive with respect to the lower node. Applying KCL to
upper node yields

~
—
—~
o~
|
~
w
—
~
~
+
~
Ny
~
~—
|
. o~
=)
—~
~
I
~
[\V}
~
+
~
ot
—
~
~—
J—
[\)
D

Figure 1.24 Multiple current source network

where i, (t) = i1(t) — i3(t) + ia(t) — ig(t) is the
algebraic sum of all current sources present
in the multiple source network shown in Fig. +

1.24. As a consequence of equation (1.27), the fo() (f) R1§ Rzgv(z)
network of Fig. 1.24 is effectively reduced to -

that shown in Fig. 1.25. Using Ohm’s law, the
currents on the right side of equation (1.27)

can be expressed in terms of the voltage and Figure 1.25 Equivalent circuit
individual resistance so that KCL equation
reduces to

. 1 1

Zo(t) = {Rl + _R2:| ’U(t)

Thus, we can reduce a multiple current source network into a network having only one
current source.

1.8 Source transformations

Source transformation is a procedure which transforms one source into another while
retaining the terminal characteristics of the original source.

Source transformation is based on the concept of equivalence. An equivalent circuit is
one whose terminal characteristics remain identical to those of the original circuit. The
term equivalence as applied to circuits means an identical effect at the terminals, but not
within the equivalent circuits themselves.
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We are interested in transforming the circuit shown in Fig. 1.26 to a one shown in
Fig. 1.27.

Y =

+0Q =

<
O
<
=
()
N
N
4
=

y y
Figure 1.26 Voltage source connected Figure 1.27 Current source connected
to an external resistance R to an external resistance R

We require both the circuits to have the equivalence or same characteristics between the
terminals =z and y for all values of external resistance R. We will try for equivanlence of
the two circuits between terminals  and y for two limiting values of R namely R = 0
and R = co. When R = 0, we have a short circuit across the terminals z and y. It is

obligatory for the short circuit to be same for each circuit. The short circuit current of
Fig. 1.26 is

US
s = 1.28
"~ R, (1.28)
The short circuit current of Fig. 1.27 is i,. This enforces,
. Vs
= — 1.29
=5 (1.29)

When R = oo, from Fig. 1.26 we have vy, = v, and from Fig. 1.27 we have vy, = i, R).
Thus, for equivalence, we require that

vs = iR, (1.30)

Also from equation (1.29), we require iy = % Therefore, we must have
S

= R,=R, (1.31)

Equations(1.29) and (1.31) must be true simulaneously for both the circuits for the two
sources to be equivalent. We have derived the conditions for equivalence of two circuits
shown in Figs. 1.26 and 1.27 only for two extreme values of R, namely R = 0 and R = oo.
However, the equality relationship holds good for all R as explained below.
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Applying KVL to Fig. 1.26, we get

v =1Rs + v
Dividing by R, gives
Vg - v
S 4
R, R,

4 v
is =1+ —
S Rp
Thus two circuits are equal when
. Us
1g = Fs and Ry = R,

(1.32)

(1.33)

Transformation procedure: If we have embedded within a network, a current source
1 in parallel with a resistor R can be replaced with a voltage source of value v = iR in
series with the resistor R.
The reverse is also true; that is, a voltage source v in series with a resistor R can be

v
replaced with a current source of value ¢ = — in parallel with the resistor R. Parameters

within the circuit are unchanged under these transformation.

EXAMPLE

1.12

A circuit is shown in Fig. 1.28. Find the current ¢ by reducing the circuit to the right of

the terminals  — y to its simplest form using source transformations.

50 . 30Q
—AWWW O A%
L
5V <*> 20Q <+> 3V
v

Figure 1.28
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SOLUTION
The first step in the analysis is to transform 30 ohm resistor in series with a 3 V source

into a current source with a parallel resistance and we get:

5Q

X
MVW—0

QO mE oed @

<0

Reducing the two parallel resistances, we get:

5Q

X
AMVWW—0

20%30
5v C*) 20130 <1 01A
- 120

<0

The parallel resistance of 122 and the current source of 0.1A can be transformed into

a voltage source in series with a 12 ohm resistor.

; 5Q . 12Q

EAAM——AMA—

5V C*) <+> 12x0.1=1.2V

<0

Applying KVL, we get

9t +12t+1.2-5=0
171 =3.8
1 =0.224A

¢
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EXAMPLE RAE
Find current ¢; using source transformation for the circuit shown Fig. 1.29.

4i,
3.3kQ
<>—WwW
il
—_—

Figure 1.29

SOLUTION

Converting 1 mA current source in parallel with 47k resistor and 20 mA current source
in parallel with 10k(2 resistor into equivalent voltage sources, the circuit of Fig. 1.29
becomes the circuit shown in Fig. 1.29(a).

47kQ 4iy 3.3kQ 10kQ

il
—_—

47><103 = n 20><1073
x1x1073 C) () x10x103
47V . —/ =200V

Figure 1.29(a)

Please note that for each voltage source, “4” corresponds to its corresponding current
source’s arrow head.
Using K VL to the above circuit,

A7 + 47 x 10%; — 441 + 13.3 x 10%; +200 =0

Solving, we find that
11 = —4.096 mA

EXAMPLE NP
Use source transformation to convert the circuit in Fig. 1.30 to a single current source in

parallel with a single resistor.
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4Q a' 4Q a
— ANAANAN———AAAA O
© O @ o
— WV 0o
4Q b’ b
Figure 1.30

SOLUTION

The 9V source across the terminals ¢’ and & will force the voltage across these two
terminals to be 9V regardless the value of the other 9V source and 8() resistor to its
left. Hence, these two components may be removed from the terminals, o’ and b without
affecting the circuit condition. Accordingly, the above circuit reduces to,

a' 4Q a
AVAYAYAY, ‘o)

vQ s w3
O
b' b

Converting the voltage source in series with 4€) resistor into an equivalent current
source, we get,

O
a
2A
NOEK: § () § 0
b
0 a
Adding the current sources in parallel and °
reducing the two 4 ohm resistors in parallel,
we get the circuit shown in Fig. 1.30 (a): 5+2.25
=7.25A ‘ 2Q
O
b

Figure 1.30 (a)
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1.8.1 Source Shift

The source transformation is possible only in the case of practical sources. ie Rs # oo
and R, # 0, where Ry and R, are internal resistances of voltage and current sources
respectively. Transformation is not possible for ideal sources and source shifting methods
are used for such cases.

Voltage source shift (E—shift):

Consider a part of the network shown in Fig. 1.31(a) that contains an ideal voltage source.

Figure 1.31(a) Basic network

Since node b is at a potential E with respect to node a, the network can be redrawn
equivalently as in Fig. 1.31(b) or (c) depend on the requirements.

—E@—é—

R4 . R,

a
1 4
R, . )E

b

Ry
Figure 1.31(b) Networks after E-shift Figure 1.31(c) Network after the E-shift

Current source shift (I—shift)

In a similar manner, current sources also can be shifted. This can be explained with an
example. Consider the network shown in Fig. 1.32(a), which contains an ideal current
source between nodes a and c¢. The circuit shown in Figs. 1.32(b) and (c) illustrates the
equivalent circuit after the I - shift.
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Figure 1.32(a) basic network

\ R5
a
I 1 e
| S

b %6 .

Figure 1.32(b) and (c) Networks after I--shift
DVIZI 1.15

Use source shifting and transformation techiniques to find voltage across 212 resistor shown
in Fig. 1.33(a). All resistor values are in ohms.

Figure 1.33(a)
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SOLUTION
The circuit is redrawn by shifting 2A current source and 3V voltage source and further
simplified as shown below.

3V
3
)
VMV + -
1 4
AMA—2 ' MM—(: :)—'
2A +
=
2A 2 14
2V 4 3V
—@—MN» ()
N
3V

Thus the voltage across 22 resistor is

1
V= —3V
Xy Tya1 0
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DGV 1.16
Use source mobility to calculate vy, in the circuits shown in Fig. 1.34 (a) and (b). All

resistor values are in ohms.

b (D sa N, .

>

Figure 1.34(a) Figure 1.34(b)

SOLUTION
(a) The circuit shown in Fig. 1.34(a) is simplified using source mobility technique, as
shown below and the voltage across the nodes a and b is calculated.

3 3
AAAA% VvV
15
VvV
10
b NV a
1A
S
Voltage across a and b is
1
Vb =2V

T3 14101+ 15!
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(b) The circuit shown in Fig. 1.34 (b) is reduced as follows.

PO

S RO
4A@

b
Figure 1.34(d)

S 0 35 (Du(De

Figure 1.34(e)

From Fig. 1.34(e),

1271 x6

211101 +15-1 °

Vie

Applying this result in Fig. 1.34(b), we get

Vab = Vac — Ubc

=60-24=36V

EXAMPLE RN

Use mobility and reduction techniques to solve the node voltages of the network shown

in Fig. 1.35(a). All resistors are in ohms.
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b 8
VWV
2
()
. 10
h AAA'AY

Figure 1.35(a)

SOLUTION

The circuit shown in Fig. 1.35(a) can be reduced by using desired techniques as shown in
Fig. 1.35(b) to 1.35(e).

Figure 1.35(b)

From Fig. 1.35(e)

=22 _9A
T

Using this value of 7 in Fig. 1.35(e),

V,=—-9%x2=-18V
and Vo=V, —2x2-20=-42V
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Figure 1.35(c)

6A
10A
/—D m
_/ -
= _/
AVAYA'AY e 3 a
— 10 * NVVVN—TFANN—
NV 6
15 —ANNVNVN—
o
iy
15A
Figure 1.35(d)
54V 20V

Figure 1.35(e)

From Fig 1.35(a)
Vi=V.+30=—-42430 = -12V
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Then at node b in Fig. 1.35(b),

Vi -V,

2 8 0

Using the value of V; in the above equation and rearranging, we get,

1 1 12
Vi(=+=]=45-—=
b<2+8) 8

- Vi, =69.6 V

At node ¢ of Fig. 1.35(b)
Ve Ve—=Ve

< +45 =0
5+ + 10
1 1 42
S Y
Vc<5+10 g 10
= V.=-164V

S\Vi= 1.18

33

Use source mobility to reduce the network shown in Fig. 1.36(a) and find the value of V.

All resistors are in ohms.

Figure 1.36(a)

SOLUTION
The circuit shown in Fig. 1.36(a) can be reduced as follows and V. is calculated.
Thus

)
VI—%X18—3.6V
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X 15V 15V
3

§ .
O
!

O3,

4 6
AYAVAYAY, AVAYAAY
18
= VN
+ vV -
X 15V S5A

MmO

7
(L3

30V
2
WAYA'AY, AN/
+ V - n V _
X X

10
o R
T -
AVAYAVAY;

5 2
WAA'AY
5 2

15V 10V

1.9 Mesh analysis with independent voltage sources

Before starting the concept of mesh analysis, we want to reiterate that a closed path or
a loop is drawn starting at a node and tracing a path such that we return to the original
node without passing an intermediate node more than once. A mesh is a special case of
a loop. A mesh is a loop that does not contain any other loops within it. The network
shown in Fig. 1.37(a) has four meshes and they are identified as M;, where ¢ = 1,2, 3, 4.
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5 Moo
R, Tt '
—AN\V\VN— 5 :
E H b R My : |
+ \: ! ' N i ! i
v(_)l M, .R3§. AN §R4: !
e | LMy

AVAVAVAY,

R

Figure 1.37(a) A circuit with four meshes. Each mesh is identified by a circuit

The current flowing in a mesh is defined as mesh R R
current. As a matter of convention, the mesh cur- AN ’\/\/i/\/
rents are assumed to flow in a mesh in the clock-
wise direction.

Let us consider the two mesh circuit of Fig. A , .
1.37(b). " g R\ "

We cannot choose the outer loop, v — Ry — Ry —
v as one mesh, since it would contain the loop v —
Ry — R3 — v within it. Let us choose two mesh

currents 41 and 4z as shown in the figure. Figure 1.37(b) A circuit with two meshes

We may employ K VL around each mesh. We will travel around each mesh in the
clockwise direction and sum the voltage rises and drops encountered in that particular
mesh. We will adpot a convention of taking voltage drops to be positive and voltage rises
to be negative . Thus, for the network shown in Fig. 1.37(b) we have

Mesh 1: —v+i1 R + (il — ig)Rg =0 (1.34)
Mesh 2 : Rg(ig — il) + Rois =0 (1.35)

Note that when writing voltage across R3 in mesh 1, the current in Rj3 is taken as
71 — 19. Note that the mesh current 7; is taken as ‘+ve’ since we traverse in clockwise
direction in mesh 1, On the other hand, the voltage across R3 in mesh 2 is written as
R3(i2 —i1). The current iy is taken as +ve since we are traversing in clockwise direction
in this case too.

Solving equations (1.34) and (1.35), we can find the mesh currents ¢; and is.

Once the mesh currents are known, the branch currents are evaluated in terms of
mesh currents and then all the branch voltages are found using Ohms’s law. If we have
N meshes with N mesh currents, we can obtain N independent mesh equations. This set
of N equations are independent, and thus guarantees a solution for the N mesh currents.
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SNV 1.19
For the electrical network shown in Fig. 1.38, determine the loop currents and all branch

currents.
5Q
AYAVAVAY,
@
2Q 4Q
NVVV NVVN—
0.2Q §O.ZQ
+
10V 15V
Figure 1.38
SOLUTION

Applying KVL for the meshes shown in Fig. 1.38, we have

Mesh 1 0.21; +2(I — I3) +3(I1 — I,) =10 =0
= 5.211 — 31, — 213 = 10 (1.36)

Mesh 2 : 3(Ia — 1) +4(Iy — I3) + 0.2, + 15 =0
= — 3L 4+ 7.2I; — I3 = —15 (1.37)

Mesh 3 : 5154 2(Is — 1) + 4(I3 — I) =0
= — 2l — 4L, + 1113 =0 (1.38)

Putting the equations (1.36) through (1.38) in matrix form, we have

52 -3 —2 I 10
-3 7.2 —4 L | =] -15
—2 —4 11 I 0

Using Cramer’s rule, we get

I =0.11A
I, =—2.53A
and I3 =—0.9A



Circuit Concepts and Network Simplification Techniques | 37

The various branch currents are now calculated as follows:

Current through 10V battery = I = 0.11A
=1 — I3 =1.01A

Current through 22 resistor

Current through 39 resistor =1 — Io = 2.64A
Current through 42 resistor = I, — I3 = —1.63A

Current through 52 resistor = I3 = —0.9A
Current through 15V battery = I, = —2.53A

The negative sign for Iy and I3 indicates that the actual directions of these currents

are opposite to the assumed directions.

1.10 Mesh analysis with independent current sources

Let us consider an electrical circuit source
having an independent current source as
shown Fig. 1.39(a).

We find that the second mesh current io = —ig
and thus we need only to determine the first
mesh current i1, Applying KVL to the first
mesh, we obtain

(Rl + Rg)il — Roig =w

Since 19 = —ig,
we get (Rl + Rg)il + iRy =w
N i = v — 15
Ry + Ry

As a second example, let us take an electri-
cal circuit in which the current source s is
common to both the meshes. This situation
is shown in Fig. 1.39(b).

By applying KCL at node x, we recognize
that, io — i1 = ig

The two mesh equations (using K'VL) are

Mesh 1 :
Mesh 2 :

Rlz’l—l—vzy—v:()
(R2 + R3)ia — vyy =0

OC)#()0:

R
AAA"AY

y

Figure 1.39(a) Circuit containing both inde-
pendent voltage and current sources

OC)®(+)%

Figure 1.39(b) Circuit containing an independent

current source common to both meshes
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Adding the above two equations, we get
Ryi1 + (Re + R3)is = v
Substituting io = 71 + i, in the above equation, we find that
Ryiy + (Re+ R3)(i1 +is) =
v— (R2 + R3)is
Ry + Ry + R3
In this manner, we can handle independent current sources by recording the relation-

ship between the mesh currents and the current source. The equation relating the mesh
current and the current source is recorded as the constraint equation.

SNV 1.20

Find the voltage V,, in the circuit shown in Fig. 1.40.

= 11 =

4mA
(—2) °
_/ +
@ 2Q 6kQ
4kQ2
I R\ Vo
2mA <‘ @ 4kQ
o
Figure 1.40
SOLUTION
Constraint equations:
L=4x107% A

IL=-2x10"%A

Applying KVL for the mesh 3, we get
4x103[I3 — L] +2x 10°[I3 — ;] + 6 x 10’13 —3 =0
Substituting the values of I; and Is, we obtain
I3 =0.25 mA
Hence, V,=6x10%I3 — 3
=6 x103(0.25 x 10°3) — 3
=-15V
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1.11 Supermesh

A more general technique for mesh analysis method, |
when a current source is common to two meshes, |
involves the concept of a supermesh. A supermesh is 3 E
created from two meshes that have a current source v<7> !
as a common element; the current source is in the X
interior of a supermesh. We thus reduce the number |
of meshes by one for each current source present. :
Figure 1.41 shows a supermesh created from the two

meshes that have a current source in common. Figure 1.41 Circuif with a supermesh
shown by the dashed line

V= 1.21

Find the current i, in the circuit shown in Fig. 1.42(a).

6V

C 1kQ

4mA

1K C
2mA<1> §2k9 g o

Figure 1.42(a)

SOLUTION

This problem is first solved by the techique explained in Section 1.10. Three mesh currents
are specified as shown in Fig. 1.42(b). The mesh currents constrained by the current
sources are

i=2x107% A
is —izg=4x107% A
The KVL equations for meshes 2 and 3 respetively are

2 x 10%ig 4+ 2 x 103(ig — i1) — vgy = 0
6+ 1 x 10%3 + vgy + 1 x 10°(i3 — i1) = 0
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6V 6V

Y, Sl

1

1
8 4mA : @
1kQ :

'\/W\,x@y """""" '

AN ! l
1kQ : 12 2kQ
2mA <1> 1y ZkQ@ §2k§2 2mA<f>@2kQ @ .
i R R :
Figure 1.42(b) Figure 1.42(c)
Adding last two equations, we get
—6+1 x 10%3 + 2 x 10%i5 4+ 2 x 103(iy — i1) + 1 x 10%(i3 —i1) = 0 (1.39)

Substituting i; = 2 x 1073A and i3 = iy — 4 x 1073A in the above equation,
we get

—6+ 1 x 10% [ip — 4 x 107°] +2 x 10%i5 + 2 x 10% [i — 2 x 1077]
+1x10° [iz—4x10°—-2x10%] =0

Solving we get

) 10
19 = ? mA
Thus, io = il — iQ
1
_o 10
3
—4
= — mA
3

The purpose of supermesh approach is to avoid introducing the unknown voltage v .
The supermesh is created by mentally removing the 4 mA current source as shown in
Fig. 1.42(c). Then applying K VL equation around the dotted path, which defines the
supermesh, using the orginal mesh currents as shown in Fig. 1.42(b), we get

—641x 1033 +2 x 103 + 2 x 103(ig — i1) + 1 x 103(i3 —i1) = 0

Note that the supermesh equation is same as equation 1.39 obtained earlier by introduc-
ing vy, the remaining procedure of finding i, is same as before.
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EXAMPLE ¥
For the network shown in Fig. 1.43(a), find the mesh currents iq,i and i3.

30 +
tov C) W) F—AMAA—] v (_
@ § 20 Supermesh 4w

Figure 1.43(a)

SOLUTION E
The 5A current source is in the common !
boundary of two meshes. The supermesh :
is shown as dotted lines in Figs.1.43(b) and L0V <+>E @
1.43(c), the branch having the 5A current g
source is removed from the circuit diagram. !
Then applying K VL around the dotted path, :
which defines the supermesh, using the orig- E

inal mesh currents as shown in Fig. 1.43(c),
we find that

Supermesh

—10 4+ 1(41 —i3) + 3(ig — i3) + 2i2 = 0
Figure 1.43(c)
For mesh 3, we have

1(i3 — il) + 213 + 3(13 - ig) =0
Finally, the constraint equation is
i1—1i2=2>5
Then the above three eqations may be reduced to
Supemesh: 1i1 + Hig — 4ig = 10
Mesh 3 : —1i; — 3is +6i3 =0
current source: 11 —19 =95

Solving the above simultaneous equations, we find that,
1:1 = 75A, ’1:2 = 2.5A, and ’1:3 = 2.5A
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DOV 1.23
Find the mesh currents i1,io and i3 for the network shown in Fig. 1.44.

1Q
ANV
()
2Q2 1Q
ANN—T—ANMA—
() O (D Og o
Figure 1.44

SOLUTION

Here we note that 1A independent current source is in the common boundary of two
meshes. Mesh currents i1, 19 and i3, are marked in the clockwise direction. The supermesh
is shown as dotted lines in Figs. 1.45(a) and 1.45(b). In Fig. 1.45(b), the 1A current
source is removed from the circuit diagram, then applying the K VL around the dotted
path, which defines the supermesh, using original mesh currents as shown in Fig. 1.45(b),
we find that

—2 4 2(iy —i3) + 1(i2 — i3) + 2i2 = 0

1Q 1Q
— AWWW————— — VWWM\—————

2Q 1Q 2Q 1Q

AAAAY NV VVVV AAYAAY
ZVC)s@Q)lA@ém ~ () O O 3w
o ‘ _______________ 1 __ 1| ________________
|
Supermesh Supermesh
Figure 1.45(a) Figure 1.45(b)

For mesh 3, the KVL equation is
2(ig —i1) + lis + 1(ig —i2) =0
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Finally, the constraint equation is
i1 —ig=1

Then the above three equations may be reduced to
Supermesh : 2i1 + 3io — 3iz = 2
Mesh 3 : 211+ 19 —4i3 =0
Current source: i1—ig=1

Solving the above simultaneous equations, we find that
21 = 1.55A,72 = 0.55A, i3 = 0.91A

1.12 Mesh analysis for the circuits involving dependent sources

The persence of one or more dependent sources merely requires each of these source
quantites and the variable on which it depends to be expressed in terms of assigned mesh
currents. That is, to begin with, we treat the dependent source as though it were an
independent source while writing the K VL equations. Then we write the controlling
equation for the dependent source. The following examples illustrate the point.

V= 1.24

(a) Use the mesh current method to solve for i, in the circuit shown in Fig. 1.46.
(b) Find the power delivered by the independent current source.
(c) Find the power delivered by the dependent voltage source.

4009 1kQ
NV NV
2.5mA <1> laT 2 4kQ <_:> 150ia
500Q
NNV
Figure 1.46

SOLUTION
(a) We mark two mesh currents ¢; and iz as shown in Fig. 1.47. We find that ¢ = 2.5mA.
Applying KVL to mesh 2, we find that

2400(i5 — 0.0025) + 15005 — 150(iz — 0.0025) = 0 (- iy = is — 2.5 mA)

= 3750i5 = 6 — 0.375
= 5.625
= is = 1.5 mA

i =12 — 2.5 =—-1.0mA
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(b) Applying KVL to mesh 1, we get 400Q 1kQ

—v +2.5(0.4) — 2.4i, =0 AAAY MANVV

= v, =25(0.4) — 2.4(—1.0) = 3.4V ; T

+
) — -3 A
Pindsource = 3.4 % 2.5 x 10 . AG>U” ; § . <+> 1507,

= 8.5 mW (delivered) - 3 4KO

(C) Pdep.source = 15Ola(l2) 500€2
=150(—1.0 x 1073)(1.5 x 1073 MVVV
= —0.225 mW (absorbed) Figure 1.47

VIR 1.25
Find the total power delivered in the circuit using mesh-current method.

17.5Q
A2

5Q 2.5Q
MV AAA'A"

+
[N
|

7.5Q

osv() oo,

50V

Figure 1.48

SOLUTION
Let us mark three mesh currents i1, i9 and i3 as shown in Fig. 1.49.
KVL equations:

Mesh 1: 17.5i1 + 2.5(iy — i3) 1758
—|—5(i1 — ig) =0
N 25i; — iy — 2.5i3 = 0 i
Mesh 2: =125+ 5(ia — 1) 5Q 2.5Q
+7.5(ip — i3) + 50 = 0 PAAL: MWV
= —511+12.519 —7.5i3 = 75 a 750 02V
Constraint equations: n N T
125V i i <$> Vs
) pu— .2 —
13 =02V 50V
Vo = 5(i2 —i1)

Thus, i3 =0.2 x 5(i2 — il) = ig — il.
Figure 1.49
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Making use of i3 in the mesh equations, we get

Mesh 1: 2501 — big — 2.5(ig —i1) =0
= 27511 — 7.5i5 =0

Mesh 2 : — 5i1 4+ 12.5i9 — 7.5(iy — 1) = 75
= 2.511 + 5ig =75

Solving the above two equations, we get

i1=3.6A,ip =13.2 A
and i3=i2—i1:9.6A

Applying K VL through the path having 50 — 2.5 — v.s — 125V source, we get,
5(ig — 1) +2.5(i3 — 1) + ves — 125 =0
= Ves = 125 — 5(ig — 1) — 2.5(i3 — 1)
=125 —-48 —2.5(9.6 —3.6) =62 V
Pyes = 62(9.6) = 595.2W (absorbed)
Psoy = 50(i2 —i3) = 50(13.2 — 9.6) = 180W (absorbed)
Piosv = 125i5 = 1650W (delivered)

DAV 1.26

Use the mesh-current method to find the power delivered by the dependent voltage source

in the circuit shown in Fig. 1.50.

5Q
AAAAY
660V 15Q
10Q2
A 25Q
20iu i“* 50Q
Figure 1.50

SOLUTION
Applying KVL to the meshes 1, 2 and 3 shown in Fig 1.51, we have
Mesh 1: 5i1 4+ 15(i1 — i3) + 10(i; —i2) — 660 =0
= 3071 — 10¢92 — 15i3 = 660
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Mesh 2 : — 20i, + 10(ig — i1) + 50(iz — i3) = 0
= 10(ig — i1) 4 50(ia — i3) = 20i,
= — 104y + 60iy — 50i3 = 204,
Mesh 3 : 15(ig — i1) + 25i3 + 50(i3 — ig) = 0
= — 154y — 50ig + 90i3 = 0

5Q

MWV
+ .
660V i 15Q
10Q
MW\ @ § 258
i, ‘
20i, <? @ 500

Figure 1.51

Also ia = i2 - i3
Solving, 11 = 42A,13 = 27A,13 = 22A,1, = 5A.
Power delivered by the dependent voltage source = Paq;, = (201, )i
= 2700W (delivered)

1.13 Node voltage anlysis

In the nodal analysis, Kirchhoff’s current law is used to write the equilibrium equations.
A node is defined as a junction of two or more branches. If we define one node of the
network as a reference node (a point of zero potential or ground), the remaining nodes of
the network will have a fixed potential relative to this reference. Equations relating to all
nodes except for the reference node can be written by applying KCL.

Refering to the circuit shown R, | R, 5 Ry
in Fig.1.52, we can arbitrarily VVVV MVVV MVVV

choose any node as the reference
node. However, it is convenient <+> v, §R4 § R <+> v,
to choose the node with most con- - =

nected branches. Hence, node 3 is

chosen as the reference node here.

It is seen from the network of Fig. Figure 1.52 Circuit with three nodes where the
1.52 that there are three nodes. lower node 3 is the reference node
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Hence, number of equations based on KCL will be total number of nodes minus one.
That is, in the present context, we will have only two K CL equations referred to as node
equations. For applying K CL at node 1 and node 2, we assume that all the currents leave
these nodes as shown in Figs. 1.53 and 1.54.

R, ) R, v 1 R, v, R,
AAYAAY AAVAAY AAYAAY AVAVAYAY
Ua il 1 l'2 2 vl i2 2 I3 Ub
- — - —_—
R, y“ ’5‘ Rs
3 -4——— Reference node —» ——3
Figure 1.53 Simplified circuit for Figure 1.54 Simplified circuit for
applying K C'L at node 1 applying K C'L at node 2
Applying KCL at node 1 and 2, we find that
(i) At node 1: i1 +i9+i1=0
- Ul_Ua+U1_U2+U1_0_O
Ry R Ry
1 1 1 1 Vg
N o gy = 2 1.40
1 [R1+R2+R4] np = h (1.40)
(11) At node 2: 19 +13+15=0
V9 — U1 Vg — Uy V2
= — =0
Ry R3 Rs
1 11 1 v
. _ - == 1.41
" [Rz] M [RQ TR T Rg,] Rs (141)
Putting equations (1.40) and (1.41) in matrix form, we get
111 1 ] [ . V. ]
Ry + Ry + Ry Ry Ry
O S R
Rs Rs Rs3 Rs V2 Rs3

The above matrix equation can be solved for node voltages v; and vy using Cramer’s
rule of determinants. Once v and vy are obtainted, then by using Ohm'’s law, we can find
all the branch currents and hence the solution of the network is obtained.
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EXAMPLE WY
Refer the circuit shown in Fig. 1.55. Find the three node voltages v,, v, and v., when all

the conductances are equal to 1S.
G
AAAA%

3A

—
Y AANA—YE—AAAN—F
G, G

w() o

~

2

O%

Figure 1.55
SOLUTION

At node a: (G1 4+ G2 + Gg)v, — Gavy, — Ggv. =9 — 3
At node b:  —Gav, + (G4 + G2 + G3)vp — Gv. = 3
At node ¢:  —Ggvy — Gaup + (G4 + G5 + Gg)ve = 7
Substituting the values of various conductances, we find that
v, —vp — V. =06
—vU, + 3y —v. =3
—Vq—vp +30. =7
Putting the above equations in matrix form, we see that
[
-1 3 -1 v | =1 3
L+ v [ L] L7
Solving the matrix equation using cramer’s rule, we get
vy = 5.5V, v, =4.75V, v, =5.75V

The determinant A used for computing v,, vp and v. in general form is given by
Z G *Ga.b *Gac
a
G = _Gab Z G _Gbc
b
_Gac _Gbc Z G
C

where ) G is the sum of the conductances at node 7, and G;; is the sum of conductances

(2
conecting nodes ¢ and j.
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SV 1.28

Use the node voltage method to find how much power the 2A source extracts from the

circuit shown in Fig. 1.56.

2Q
AAAAY
+
2A <¢> §4Q <_> 55V
3Q
AAYAAY
Figure 1.56
sownon "
Applying KCL at node a, we get
Va | Vg — 9D i
24+ ——5—=0 2A<D ,,(ém
= v, =20V B
Pyasource = 20(2) = 40W (absorbing) 30

Figure 1.57

+> 55V
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VI 1.29
Refer the circuit shown in Fig. 1.58(a).
(a) Use the node voltage method to find the branch currents i; to .

(b) Test your solution for the branch currents by showing the total power dissipated equals
the power developed.

2Q
SAAA

—
ll i4¢
110V 802
3Q .
AN o} S 169

)
il

iS
110V 24Q

2Q
VVVV

-
I3

Figure 1.58(a)

SOLUTION 2Q v,
i AVAYAYAY,
(a) At node vy: —
1
v, — 110 V1 — V2 v1 — U3 iy
2 + 8 + 6 0 110V <+> * 8Q
= 11v; — 2v9 — v3 = 880
3Q l6¢
At node vy |||= AVAVAYAY Uy 16Q
v2—01+@+v2—v320 472 |
8 3 24 m ’5‘
= —3v1 + 1209 — w3 =0 110V C) 24Q
At node vs: 2Q
vz + 110 U3 — U2 U3 — U1 NV "
-0 3
2 T 16 =%

= — 3v1 — 2v9 + 29v3 = —2640
Figure 1.58(b)
Solving the above nodal equations,we get

v1 = T4.64V, vy = 11.79V, v3 = —82.5V

110 —
Hence, 1= Tvl = 17.68A

iy = % — 3.93A
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i3 = ”34_2& —13.75A
ig = 2L ;”2 — 7.86A
is = ”22;@3 — 3.93A
ig = % 1_6”3 — 9.82A

(b) Total power delivered = 110i; + 110i3 = 3457.3W
Total power dissipated = i3 X 2 + 13 X 3+ 43 X 2+ i3 x 8 +i% x 24 + 72 x 16

= 3457.3 W

SNVIi=n 1.30

(a)Use the node voltage method to show that the output volatage v, in the circuit of

Fig 1.59(a) is equal to the average value of the source voltages.
(b) Find v, if v; = 150V, vy = 200V and vz = —50V.

+
R R R R
UO
Uy L) U3 Un

Figure 1.59(a)

SOLUTION
Applying KCL at node a, we get

Vo — VUl  VUp— V2 Uy — VU3 Vo — VUp
R " rR ' rR TR T
= NV, =01 +V2+ -+ U,
Hence, v, = — [v1 +v2 + -+ + vy,

n
1 n
-3
n

k=1

(b) v, == (150 4 200 — 50) = 100V

W

0
é é R R
+ Yo
Uy Uy ) v,
-0

Figure 1.59(b)
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EXAMPLE JRIE)
Use nodal analysis to find v, in the circuit of Fig. 1.60.

© = O

Figure 1.60

Figure 1.61
SOLUTION

Referring Fig 1.61, at node vy:
v+ 6 v, v 3

0
6 3 2
vy v U1
= S+t 4+1="25
6 + 3 + 2
= vy =—-2.5V
V1
= 1
Vo [2 n 1] x
—2.
= —5 x 1
3
= —0.83volts

EXAMPLE IR/

Refer to the network shown in Fig. 1.62. Find the power delivered by 1A current source.
1A

(<)
/

2Q 2Q
AR NMNN—

4Q§ ) §39

Figure 1.62
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SOLUTION KIA\
Referring to Fig. 1.63, applying K VL O
to the path v, — 4Q — 38, we get + g -
Ya =017 03 ) 20 v, 20 .
vg =12V SAA'A% MV 3
vl U] — U9
Atnodevlzz—i— 5 -1=0 4Q§ <+>12V §3Q
U1 vy — 12 __
= — -1=0
4 + 2
v; =9.33 V
Atnodevgzg—l—%_vszl:O )
3 2 Figure 1.63
vy vy — 12
= — 1=0
3 2 *
= v3 = 6V
Hence, v = 9.33 — 6 = 3.33 volts

PiA source = Vq X 1
=3.33 x 1 = 3.33W (delivering)

1.14 Supernode

Inorder to understand the concept of a supernode, let us consider an electrical circuit as
shown in Fig. 1.64.

Applying K VL clockwise to the loop containing R;, voltage source and Ro, we get
Vg = Vs + Up

= vg — vp = vs(Constraint equation) (1.42)
To account for the fact that the source voltage Supernode
is known, we consider both v, and v, as part o T \Ub\\\
of one larger node represented by the dotted 'a ¢ O b}
ellipse as shown in Fig. 1.64. We need a larger N _/ ) 2
node because v, and v, are dependent (see \“;_‘”’
equation 1.42). This larger node is called the R Iy 2 <1> ;
supernode. ! 2 *
Applying KCL at nodes a and b, we get

Va . |
—_—— Za = 0 —
R -
v
and 7, +iq = is Figure 1.64 Circuit with a supernode
2

incorporating v, and vy,
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Adding the above two equations, we find that

v w
R, Ry °
= v, G1 + G = i (143)

Solving equations (1.42) and (1.43), we can find the values of v, and v,.

When we apply KCL at the supernode, mentally imagine that the voltage source vy
is removed from the the circuit of Fig. 1.63, but the voltage at nodes a and b are held at
v, and vy respectively. In other words, by applying KCL at supernode, we obtain

V,G1 +v,Go = g

The equation is the same equation (1.43). As in supermesh, the KCL for supernode
eliminates the problem of dealing with a current through a voltage source.

Procedure for using supernode:

1. Use it when a branch between non-reference nodes is connected by an independent
or a dependent voltage source.

2. Enclose the voltage source and the two connecting nodes inside a dotted ellipse to
form the supernode.

3. Write the constraint equation that defines the voltage relationship between the two
non-reference node as a result of the presence of the voltage source.

4. Write the KCL equation at the supernode.

5. If the voltage source is dependent, then the constraint equation for the dependent
source is also needed.

VIR 1.33
Refer the electrical circuit shown in Fig. 1.65 and find v,,.

O3

Figure 1.65
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_____ Supernode
SOLUTION T T
The constraint equation is 7 RN
Vp — Vg = 8 . U \
= Vp = Vg + 8 " ST T T T T T T T T T " /l
\ /1 125Q 250Q '\ J
The KCL equation at the supernode LAUAR S MWWV VWW——1 v,
is then, +
12V
Vg +8  (vg+8)— 12 L Vo 12 5009 v, S 500Q
500 125 250 -
Va E= =3
+ =0 =
500 ‘
Therefore, Vg = 4V Figure 1.66
EXAMPLE RIRY
Use the nodal analysis to find v, in the network of Fig. 1.67.
1kQ
——— VW
12V
m 1kQ
U AAAA" O
+
§ 1kQ § 1k <?> 2mA Y,
O
Figure 1.67
SOLUTION
1kCQ2
A YA A SE—
TR
, L 1kQ
V=012 @ vz/' NVVV % '}
\\ , +
S:ll;e—rn_o_(ié
1kQ 1kQ 1 2mA - Y,
0

Figure 1.68
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The constraint equation 1is,

=

KCL at supernode:

vy — v = 12

v = vy — 12

vy — 12  (vg —12) — w3 V9 v2 = U3 _
1x 103 1x 103 1x103  1x103
= 4x 10309 — 2 x 10 3v3 = 24 x 1073
= dug — 2u3 = 24
At node vs:
V3 — U2 v3 — (’UQ — 12) -3
i =2x10
1 x 103 1 x 10° %
= —2x10 30 +2x 10 3v3 =—-10x 107>

Solving we get

Hence,

VIR 1.35

—2v9 + 2v3 = —10

U2:7V
U3:2V
v, =v3 =2V

Refer the network shown in Fig. 1.69. Find the current I,,.

12V
3kQ 2kQ

Mé

O

pIe) C‘) 4mA ?kg

SOLUTION

Constriant equation:

Figure 1.69

vy =wv] — 12
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\
Figure 1.70
KCL at supernode:
vl — 12 U1 V1 — V2
=0
3><103+2><103+3><103
1
= g x 10730y — 3 x 10 3vy =4 x 1073
7 1
= 6’1}1 — 51}2 =4
KCL at node 2:
Vg — U] U2 —3
4x107°=0
3x10° T3x108 %
1 -3 2 -3 -3
= —gxlo v1—|—§><10 vg = —4 x 10
1 2
= — v+ g =—4

3 3

Putting the above two nodal equations in matrix form, we get
R
6 3

EElINEN

Solving the above two matrix equations using Cramer’s rule, we get

v, =2V
U1 2

2% 108 2x108 %

= I,

57
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VIR 1.36

Refer the network shown in Fig. 1.71. Find the power delivered by the dependent voltage

source in the network.

;> 75i,

50 10Q
—AM
80V<+> l §509 <> 750
_ l.a N7
15Q
NVVV
Figure 1.71
SOLUTION 5Q v, 10Q
Refer Fig. 1.72, KCL at node 1: "WW—T—WW
_>.
v1 — 80 v U1 + 751, —0 R
5 50 25 80V<+> l 50Q
where i, = 9 T j
“ = 50 a
v1 15Q
01—80+1)1+U1+75<5()>_0 MWW
5 50 25 B =
Solving we get v1 =50V
Figure 1.72
A (%) 50
= =—=—=1A
‘“= 50 " 50
vy — (=75iq)
Al =
5 17 710+ 15)
v+ 751,
(10 + 15)
50 1
_ + 75 X _ A
(10 + 15)
P75i(1, = (751(1)21
=T75x1x5
= 375W (delivered)
NV 1.37

Use the node-voltage method to find the power developed by the 20 V source in the circuit

shown in Fig. 1.73.
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35i,
<>
2Q 1Q 4Q
NV AAA'AY NV
+ Y —
20Q <_> 20V l 40Q 80Q <&> 3.125v,
Iy
Figure 1.73
SOLUTION
___________________ Kftipemode
/// 35i, \;
l// @ ’I
l‘\ v /"Z’Si’— \IEE’ v, 4\9\‘\\ v3///
S FWAW AAA'A% NN
_1 + v, -
J
209§ éC) 20V lbl§ 40Q §809 <} 3.1250,
Figure 1.74
Constraint equations:
Vg = 20 — vy
v1 — 3l = v3
.2
iy = —
"7 10
Node equations:
(i) Supernode:
vy v1—20 wy3—vy wvg
on — 1250, =
20 5 + 1 + 20 + 3.125v, =0
vy v —20 (v —350) —v, (v1— 3bip)
= on 3.125(20 — =0
20" 2 1 g T30 -v)
3522 3522
_ | (n=35) - (m-3g)
- LTy 0 + g 407 4 3.195(20 — v,) =0

20 2
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(ii) At node vo:
vy wvy—wv3  ve—20

40 4 1 0
vy vy — (vr —35@) vy —20
= 10 1 Y
V2
vy — <U1 - 357) —20
v 40/ | v2 _
= 107" 1 T 0

Solving the above two nodal equations, we get

v1 = —20.25V, vy = 10V
Then v3 = U1 — 35ib

— . _ar?2
= 3540
— _29V
20 — 20 —
Also, iy = 02”1+ 01”2
20 +20.25 (20 — 10)
= n
2 1
—30.125 A

Paoy = 20i, = 20(30.125)
=602.5 W (delivered)

SNVIi=y 1.38

Refer the circuit shown in Fig. 1.75(a). Determine the current ;.

0.5i, .
<> A
v C) <+> 2A C) 4V
4Q g
AYAYAYAY,

Figure 1.75(a)
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SOLUTION

Constraint equation:
Applying K VL clockwise to the loop containing 3V source, dependent voltage source,
2A current source and 4 resitor, we get

—v1 —3—0.511 +v9=0
= v1 —vg = —3 — 0.541

v —
Substituting i; = 2 , the above equation becomes

41)1 — 31)2 = -8

Supernode

® O~

Figure 1.75(b)

KCL equation at supernode:

vy vy —4

4+2

=-2 = wvi+205=0

Solving the constraint equation and the KCL equation at supernode simultaneously,
we find that,

v = 727.3 mV
v1 = —2v9
= —1454.6 mV
Then, 1= 2 2_ 1

= —-1.636A
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EXAMPLE RESY%

Refer the network shown in Fig. 1.76(a). Find the node voltages vy and wv,.

a

Figure 1.76(a)

SOLUTION

From the network, shown in Fig. 1.76 (b), by inspection,u, = 8 V, i; =

Constraint equation: v, = 611 + vy
Vg — Uc

Vg — Up Uq
2 * 2

1

KCL at supernode:

1 1

2 2

2 2

= v,

= Vg, [+] —*’Ub‘f‘*[vd_vc]:gvc

Figure 1.76(b)

Supernode

2

(1.44)
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Substituting v, = 8 V in the constrained equation, we get

v — G@bgvd v
= 3(vp — ve) + vg
— 3(8 — v,) + vy (1.45)
Substituting equation (1.45) into equation (1.44), we get
1 1
[3(8 — ve) 4+ vgq] — 5(8) + 3 [vg — ve] = 3u,
1 1
= 24—3vc+vd—4+§vd—§vc:3vc
= — 6.50, + 1.50g = —20 (1.46)
KCL at node c: Uc;Ub+UC;Ud:4
_ 8 -
Substituting v, = 8V, we have Ve 5 + L 5 d
= Ve — 84+ v, —vyg =28
= 20, —vg =16
= v, — 0.5v5 = 8 (1.47)
Solving equations (1.46) and (1.47), we get
ve = —1.14V
vy = —18.3V

DGV 1.40
For the circuit shown in Fig. 1.77(a), determine all the node voltages.

10Q
VVV

«O 3 O

(D) -4
. =

o Ea

Figure 1.77(0)
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SOLUTION

Refer Fig 1.77(b), by inspection, vy = 5V Supernode

Nodes 1 and 3 form a supernode. l

Constraint equation: A
T 0,

v — U3 = 6 :I/ v, ‘\'\/\M v,
KCL at super node: | 6VC> ‘: 4Q <+> 5V
e Sl P y 12
10 1 N TR 1
\ T\ — 4 —_—
oy AN Yy U Yy =
Substituting vs = 5V, we get ~_ |-
v-5 v, 1Q § 2Q
10 1
= v — 5+ 10vwg = =20
= U1 + 10’03 = —15 J_—

Figure 1.77(b)

Solving the constraint and the KCL equations at supernode simultaneously, we get

v =4.091V
vy = —1.909V

KCL at node 4 :

Vy U4 — Vg

— -2=0
2 + 4
Substituting vo = 5V, we get
Vg U4 — D
— -2=0
2 4
Solving we get, vy = 4.333V.

1.15 Brief review of impedance and admittance

Let us consider a general circuit with two accessible terminals, as shown in Fig. 1.78. If

the time domain voltage and current at the terminals are given by |
—

. +0 Phasor
v = o Sin(wt + ¢y) v Circuit

. . . - O0—
i = iy, sin(wt + ¢;)

Figure 1.78 General phasor

then the phasor quantities at the terminals are
circuit
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V:va@
I:Im@

We define the ratio of V to I as the impedence of the circuit, which is denoted as Z.

That is,
Vv
Z=—
I

It is very important to note that impedance Z is a complex quantity, being the ratio
of two complex quantities, but it is not a phasor. That is, it has no corresponding
sinusoidal time-domain function, as current and voltage phasors do. Impedence is a
complex constant that scales one phasor to produce another.

The impedence Z is written in rectangular form as

Z=R+iX

where R = Real[Z] is the resistance and X = Im[Z] is the reactance. Both R and X, like

Z, are measured in ohms.

The magnitude of Z is written as |Z| = v R? + X2
X
and the angle of Z is denoted as ¢ = tan~! {R] .

The relationships are shown graphically in Fig. 1.79.
The table below gives the various forms of Z for
different combinations of R, L and C.

1Z|

0z
R

Figure 1.79 Graphical representation
of impedance

Type of the circuit Impedance Z

1. Purely resistive Z=R
2. Purely inductive Z = juwl =35Xy,
3. Purely capactive v/ - —jXc ‘
wC
4. RL Z=R+juwlL=R+jXy
5. RC Z-R--L —R-jx¢
wC
6. RLC Z:R+ij—%:R+j(XL—XC)
w

The reciprocal of impendance is denoted by

1
Y = =
V4
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is called admittance and is analogous to conductance in resistive circuits. Evidently, since
Z is a complex number, so is Y. The standard representation of admittance is

Y=G+jB

The quantities G = Re[Y] and B = Im[Y] are respectively called conductance and sus-
pectence. The units of Y, G and B are all siemens.

1.16 Kirchhoff’s Laws: Applied to alternating circuits

If a complex excitation, say v,,e? (@9 is applied to a circuit, then complex voltages, such
as v1ed @) 40ed(@H02) and so on, appear across the elements in the circuit. Kirchhoff’s
voltage law applied around a typical loop results in an equation such as

J(wt+01) J(wt+02) i(wt+0N)

V] € + v e + ...+ vye =0
Dividing by e/, we get
vlejel —|—vgej02 + ... —i—vNejoN =0
= Vi+Vo+...+4Vy=0
where vV, =V, /0, ,i=1,2,---N

are the phasor voltage around the loop.
Thus K VL holds good for phasors also. A similar approach will establish K CL also.
At any node having N connected branches,

L+L+--+Iy=0
where 11211&,221,2]\]

Thus, KCL holds good for phasors also.

VIS 1.41
Determine Vi and Vs, the node voltage phasors using nodal technique for the circuit

shown in Fig. 1.80.

1
7H
1o — 000
2 ) v,
A IF
4
I\

* L
SCos2tV<_ 7 H 1Q * 5cos2t A

_/
\|
/1
o~
o]

Figure 1.80
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SOLUTION
First step in the analysis is to convert the circuit of Fig. 1.80 into its phasor version

(frequency domain representation).

5cos2t = 5/0° ,w=2rad/s

1 1
1 —j . —J 1
S = _ a0 IF = it
2 T Lo T R = Lo 73
710
lo V00
2 v, ilo v,
— AAMA >
v
I\

5&’VC> e e ?sz CDs@A

Figure 1.80(a)

= 1o z
M
— AAMMA—
19

5/0°V <+> L 10 z, H 1429 C* S/0°A
— 5

Figure 1.80(b)

Fig. 1.80(a) and (b) are the two versions of the phasor circuit of Fig. 1.80.
) 1
Z, = j1Q] <—329>

1 (-53)
Jl| =5
~ N2 o

i
J ]2
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1

_ <‘7;>(1) _ 1442

KCL at node Vi:

Vi ViV,
2(Vi—5/0° =
(Vi=5/0°)+ —7 +——7— =0

= (2+52)V1 - j1Va =10

KCL at node Va:
Vo, -V, Vo

—j1 T 1452 =520
5
= jVo —jV1 4+ Vo —-2jVy=5
= - j1V1+(1 — jl)Vg =5

Putting the above equations in a matrix form, we get
24352 —j1 Vi 10
-1 1-j1 AP 5
Solving V1 and V3 by Cramer’s rule, we get

Vi=2-41V
Vy=2+444V

In polar form,

Vi=+v5/-26.6° V
Vy =2v5/63.4° V

In time domain,

v1 = V5 cos(2t —26.6°) V
vy = 2v/5cos(2t + 63.4°) V
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EXAMPLE [
Find the source voltage V shown in Fig. 1.81 using nodal technique. Take I = 3 /45° A.

10Q 50 729 *fzs
AN~ T
NV 1€
8Q
v, <+> == J5Q Il 4Q
j5Q
Figure 1.81

SOLUTION
Refer to Fig. 1.81(a).
KCL at node 1:

Vi-V, V V-V
1 IS 1 2 _ )

10 —j5 + 5+ 52
= (11 + j12)Vy — (5 + j2)V, = 10V, (1.48)
10Q 542Q 20
\ 8 J \D) 1/
NV . 1 > 1€
Vs C) =59 [l 4Q 8+/5Q
Figure 1.81(a)
KCL at node 2:
Vs — Yl I V2. _0
5+ 52 8+ 73
= (8 +j3)V1 = (13 + j5)Va + (34 + j31)T (1.49)
Also, Vi =4I = 4(3 45° ) = 12 /45°

=6v2 + j6v/2 (1.50)
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Substituting equations (1.48) and (1.50) in equation (1.49), we get

(8 + j3) V1 = T4.24 + j290.62
300 /75.7°
v, = SV L0-C
- 1= §54/20.6°
351 /55.1°
—20.1 + j28.8 V

Substituting Vi and Vg in equation (1.48) yields

(5+72)V,=—-209.4 + j473.1

17.4 /113.9°
V= M =96.1/92.1° V

Theref
Cretore, 5.38 /21.8°

EXAMPLE IR

Find the voltage v(t) in the network shown in Fig. 1.82 using nodal technique.

<f> i =2i,

2 I 2

[4

OO0 1€
4= +

\2cos(401+135°) l;:jz 2 -2 Zwv®)
volts . _
ZX
Figure 1.82

SOLUTION

Converting the circuit diagram shown in Fig. 1.82 into a phasor circuit diagram, we get

V2,/435°=~1+) C)

volts

<1> 121

Figure 1.83
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At node Vi
Vi—(=1+j Vv Vi-V
1 ( + ) _'_71_’_ 1 . 2_0
72 2 —j2
= Vi—jVo=1+j (1.51)
Vy—V Vv
At nodeVy : 2 - 1+ ?—IC:O
—j2 —j2
2(—1+ 74
Also 1622112(7—{_‘7):_1_]
Hence, V2_.V1 + V.2 =-1-J
—j2 —Jj2
= — V1 +j2Vyg=-2— 42 (1.52)

Solving equations (1.51) and (1.52) using Cramer’s rule we get

Vo =v2/135° V
Therefore, v(t) = va(t) = V2 cos(4t 4+ 135°) V

DNVISN 1.44
Refer to the circuit of Fig. 1.84. Using nodal technique, find the current q.

5000 3000
<>
—"\VWW\ P
i
2kQ
ek :
40550007 VC) 2kQ - —pE S
N
Figure 1.84
SOLUTION
1 . 1 1 .
Reactance of 3 uF capacitor = - o= T = —j1kQ
Jw j5000 % = x 10~6
The parallel combinations of 2k{2 and —j1k{2 is
2 x 103(—510%) 2
_ 200 2 g

P 2% 103 —4103 5
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L= 30001 " ~.-—— Supernode
009 N V=V, 430000
AYA A% N ‘
[ AN et
I ~ <

4/0°V C) H %(1—12)1@ H Q251)kQ

Figure 1.85

The phasor circuit of Fig. 1.84 is as shown in Fig. 1.85.
Constraint equation :

Vo =V + 30001
KCL at supernode :

Vi —4/0° A\Y Vv
1500L+2 1 e T
g(1—j2)><103 (2 —41)
Substituting Vo = V1 + 3000I in the above equation, we get
Vl—éL&+ Vi Vi +3000T
2 — 3
Also,
4/0° —V;
I=—7——— 1.53
500 ( )
Hence,
4-V,
Y
Vi 4200 v, N 1+3000< 500 ) 0
i 3

Solving for V; and substituting the same in equation (1.53), we get I = 24 /53.1° mA
Hence, in time-domain, we have

i = 24 cos(5000t + 53.1°)mA
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SV 1.45
Use nodal analysis to find V,, in the circuit shown in Fig. 1.86.

12/0°V

-+

N

:
:

J2€Q 2Q —j4Q \Y%

o

Figure 1.86
SOLUTION

The voltage source and its two connecting nodes form the supernode as shown in
Fig. 1.87.

— —

-7 12/0°V N

- ~N
, m ~wt— Supernode

Figure 1.87
Constraint equation:
Applying K VL clockwise to the loop formed by 12 /0° source, 729 and —;4€) we get
—-12/0° +V,-V1=0
= Vi=V, - 12'@
KCL at supernode:

A% V-V V,-V V,
SR S! 2, 2 o _
72 1 1 —j4

0
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Substituting Vi = V, — 12 in the above equation

we get, %J(VO— 12) + (V, — 12—V2)+V0—V2+iVO:0

= Vo<_2]+1+1+i)+V2(—1—1)—12—j6
1, .
= V0<2—4]>—2V2:12—]6

Vo—-Vi Vy V-V,

KCL Vs . =
CL at 2 1 + 9 + 1 0
Substituting Vi =V, — 12 /0° in the above equation
1
we get, Vg—(VO—12ﬁ)+§V2+V2—VO:O
5
= —2V0+§V2:—12@

Solving the two nodal equations,we get

V, =11.056 —358.09 = 13.7 /—36.2° V

SNV 1.46

Find ¢; in the circuit of Fig. 1.88 using nodal analysis.

10Q JAQ
—— 0000

+ i E . ;
200054tV<> o~ 72.5Q <1> 2i, J2Q

Figure 1.88

SOLUTION

The phasor equivalent circuit is as shown in Fig. 1.88(a).
KCL at node Vi:

Vi-20/0° Vi Vi-Vy

=0
10 25t T
= (1+j1.5)Vy 4 j2.5Vy =20
KCL at node Va:
Vo —
VaeVi Ve
J4 J2
Vv
But I, = 1

—j25
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< 2.5Q <1 2L Jj2Q

O
20/0°V (

Figure 1.88(a)

Vy -V, N Vy 2V,
j4 j2  —j2.5
= — j0.55V1 — j0.75Vy =0

Hence,

Multiplying throughout by j20, we get
11V, 4+ 15V =0

Putting the two nodal equations in matrix form, we get

[1+j1.5 j2.5-| {Vl]_ {20]

A RN

Solving the matrix equation, we get

V;=18.97/18.43° V
Vy,=13.91/-161.56" V

Y%
The current I, = ,215 = 7.59 /108.4° A
_] .

Transforming this to the time-domain, we get

i1 = 7.59 cos(4t + 108.4°)A

Gy 1.47
Use the node-voltage method to find the steady-state expression for v,(t) in the circuit
shown in Fig. 1.89 if

vg1 = 10 cos(5000t 4 53.13°)V
Vg2 = 8sin 5000t V
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“Q Ee O

Figure 1.89

SOLUTION
The first step is to convert the circuit of Fig. 1.89 into a phasor circuit.

10 cos(5000¢ + 53.13°)V, w = 5000rad/sec = 10/53.13° =6+ j8V
8 sin 5000t = 8 cos(5000t — 90°)V = 8/=90° = —j8V
L=04mH = jwL = 529
1
C=50puF = —— = —j4Q
jwC

The phasor circuit is shown in 20 | e
Fig. 1.89(a). — 00 “

KCL at node 1:
V,—(6+348) V,
6

+
: + 2 =
J2 Vg10453.13°<+> Vo> 69 C) Ve =78V
1 _

V,—(—j =6+j
n ( 78) _0 6+/8V
—j4

Solving we get V,=12/0°V

Figure 1.89(a)
Hence, the steady-state expression is

vo(t) = 12 cos 5000t

EXAMPLE [IRAE]
Solve the example (1.47) using mesh-current method.

SOLUTION
Refer Fig. 1.90.

KVL to mesh 1: [6 + j2]I; — 612 = 10 /53.13°
KVL to mesh 2 : —6I; + (6 — j4)I =8 /—90°
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J2Q —j4Q
— YT I
[
+
V, =64/8=10/53.13°V C) I V0§ 69@ C) V, = 8=8/90°V
Figure 1.90

Putting the above equations in matrix form, we get

[6+j2 —6 ][Il]_ 10 /53.13°
i ]

[ o o]

Solving for I1 and I, we get

I1=4+43
Io=2+443
NOW, Vo = (Il — 12)6 =12
=12/0° V
Hence in time domain, v, = 12 cos 5000t Volts

EXAMPLE RIS
Determine the current I, in the circuit of Fig. 1.91 using mesh analysis.

4Q
NV
i h,
5/0°A ~ 29
(*) 20/90°V
8Q = 2Q

Figure 1.91

SOLUTION
Refer Fig 1.92
KVL for mesh 1 :
(84710 — j2)I; — (—j2)Is — j10I3 =0
= (8 + 78)I; + j2I» = 51015 (1.54)
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KVL for mesh 2 :
(4—72-72)I — (—j2)Ih — (—j2)I3 +20/90° =0

= J2I + (4 — j4)Iy + 5213 = —520 (1.55)
For mesh 3, Is;=5 (1.56)
Sustituting the value of Is in the equations (1.54) and (1.55), we get

4Q
(8 + 7811 + j2I3 = 550 AN
j2L; + (4 — j4)T, = —520 — 510 . flo
s )
— 30 5/0°A 1 gl

j10Q "

Putting the above equations in matrix V00 @ (_) 20/90°V
form,we get

89§ @ =29
848 2 I 50

2 4—jga| |1, —430

Figure 1.92

Using Cramer’s rule,we get

I, =6.12/-35.22° A

The required current: I,=-1,

=6.12/144.78° A

SNV 1.50
Find V,. using mesh technique.

2V

600L2 a

Va /\
AAA'A% s 3 o
N N

9/0°v <+> 00 § 002y,
O
Figure 1.93

SOLUTION
Applying KVL clockwise for mesh 1 :
600I; — 7300(I; —Is) —9=0
= (600 — 7300)I; + 7300Iy =9
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2V
60022 a
Vo AN
9/0°V <+> @ -~ @§ 3002 Vo
— /3000
Figure 1.94
Applying KVL clockwise for mesh 2 :
—2V, + 30013 — 7300(I — I;) =0
Also, Vo = —3300(I; — I
Hence, —2(=7300(I; — Iy)) + 300Iy — 5300 (Is — I;) =0
= 73+ (1—-343)I, =0

Putting the above two mesh equations in matrix form, we get

[ 600 — j300 300 ] [ I, ] 9
I 1—j3H12J: 0
Using Cramer’s rule, we find that

I, =0.0124 /—16° A
Hence, Voe =300I2 = 3.72 /—16° V

VI 1.51
Find the steady current i; when the source voltage is v, = 10y/2cos(wt + 45°) V and

the current source is is = 3 coswt A for the circuit of Fig. 1.95. The circuit provides the
impedence in ohms for each element at the specified w.

7,=2Q 7,=2Q

T e, e, I ey

OC) )=

Figure 1.95
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SOLUTION
Z1=j29 Z2=2Q

1 ]

— —
S L Supermesh
! 1=3/0° A |
I

+\, | I | '
vtz /45°vi )i\ ? Al e
! |
| I
| I
Figure 1.96

The first step is to convert the circuit of Fig. 1.95 into a phasor circuit. The phasor
circuit is shown in Fig. 1.96.

vy = 10V2cos(wt +45°) = V,=10v/2/45° =10(1 +j)
1 = 3coswt = I, =3/0°

Supermesh

S IONON =

Figure 1.96(a)

Constraint equation:
IL,-I, =1,=3/0°
Applying KVL clockwise around the supermesh we get

1,7, + 12(Z2 + Z3) —V,=0

Substituting I, =1 +1, (from the constraint equation)
we get, LZy + (Is + 1) (Z2 + Z3) = V,
= (Z1 +7Zo + Zg)Il =V, - (ZQ + Zg)IS
N I — VS—(Z2+Z3)IS B (10—|—j10)—(2—j2)3
! 7+ 7o+ Zg 2

=248 =28.25/76° A
Hence in time domain,

i1 = 8.25 cos(wt 4 76°) A
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SONVINN 1.52
Find the steady-state sinusoidal current i; for the circuit of Fig. 1.97, when v, = 104/2 cos
(100t + 45°) V.

3,
AM <>

v, C> @ 30mH @ == SmF

Figure 1.97

OIS

SOLUTION

The first step is to convert the circuit of Fig. 1.97 int to a phasor circuit. The phasor
circuit is shown in Fig. 1.98.

vs = 10v/2 cos(100¢ + 45°)

= V,=10v/2/45° ,  w =100 rad/sec
L=30mH = X =jwlL
= 4100 x 30 x 1073 = j3Q
1
m = C jwC
1

T 100 x 5 x 103

= —52Q
KVL for mesh 1:
(34 73)I; — j3I, = 10 + 510

KVL for mesh 2 :
(B3=33)L +(j3-42)I =0

Putting the above two mesh equations in matrix form, we get

3+43 —j3 I 10 4 510
3-43 41 I, 0
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Using Cramer’s rule,we get

I, =1.05/71.6° A

Thus the steady state time re-
sponse is, V. =102 £45°

=10+/10V
i1 = 1.05 cos(100t + 71.6°)A

31,
3Q

MN—— >

OC) g()

A

Figure 1.98
SNV 1.53
Determine V,, using mesh analysis.
21,
<>
1kQ 1kQ
NVVV AVAYAYAY O+

§ Ak Y,

Figure 1.99
SOLUTION

O,

21,
<>
Il
1kQ 1kQ
AAA'A AAAA%

@ () (e

O+

Figure 1.100



Circuit Concepts and Network Simplification Techniques \ 83

From Fig. 1.100, we find by inspection that,

I, = 2L, = 2(I, — I))
12 =4 mA

Applying KVL clockwise to mesh 3, we get
1x103(I3 — 1) +1x 10313 —I;) + 2 x 10°I3 = 0

Substituting I = 2(Iy — I3) and Iy = 4 mA in the above equation and solving for I3,

we get, Is =2 mA
Then, V, =2 x 10°I;
=4V

DGV 1.54
Find V, in the network shown in Fig. 1.101 using mesh analysis.

2Q ijIS;
2Q
+
12/0°V (_) + <¢ 2/0°A
4Q Vo
Figure 1.101
SOLUTION
0 —51Q

—\WW— €
29
=0 () L=
4Q v,

Figure 1.102
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By inspection, we find that Iy =2 /0° A.
Applying KVL clockwise to mesh 1, we get

—124+5L(2—-j1)+ (1 —I)(4+52)=0
Substituting Iy = 2 /0° in the above equation yields,
—124I1;(2—j144+52)—2(4+352)=0
20 + j4 o
=T ]?1 =3.35/1.85° A
Hence Vo=4(I - Ib)
=542 /4.57° V

= I

Wye = Delta transformation

For reducing a complex network to a single impedance between any two terminals, the
reduction formulas for impedances in series and parallel are used. However, for certain
configurations of network, we cannot reduce the interconnected impedances to a single
equivalent impedance between any two terminals by using series and parallel impedance
reduction techniques. That is the reason for this topic.

Consider the networks shown in Fig. 1.103 and 1.104.

Figure 1.103 Delta resistance network Figure 1.104 Wye resistance network

It may be noted that resistors in Fig. 1.103 form a A (delta), and resistors in Fig.
1.104. form a T (Wye). If both these configurations are connected at only the three
terminals a, b and ¢, it would be very advantageous if an equivalence is established be-
tween them. It is possible to relate the resistances of one network to those of the other
such that their terminal characteristics are the same. The relationship between the two
configurations is called T — A transformation.

We are interested in the relationship between the resistances R, Ro and R3 and the
resitances R,, R, and R.. For deriving the relationship, we assume that for the two
networks to be equivalent at each corresponding pair of terminals, it is necessary that
the resistance at the corresponding terminals be equal. That is, for example, resistance
at terminals b and ¢ with a open-circuited must be same for both networks. Hence, by
equating the resistances for each corresponding set of terminals, we get the following set
of equations :
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(i) Rab(T) = Rab(A)
Ra(Ry + R3)
= R,+Ry=—"—7—"""> 1.57
"T Ryt Ri+ Ry (157)
(i) Rye(Y) = Rpe(A)
R3(R1 + R2)
bt R34+ R+ Ro ( )
(iii) Rea(T) = Rea(A)
Ri(R2 + R3)
= Ra+Ry=——7F7"7—- 1.59
+ Ri + Ry + R3 ( )
Solving equations (1.57), (1.58) and (1.59) gives
Ri1Ry
Ry=——7+—— 1.60
Ry + Ry + R3 (1.60)
RoR3
Ry=——""7"—"— 1.61
*" Ri+ Ry + Rs (161
RiR
1 (1.62)

" Ri+ Rt Rs

Hence, each resistor in the T network is the product of the resistors in the two adjacent
A branches, divided by the sum of the three A resistors.
To obtain the conversion formulas for transforming a wye network to an equivalent
delta network, we note from equations (1.60) to (1.62) that
R1R2R3(R1 + Ry + Rg) Ri1RoR3

R.Ry + RyR, + R.R, = - 1.63
b (R, + Ry + R3)? Ry + Ry + Ry (1.63)

Dividing equation (1.63) by each of the equations (1.60) to (1.62) leads to the following
relationships :

RuRy + RyRe + RoRe
Ry = Jatlo T Fplic + (1.64)
Ry
RuRy + RyRe + RoRe
&:’b+; + (1.65)
RuRy + RyRe + RoRe
&:'b+§ + (1.66)

Hence each resistor in the A network is the sum of all possible products of T resistors
taken two at a time, divided by the opposite T resistor.
Then T and A are said to be balanced when

R1:R2 :Rg :RA and Ra:Rb:RCZRT
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Under these conditions the conversions formula become

1
Ry==R
T 3 A
and RBa =3Ry

AWV 1.55
Find the value of resistance between the terminals a — b of the network shown in
Fig. 1.105.

4kQ
a AYAVA'AY
6kQ 18k€2
12k€2
12kQ 12k€2
2kQ
b AVAYAVAY,
Figure 1.105
SOLUTION l\;{l;g\/\, a,
a
Let us convert the upper A to T kO 18KQ
(6k)(18k) 12k€2

Ry = ——"——-2—=3kO b

17 Gk + 12k + 18Kk ! AN “
Ry, = M =2 kO 2kQ 12kQ

' 6k + 12k + 18k 5 AVAYAVAY, ’

12k)(18k 1
R., = —( )(18k) =6 kQ
6k + 12k + 18k Figure 1.106
al al
=
Ra
R,=6k R=18k

by MMV <

The network shown in Fig. 1.106 is now reduced to that shown in Fig. 1.106(a)
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Hence, Ry, =4+3+7875+2
= 16.875k2

4kQ

4kQ

= 3kQ+7.875kQ §

14kQ[18kQ
2%Q p o 2kQ

Figure 1.106(a)

DGV 1.56
Find the resistance Ry, using T — A transformation.

5Q
aO—AAN
6Q 18Q
6Q
AAAAY
6Q 18Q2
6Q
Xe AR
Figure 1.107

SOLUTION

Figure 1.108
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Let us convert the upper A between the points a1, b1 and ¢; into an equivalent Y.

6 x 18

R, = ————
T 641846
6x6

nNT 6 1184+6

6 x 18
= —— = 3.6
6+18+6

= 3.6

1.2Q

R,

Figure 1.108 now becomes

27.69Q

Ray =5+ 3.6+ 7.2|27.6
7.2 x 27.6

=86+ 5076
—14.31Q

SNV 1.57

Obtain the equvivalent resistance R, for the circuit of Fig. 1.109 and hence find 3.

i
—- (]
O
A4

12.5Q

a
% 1092
120VC> c '\/5\52V\, n § 30Q
% 20Q2
b

15Q

[SXe]

Figure 1.109



Circuit Concepts and Network Simplification Techniques | 89

SOLUTION
Let us convert T between the terminals a, b and ¢ into an equivalent A.

Ra,Rh + RbRc + RcRa
Rab =
R, a
10x20+20x5+5 %10
_ X =+ 5)( + o X — 700
R.Ry + RyRe + R.R, ?0“&
Rbc = R
a SQ=RC
—AV—
:10X20+225<5+5X10:35Q c n
R.Ry + RyR. + R.R, §ZOQ=R
Rca = b
Ry
1 2 2 1
_10x20+ (;0><5+5>< 0:17.5(2 ,

The circuit diagram of Fig. 1.109 now becomes the circuit diagram shown in Fig.
1.109(a). Combining three pairs of resistors in parallel, we obtain the circuit diagram of
Fig. 1.109(b).

a a
12.5Q
" 17.5Q
120\’(_) c %709 % 30Q
15Q
35Q
A b
Figure 1.109(a)
70 x 30
70(130 = =210
l 70 + 30 a0
12.5 x 17.5
12.5|[17.5 = ———— = 7.2920) 7.292Q
I 1254+ 17.5 §
15 x 35 21Q
1 = = 10.5Q
/(35 15+ 35 0-5 10.5Q
Rap = (7.292 + 10.5)[|21 = 9.63292 bo

. US _
Thus, = R 12.458 A Figure 1.109(b)
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Nodal versus mesh analysis

The analysis of a complex circuit can usually be accomplished by either the node voltage
or mesh current method. One may ask : Given a network to be analyzed, how do we
know which method is better or more efficient? The choice is dictated by two factors.

When a circuit contains only voltage sources, it is probably easier to use the mesh
current method. Conversely, when the circuit contains only current sources, it will be
easier to use the node voltage method. Also, a circuit with fewer nodes than meshes
is better analyzed using nodal analysis, while a circuit with fewer meshes than nodes is
better analyzed using mesh analysis. In other words, the best technique is one which gives
smaller number of equations.

Another point to consider while choosing between the two methods is, what informa-
tion is required. If node voltages are required, it may be advantageous to apply nodal
analysis. On the other hand, if you need to know several currents, it may be wise to
proceed directly with mesh current analysis.

It is often advantageous if we know both the techniques. The first advantage lies in
the fact that the second method can verify the results of the first method. Also, both the
methods have limitations. For example, while analysing a transistor circuit, only mesh
method is suited and while analysing an Op-amp circuit, nodal method is only applicable.
Mesh technique is applicable for planar’ networks. However, nodal method suits to both
planar and nonplanar ? networks.

Reinforcement Problems

1]

Find the power dissipated in the 80¢) resistor using mesh analysis.

2Q
VWV

230V se

4Q
AR 300

260V 160

2Q
AAAAY

Figure R.P.1.1

! A planar network can be drawn on a plane without branches crossing each other.
2A nonplanar network is one in which crossover is identified and cannot be eliminated by redrawing
the branches.
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SOLUTION
KVL clockwise to mesh 1 :

1417 — 41, — 813 = 230

230V 8Q2
KVL clockwise to mesh 2 : @ §
3 80Q2
16Q2

260V
KVL clockwise to mesh 3 :

—41Iy 4+ 2215 — 1613 = 260 é}

2 )z

—811 — 1612 + 10413 =0

Putting the above mesh equations in matrix form, we get
14 -4 -8 { L ] [ 230 ]
-4 22 -16 I, | =] 260

-8 —-16 104 I3

o

The current I3 is found from the above matrix equation by using Cramer’s rule.

I3 =5A
Thus, Pyo = I2Rgp = 5% x 80 = 2000W (dissipated)

R.P 1.2
Refer the circuit shown in Fig. R.P. 1.2. The current i, = 4A. Find the power dissipated
in the 70 € resistor.

180\/'Cr

Figure R.P.1.2

SOLUTION
By inspection, we find that the mesh current i3 = i, = 4A
KVL clockwise to mesh 1 : 7511 — 70i9 — Hi3 = 180
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Substituting i3 = 4A, we get  75i; — 70i, = 200

KVL clockwise to mesh 2 :  —70i1 + 88iy — 10i3 =0
Substituting the value i3 = 4A, we get  —70i; + 88iy = 40
Puting the two mesh equations in matrix from, we get

7 =70 iv | | 200
—-70 88 io | | 40
Using Cramer’s rule, we get
i1 =12A,io = 10A

P7[) = (il - i2)270 =4x70
=280 W (dissipated)

R.P 1.3

Solve for current I in the circuit of Fig. R.P. 1.3 using nodal analysis.

5/ 0°A

2Q J19

20,/£90°V ~ 72 1 21 S40

Figure R.P.1.3

SOLUTION
KCL at node Vi :
Vi —20/-90° Vi Vi -V,
5/0° =0
5 - i + i +5/0°
(0.5 —70.5)Vy +35Vy = -5 — 3510

=

KCL at node Vo :

Vo—-V; V
Y27 VL, Y2 o1 500 =0
i + 1 5/0
Also, I:V—,1

Vo—-V; Vo 2
H -+ =4+ =V -5/0° =0
ence, i1 + 1 +j2 1 /
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2Q v, J19 v,

20/-90°V . 21 4Q
~ J2 <1> §

L

= (0.25 — j) Vo =5
5

= Vo=

27025 —

Making use of Vo in the nodal equation at node Vi, we get

5
5410 —22  — 0501 j)Vy

0.25 -3
, , J40
1- =—-10— 720 —
= (1= ivi=-10-j2- (20)
= V; =15.81/-46.5° V
Vi 15.81 /—46.5°
H I= = ——
ence, ) 2 /—90°
=17.906 /43.5° A
R.P 14
Find V,, shown in the Fig. R.P. 1.4 using Nodal technique.
Supernode
20
——

12/0°V

O
o JO lﬂg <1> 02V,
|

Figure R.P.1.4 Figure R.P.1.4(a) .
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SOLUTION

We find from Fig RP 1.4(a) that,
V=V,

Constraint equation:
Applying K VL clockwise along the path consisting of voltage source, capacitor, and 22
resistor, we find that

12@ +Vy—-V1=0
= Vi :V2—|—12/070
or Voy=V; —-12
KCL at Supernode :
Vi—-Vs V; Vy Vy-Vj3
y1=vs ,  ¥1 -0
52 + 2 + —j4+ 4
= (2—-72)Vi+(1+4+j)Va+ (-143j2)V3=0
KCL at node 3 :

V3—V1+V3—V2

—-0.2V,=0 1.67
2 1 (1.67)

Substituting V, = V1, we get
(0.8—372)Vi+Vao+ (—-1+4+3j2)V3=0 (1.68)

Subtracting equation (1.68) from (1.67), we get
1.2Vi 4+ jVa =0 (1.69)
Substituting Vo = V; — 12 (from the constraint equation), we get
1.2V + j(Vi —12) = 0

12
= V) = =V,
T 1245
Hence V,=17.68 /50.2° V

15

Solve for i, using mesh analysis.

10cos2t V 6sin2t V

<0.25F

Figure R.P. 1.5
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SOLUTION
The first step in the analysis is to draw the phasor circuit equivalent of Fig. R.P.1.5.

4Q JAQ
VWV IV

"
10/0°=10v <+> @ — @C>6 £90°= —j6V
- 2Q

Figure R.P. 1.5(a)

w =2
10cos2t = 10/0°V
6sin2t = 6cos(2t —90) = 6/-90° = —j6V
L =2H = X5 =jwl =j4Q

C=02F = Xc=- = >:—j2Q

Applying KVL clockwise to mesh 1 :

—10+ (4 — 52)I; + 521, = 0
= 2— iDL 4 I, =5

Applying KVL clockwise to mesh 2 :

j2Iy + (j4 — j2)Ix + (—j6) =0
IL+I,=3

Putting the above mesh equations in a matrix form, we get
2—34 7 I 5
1 1||n| |3

I, =2+ 50.5,

I =1 j0.5,

I,=1,-I,=1+j=1414/45°
Hence io(t) = 1.414 cos (2t 4+ 45°) A

Using Cramer’s rule, we get
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R.P 1.6

Refer the circuit shown in Fig. R.P. 1.6. Find I using mesh analysis.

SOLUTION

20 /-90°V

2Q

5/0°A

'y

29

G 2o

Figure R.P.1.6

Supermesh

___________

Constraint equation:

=
=
Also, for mesh 4,

Figure R.P.1.6(a)

I, — I, =21

I; — I, =2(I; — I,)
I, =21 — I,
IL,=5A

Applying KVL clockwise for mesh 1 :

—(=720) + (2 - 72)I1 + 521, =0

(1 -7 + jIo = —j10

(1.70)
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Applying KVL clockwise for the supermesh :
(7 —32)Ip + j2I; +4I3 — jI4 =0
Substituting I3 =2I; —Is and I4=5A
we get 84721 — (44 j)Ia =345 (1.71)

Putting equations (1.70) and (1.71) in matrix form, we get

1-j L] _[—jl0
8442 —(4+7) L | | Jj5
Solving for I; and I, we get

I = —(5.44 + j4.26) A
I, = —(11.18 + j9.7) A
I=1, -1,
— 5.735 + j5.44
=7.9/43.49° A

R.P 1.7

Calculate V,, in the circuit of Fig. R.P. 1.7 using the method of source transformation.

5Q 4Q 139
3Q +
+
20£-90°V \_ _ 10Q >V,
Jj4Q B
Figure R.P. 1.7
SOLUTION ‘
Transform the voltage source to a Z,=4 130
current source and obtain the circuit —
shown in Fig. R.P.1.7(a). +
I=—j4 5Q Z,=3+j4Q 10Q2 v,
20 /—90°
Is:TZZL{—QOOA -
Figure R.P.1.7(a)
5 X (3444
Z, = 5013+ ja — 22X BHIY o5 950

5+ (3+j4)
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Converting the current source in Fig. R.P. 1.7(b) to a voltage source gives the circuit
as shown in Fig. R.P. 1.7(c).

Z,72.54125Q  Z,=4-j13Q

S () -5

Figure R.P.1.7(b) Figure R.P.1.7(c)

V, = LZ, = —4j(2.5 + j1.25)
=5— 10V
V, = 10I
Vi
B [zp+zg+ 10] 10
5 410

= - - x 10
[2.5 + j1.25 +4 — j13 + 10]

=5.519 /—28° V

Z,~4-j13Q

R.P 1.8
Find v, and i, in the circuit shown in Fig. R.P. 1.8.

10Q
—\V\VV\
— v
I @ 3A Q> f 50
+

v ()

4i
v, <20
Figure R.P. 1.8
SOLUTION
. . . . V;
Constraint equation: 19 —11 =3+ Zr
. . v
= iy =1 +3+ —

4

The above equation becomes very clear if one writes KCL equation at node B of Fig.
R.P. 1.8(a).
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Supermesh

Supermesh

{

A

+w

Figure R.P. 1.8(b)
Figure R.P. 1.8(a)

Applying KVL clockwise to the supermesh in Fig. R.P. 1.8(b), we get
—50 + 10d1 + 5ig + 4i, =0
But i, = i1. Hence, —50 + 1041 + 5io + 441 =0

= 14iy + 5iy = 50 (1.72)
Making use of v, = (i1 —i2) X 2 in the constraint equation, we get
11— 12) X 2
iy =iy 4 34 (LT 72) X2
4
= i2:i1—|—3+21;Z2
= 219 = 211 + 6 + i1 — 19
= 3i1 —3ia+6=0
= 1] — g = -2 (173)
Solving equations (1.72) and (1.73) gives i1 = 2.105 A,is = 4.105 A
ThIlS, Uy = 2(i1 — ig) =—-4V
and iz =11 = 2.105 A
R.P 1.9
Obtain the node voltages vy, vy and v3 for the following circuit.
SkQ
AAYA'A%

4mA Q <+> 12V 10kQ
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SOLUTION
We have a supernode as shown in Fig. R.P. 1.9(a). By inspection, we find that Vo = 12V.

Refer Fig. R.P. 1.9(b) for further analysis.

5kQ
VY
Supernode
0,0 v,0 vy,
10V 20V
<*> LS 10kQ AN PN
| | + .
\ ; i <_>12V @
N o o
Figure R.P.1.9(a) Figure R.P.1.9(b) .
KVL clockwise to mesh 1 :
—v1—104+12=0 = v =2
KVL clockwise to mesh 2 :
—12+20+v3=0
= vg=—-8V
Hence, v1=2V,v2=12V,v3=-8YV
R.P 1.10
Find the equivalent resistance R, for the circuit shown in Fig. R.P.1.10.
100Q2 100Q2
a AVAYAY
100€2 1002 100€2
100Q2 100Q2
—\VVVV NV
100Q2 § § 100Q2 § 100Q2
100Q2 100Q2
b o———— "WV NN

Figure R.P. 1.10
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SOLUTION
The circuit is redrawn marking the nodes ¢ to j in Fig. R.P. 1.10(a). It can be seen that
the network consists of four identical stars :

(i) ae,ef,cb
(i) ac,cf,cd
(i) dg,9f,gj
(iv) bh, fh,hj
Converting each stars in to its equivalent delta, the network is redrawn as shown in

Fig. R.P. 1.10(b), noting that each resistance in delta is 100 x 3 = 30012, eliminating
nodes ¢, e, g, h.

100 0o 300 J
a©O ANNN—F AN ao° VWW\
N \)
% S
100 100 100
\?00 (\)QQ
100 100 .
el —W—LAA—¢ 00 ! g
N\ )
o) %
100 100 100 2
\} (7)
,._)Q (7
100 100
bo AN MA—, bo VW .
h J 300 J
Figure R.P.1.10(a) Figure R.P.1.10(b) .

Reducing the parallel resistors, we get the circuit as in Fig. R.P. 1.10(c).

300
ao ANV d
150 150
mo% ésm
< f <
150
150
bo ANV .
300 J

Figure R.P.1.10(c)

Hence, there are two identical deltas afd and bfj. Converting them to their equivalent
stars, we get the circuit as shown in Fig. R.P.1.10(d).
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300 x 150
Rak:Rbl:de:le:W:?E)Q
1502
ka Rfl 600 37.5
150
a
300 75 450
b
Figure R.P.1.10(d) Figure R.P.1.10(e)

The circuit is further reduced to Fig. R.P. 1.10(e) and then to Fig. R.P. 1.10(f) and
(g). Then the equivalent resistance is

~214.286 x 300

= =125 Q
ab 514.286
a©O
150
a
214.286Q
300 64.286€2 § 300 §
b O b O
Figure R.P.1.10() Figure R.P.1.10(Q)

R.P 1.11
Obtain the equivalent resistance R,q for the circuit shown in Fig. R.P.1.11.

a

a0
30 30
30
30 30 50 30
d W\ J “VWN—¢
30 30 30 e 30

Figure R.P.1.11 Figure R.P.1.11(a)
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SOLUTION
The circuit is redrawn as shown Fig. 1.11(a), marking the nodes a to f to identify the
deltas in it. It contains 3 deltas abc, bde and def with 3 equal resistors of 30 €2 each. For

each delta, their equivalent star contains 3 resistors each of value 3 = 10Q2. Then the

circuit becomes as shown in Fig. R.P. 1.11(b) where f is isolated.
On simplification, we get the circuit as shown in Fig. R.P.1.11(c) and further reduced
to Fig. R.P.1.11(d).

10
d —ANN
S
Figure R.P.1.11(b) Figure R.P.1.11(c)
10 13.33 10

a o——AM——AAN AN od
Figure R.P.1.11(d)

Then the equivalent ressitance,

Ru,q =10+13.334+ 10 = 33.33 Q

R.P 1.12

Draw a network for the following mesh equations in matrix form :

54+45 —j5 0 I, ] [ 30 /—0°
—j5 8448 —6 || I | = 0
0 6 10 I J [ —20 /—0°
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SOLUTION

The general form of the mesh equations in matrix form for a network having three mashes
is given by

7w, 7y 733 I Vi /61
~Zoy  Zoy —Zo3 I | =| Va2/6
[ 231 —Z3  Zs3 I3 Vs /05 }
and, Zy=Zw+Zi2+7Zs3
where Z1p = Sum of the impedances confined to mesh 1 alone

Z15 = Sum of the impedances common to meshes 1 and 2

Z13 = Sum of the impedances common to meshes 1 and 3

Similiar difenitions hold good for Zsy and Z33. Also, Z;; = Zj;

For the present problem,

Zi1 =5+ 759
Zyy =79 = j5Q
Zy3 =173 =0Q
Zys =73y = 60
We know that, 21y =721+ 212+ Zy3
= 5+35=%210+355+0
= Z1o = 512
Similarly, Zoo = Loy + Loy + Za3
= 8+ j8 =29+ j5+6
= Zzo =2+ _]39
Finally, Zs3 =730 + 231 + Z32
N 10 = Zg + 0 + 6
= Z3) = 4Q

Making use of the above impedances, we can configure a network as shown below :

5Q 2Q j3Q
AVAYAAY, ANNVWN—TTT0>

“O O () < (DO
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R.P 1.13

Draw a network for the following nodal equations in matrix form.

11 1
(—jlo +10> 10 Vo | 1000
1 1 . 1 V, J - L 0
. Z(1 - il
10 (5( N+ 10)
SOLUTION

The general form of the nodal equations in matrix form for a network having two nodes
is given by

ERA[HRE

-Yo Yo Vy I, /6>

where Yi1=Yi0+ Yo and Yoo = Yoo + Yo.
Yo = sum of admittances connected at node 1 alone.
Y12 = Y91 = sum of admittances common to nodes 1 and 2.

Yo = sum of admittances connected at node 2 alone.

For the present problem,

1 1
= — S
—i10 T 10

1
Y12—Y21—ES

Y1

1
Yo =-(1—4)+10S

)
We know that, Y1 = Y0+ Yo
1 1 1
= _— — =Y —
10 "0 0T 10
-1
= Yio=—=95
710
Similarly, Yoo =Y9 + Yo
1 1 1
2l — —Y il
= 5( )+ 10 20+ 15
1
= Yo = 5(1 —-37) 8
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Making use of the above admittances, we can configure a network as shown below :

I
—S
1

v, 0 v,

10/0°A (f)

Exercise problems

L

Refer the circuit shown in Fig. E.P.1.1. Using mesh analysis, find the current delivered

by the source. Verify the result using nodal technique.

30Q2
AVAVAYAY;
5Q 90Q2
gov( © 260 8Q
Figure E.P. 1.1
Ans: 5A
EP 1.2

For the resistive circuit shown in Fig. E.P. 1.2. by using source transformation and mesh

analysis, find the current supplied by the 20 V source.

32V

4Q

MO

6V

Figure E.P. 1.2

Ans: 2.125A
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EP 1.3
Find the voltage v using nodal technique for the circuit shown in Fig. E.P. 1.3.

6V

Figure E.P. 1.3
Ans: v =35V

E.P 1.4
Refer the network shown in Fig. E.P. 1.4. Find the currents i; and is using nodal analysis.
1Q
AAYAA%
1A<f> i §1Q iglg C‘) 1A
i i
—4—
Figure E.P. 1.4

Ans : ’i1:1A,’i2:—1A

15

For the network shown in Fig. E.P. 1.5, find the currents through the resistors R; and

Rs using nodal technique.

+

7A<1> R=6Q <f> % R=3Q 2A C&)V

Figure E.P. 1.5
Ans: 3.33A, 6.67TA
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E.P 1.6
Use the mesh-current method to find the branch currents i1,¢3 and 43 in the circuit of
Fig. E.P. 1.6.

Figure E.P. 1.6
Ans : ’l:l = —1.72A, ’iz = 1.08A 5 ’i3 = 2.8A

E.P 1.7
Refer the network shown in Fig. E.P. 1.7. Find the power delivered by the dependent

voltage source in the network.

5Q 10Q

Figure E.P. 1.7
Ans: —375 Watts
E.P 1.8
Find the current I, using (i) nodal analysis and (ii) mesh analysis.
20
|1
I
3Q
10/0°A Cf) ‘lx § o §109
Jj4Q
Figure E.P. 1.8

150(3 + j4)

Ans: I,= ;
95 + 530
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EP 1.9
Determine the current ¢, in the circuit shown in Fig. E.P. 1.9

Figure E.P. 1.9

Ans: 1, =3A

1.10

Determine the resistance between the terminals a — b of the network shown in Fig. E.P.
1.10.

u 10Q 20Q 5Q
(e NVVV AVAVAYAY,
5Q 15Q
100 25Q
2Q
5Q 30Q b
AYAVAVAY ‘o)
Figure E.P. 1.10
Ans: 23.6 Q2
E.P 1.11

Determine the resistance between the points A and B in the network shown in Fig. E.P.
1.11.

A
6Q @ 4Q
5Q 4Q

8Q

o

B
Figure E.P. 1.11
Ans: 4.23Q



110 | Network Theory

E.P 1.12
Determine the current in the galvanometer branch of the bridge network shown in Fig.

E.P. 1.12.

SV 0.05V
100Q
85Q
<G> 100092
1000Q 3300

5V

O

Figure E.P. 1.12

Ans: 10.62pA



Circuit Theorems

Many electric circuits are complex, but it is an engineer’s goal to reduce their complexity to
analyze them easily. In the previous chapters, we have mastered the ability to solve networks
containing independent and dependent sources making use of either mesh or nodal analysis. In
this chapter, we will introduce new techniques to strengthen our armoury to solve complicated
networks. Also, these new techniques in many cases do provide insight into the circuit’s operation
that cannot be obtained from mesh or nodal analysis. Most often, we are interested only in the
detailed performance of an isolated portion of a complex circuit. If we can model the remainder
of the circuit with a simple equivalent network, then our task of analysis gets greatly reduced and
simplified. For example, the function of many circuits is to deliver maximum power to load such
as an audio speaker in a stereo system. Here, we develop the required relationship betweeen a
load resistor and a fixed series resistor which can represent the remaining portion of the circuit.
Two of the theorems that we present in this chapter will permit us to do just that.

3.1 Superposition theorem

The principle of superposition is applicable only for linear systems. The concept of superposition
can be explained mathematically by the following response and excitation principle :

il — U1
ig — V2
then, 11 + 19 — v + Vo

The quantity to the left of the arrow indicates the excitation and to the right, the system
response. Thus, we can state that a device, if excited by a current ¢; will produce a response
v1. Similarly, an excitation o will cause a response vo. Then if we use an excitation i1 + i2, we
will find a response vy + vs.

The principle of superposition has the ability to reduce a complicated problem to several easier
problems each containing only a single independent source.



160 | Network Theory

Superposition theorem states that,

In any linear circuit containing multiple independent sources, the current or voltage at any
point in the network may be calculated as algebraic sum of the individual contributions of each
source acting alone.

When determining the contribution due to a particular independent source, we disable all
the remaining independent sources. That is, all the remaining voltage sources are made zero by
replacing them with short circuits, and all remaining current sources are made zero by replacing
them with open circuits. Also, it is important to note that if a dependent source is present, it must
remain active (unaltered) during the process of superposition.

Action Plan:

(i) In a circuit comprising of many independent sources, only one source is allowed to be active
in the circuit, the rest are deactivated (turned off).

(i) To deactivate a voltage source, replace it with a short circuit, and to deactivate a current
source, replace it with an open circuit.

(iii)) The response obtained by applying each source, one at a time, are then added algebraically
to obtain a solution.

Limitations: Superposition is a fundamental property of linear equations and, therefore, can be
applied to any effect that is linearly related to the cause. That is, we want to point out that,
superposition principle applies only to the current and voltage in a linear circuit but it cannot be
used to determine power because power is a non-linear function.

EXAMPLE Ml
Find the current in the 6 € resistor using the principle of superposition for the circuit of Fig. 3.1.

O A O

Figure 3.1

SOLUTION

As a first step, set the current source to zero. That is, the current source appears as an open circuit
as shown in Fig. 3.2.
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As a next step, set the voltage to zero by replacing it with a short circuit as shown in Fig. 3.3.

2
19 = X 3 = §A
3+6 9
3Q 3Q
—A\VW l — W
) (e} iy
6V<+> ll* §69 ' §6Q Cf)zg

— o

o
Figure 3.2 Figure 3.3

The total current 7 is then the sum of 77 and i9

12
i:il—‘l—iQ:?A

EXAMPLE eW
Find 7, in the network shown in Fig. 3.4 using superposition.
12kQ
—— VWW————
12k ;r%
AAAA%

Figure 3.4
SOLUTION
As a first step, set the current source to zero. That is, the current source appears as an open circuit
as shown in Fig. 3.5. 12kQ

12kQ 12kQ

Figure 3.5
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12kQ 12kQ
ey ey
ANV AVAVA'AY,
T —
lo ]
lO
12kQ é
) +
12kO + 24kQ|[12kQ
§ <_>6V Z3KkO _ )6V
12kQ é

—6

./

T8+ 12) x 103

= ——————=-03mA

As a second step, set the voltage source to zero. This means the voltage source in Fig. 3.4 is
replaced by a short circuit as shown in Figs. 3.6 and 3.6(a). Using current division principle,

. iRg
“T R+ R 12kQ
——— AWW———
12kQ 4mA
where Ry = (12kQ|[12kQ) + 12 kO ANV @
=6k + 12 k0 —
=18k
and Ry =12k 12kQ 12kQ
N z,A:4><10*3><12><103
(12 + 18) x 103
= 1.6 mA Figure 3.6

Again applying the current division principle,

. iax12
= — 0.8 mA
‘o T 1119 m
Thus, io =i +i) = —03+08=05mA
<A
AYAYAYAY,
12k Q

12kQ § ’l:l §12k9 <¢> AmA

AV

Figure 3.6(a)
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Use superposition to find ¢, in the circuit shown in Fig. 3.7.

SOLUTION

12V
2kQ /_\
—VVW\ +

2kQ

Figure 3.7

As a first step, keep only the 12 V source active and rest of the sources are deactivated. That is,
2 mA current source is opened and 6 V voltage source is shorted as shown in Fig. 3.8.

12

-/ =
o= (21 2) x 10

=3 mA

12V
2kQ
AYAVAVAY, @
2kQ =
AVAVAYAY '} O
T»
o ‘o
§ 2kQ §2k9
e}
Figure 3.8

12V
2kQ

i 2kQ

;’\/\/\/\/—

As a second step, keep only 6 V source active. Deactivate rest of the sources, resulting in a
circuit diagram as shown in Fig. 3.9.
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Applying KVL clockwise to the upper loop, we get

—2x10%,"—2x10%,"—6=0

—6
= i, = ———= = —1.5mA
4% 103
2kQ 2kQ 2kQ
NV O O AYAVA'AY ANNVN—
= - 6V
2kQ )
AN ) G0
- 6V \_/
o b
2kQ §2k9 2k Q
o
Figure 3.9

2kQ

As a final step, deactivate all the independent voltage sources and keep only 2 mA current

source active as shown in Fig. 3.10.

2k Q
2kQ
NV o O — i
2 ia
AAA'A" 0—0
l, 2mA (D
2mA <D § 2kQ § 2kQ
Figure 3.10
Current of 2 mA splits equally.
Hence, i,/ = 1mA

Applying the superposition principle, we find that

7: :i/+i//+i///
=3-15+1
=25mA

§2k9 § 2kQ
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EXAMPLE R
Find the current ¢ for the circuit of Fig. 3.11.

3Q 2Q

AAYA'A% AYAVA'AY

-
4

+ P
“Q D O
Figure 3.11
SOLUTION

We need to find the current ¢ due to the two independent sources.
As a first step in the analysis, we will find the current resulting from the independent voltage
source. The current source is deactivated and we have the circuit as shown as Fig. 3.12.
Applying KVL clockwise around loop shown in Fig. 3.12, we find that

5i1+3i;1 —24=0
24
= 11=— =3A
TR
As a second step, we set the voltage source to zero and determine the current i3 due to the

current source. For this condition, refer to Fig. 3.13 for analysis.

3Q 1 2Q
AR ANNVN—
—_
)
o
O O
o
Figure 3.12 Figure 3.13
Applying KCL at node 1, we get
— 3
A g % G.1)
-0
Noting that —ig = e

we get, v1 = —3i9 3.2)
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Making use of equation (3.2) in equation (3.1) leads to

, —3ia — 3i2
g+ 7= —
_ 7
= 19 = —ZA
Thus, the total current
=11 +1i2
=3 - ! A= §A
4 4
A \IEi=g 3.5
For the circuit shown in Fig. 3.14, find the terminal voltage V; using superposition principle.
10Q2
a
+
3Vab
4v <+> 24 Va
0b
SOLUTION Figure 3.14

As a first step in the analysis, deactivate the in-

dependent current source. This results in a cir- 10Q 3Vah,
cuit diagram as shown in Fig. 3.15. —’\/\/\/\/—<>—9
Applying KVL clockwise gives —
i=0
—4 410X 0+ 3V, + Vi, =0 4v<+> Vs
= 4V, =4
o)
= Vap, = 1V
. .. . Figure 3.15
Next step in the analysis is to deactivate the
independent voltage source, resulting in a cir- v,
cuit diagram as shown in Fig. 3.16. 109 /a\2
Applying KVL gives MWWV N ?
2A
—-10x 2+ 3Vab2 =+ Va,bg =0 ‘
(o] v
= 4V, =20 2A f ab,
= Vi, = 5V 7
0

Figure 3.16
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According to superposition principle,

Vab = Vap, + Vap,
=14+5=6V

V= 3.6
Use the principle of superposition to solve for v, in the circuit of Fig. 3.17.

i
B NGINOTE

<>

Figure 3.17

SOLUTION
According to the principle of superposition,

Vy = Uz + Vo

where v, is produced by 6A source alone in the circuit and v, is produced solely by 4A current
source.

To find v,,, deactivate the 4A current source. This results in a circuit diagram as shown in
Fig. 3.18.

KCL at node x1 :
X
Vo Vo Y o b
2 8 o +
But ig, = 2L 29§ Cf) 6A 8Q §Ux
2 |
Vxq O
Hence, % + 1):1:1_842 =6 4ix1 —
<>
= Vo | Yo = 2 g =
2 8 -
= Qvg, + Vg, — 205, =48 Figure 3.18
48
= 'le _ —— = 16V
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To find v,,, deactivate the 6A current source, resulting in a circuit diagram as shown in Fig.

3.19.
KCL at node x5 :
Vg | Vay — (—dig, ) —4
8 2
Uz Ugy + 4y
= —= =4
8 2

Applying KVL along dotted path, we get

Ugy + 4lgy — 20, =0

= Ugy = —20g, OF g, =

Substituting equation (3.4) in equation (3.3), we get

—Vgy

(3.3)

(3.4)

—,
Ugy + 4 <2 dotted path for KVL
Vzz + 2 =4 *2 |
8 2 , V’C ______ 1 _______ L
UVgq Vzq Vg, 2 ! !
= — =4 ' !
8 2 | :
Vey  Yzy _ | 4A |
= — - == 20 '
8 2 : (D :
= Ugy — 4Ug, = 32 | :
32 L LY 1
= VUgy = —;V A
N
Hence, according to the superposition principle, iy =
Vg = VUgy + Ugy Figure 3.19

=16 — % =5.33V

EXAMPLE SN

Which of the source in Fig. 3.20 contributes most of the power dissipated in the 2 {2 resistor ?

The least ? What is the power dissipated in 2 2 resistor ?

2Q

MV

7Q 1A

NG

3Q

3A

Figure 3.20
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SOLUTION

The Superposition theorem cannot be used to identify the individual contribution of each source
to the power dissipated in the resistor. However, the superposition theorem can be used to find the
total power dissipated in the 2 ) resistor.

O =@ 5O
> mm P

Figure 3.21
According to the superposition principle,
i1 =14} + b

where 7} = Contribution to i; from 5V source alone.
and i5, = Contribution to ¢; from 2A source alone.

Let us first find 7{. This needs the deactivation of 2A source. Refer to Fig. 3.22.

)
2+21
Similarly to find i, we have to disable the 5V source by shorting it.
Referring to Fig. 3.23, we find that

=1.22A

i =

_2x 2.1
- — _1.024 A
27T 5 00
vy VYN
—A\NVW MG

() Sam : [ S (P

Figure 3.22 Figure 3.23
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Total current,

i1 = i) + i
=1.22 - 1.024
=0.196 A
Thus, Poq = (0.196)% x 2
= 0.0768 Watts
=76.8 mW

VIS 3.8
Find the voltage V] using the superposition principle. Refer the circuit shown in Fig.3.24.

60V
10Q2

+

4A<?> 240(2 T] 30Q <f> 0.4i,

Figure 3.24

SOLUTION
According to the superposition principle,

V= ViV

where V7 is the contribution from 60V source alone and V|’ is the contribution from 4A current
source alone.
To find V{, the 4A current source is opened, resulting in a circuit as shown in Fig. 3.25.

60V
10Q2

Rim®

"Alizog @ 3OQ§;{ @ <*> 047

Figure 3.25
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Applying KVL to the left mesh:

30iq — 60 + 30 (iq — i) = 0 (3.5)
Also ib = —0.4iA
= —0.4(—iy) = 0.4i, (3.6)

Substituting equation (3.6) in equation (3.5), we get

30z, — 60 + 304, — 30 x 0.4¢, =0
) 60
- -

lg = = = 1.25A
ip = 0.4i, = 0.4 x 1.25
= 0.5A
Hence, Vi = (iq — ip) x 30
=225V

To find, V’, the 60V source is shorted as shown in Fig. 3.26.

, 100 b
VVW\N—O0—O0
v

4A<f> l_h* 20Q 30Q +V1" <f> 0.4i,

Figure 3.26
Applying KCL at node a:
Vo Ve Vi,
20 10
= 30V, — 20V{" =800 3.7
Applying KCL at node b:
‘/1” Vlll _ V:z
— + —— =04
30 710 "
Al V, = 20i = 1 Va
SO a = a = —
’ ! =20
" "
- VYa A4 a
Hence, Vi i —Va = 0.4V,
30 10 20
= — 7.2V, +8V{" =0

(3.8)
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Solving the equations (3.7) and (3.8), we find that

V" =60V
Hence Vi=Vv/+V/
=22.5460 = 82.5V

EXAMPLE IeRY

(a) Refer to the circuit shown in Fig. 3.27. Before the 10 mA current source is attached to
terminals z — y, the current ¢, is found to be 1.5 mA. Use the superposition theorem to find
the value of ¢, after the current source is connected.

(b) Verify your solution by finding ¢, when all the three sources are acting simultaneously.

10 mA

Figure 3.27

SOLUTION
According to the principle of superposition,

la = lay + lag + lag

where %, , 14, and ¢, are the contributions to ¢, from 20V source, 5 mA source and 10 mA source
respectively.
As per the statement of the problem,

iqy +iay = 1.5 MA

To find ¢4,, deactivate 20V source and the 5 mA source. The resulting circuit diagram is

shown in Fig 3.28.
~ 10mA x 2k

o A XK A
‘a3 = I8k + 2k m

Hence, total current

ia, - Z.a,l + iag + ia,g
=15+1=25mA
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N = .
i 2%kQ y La
l 10 mA <*> 2kQ 18kQ
ia
10kQ 3l 18kQ
] :
Figure 3.28
(b) Refer to Fig. 3.29 10 mA
KCL at node y: Q
v, V,-20 SN ~
Y y -3
=+ = (10+5)x10 \ 2%Q
3 3
18 x 10° 2 x 10 — ANV >
Solving, we get V, = 45V.
v, 45 20V 0kQ l 18kQ Cf)S mA
Hence, i, = . la
18 x 103 18 x 103
=2.5mA
Figure 3.29

3.2 Thevenin’s theorem

In section 3.1, we saw that the analysis of a circuit may be greatly reduced by the use of su-
perposition principle. The main objective of Thevenin’s theorem is to reduce some portion of a
circuit to an equivalent source and a single element. This reduced equivalent circuit connected to
the remaining part of the circuit will allow us to find the desired current or voltage. Thevenin’s
theorem is based on circuit equivalence. A circuit equivalent to another circuit exhibits identical
characteristics at identical terminals.

R[ X
; AAAAY O—
Linear +
Load
Circuit 14 Load Vi <_> d |:|
A
o= o—
y y
Figure 3.30 A Linear two terminal network Figure 3.31 The Thevenin’s equivalent circuit

According to Thevenin’s theorem, the linear circuit of Fig. 3.30 can be replaced by the one
shown in Fig. 3.31 (The load resistor may be a single resistor or another circuit). The circuit to
the left of the terminals  — y in Fig. 3.31 is known as the Thevenin’s equivalent circuit.
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The Thevenin’s theorem may be stated as follows:

A linear two—terminal circuit can be replaced by an equivalent circuit consisting of a
voltage source Vi in series with a resistor Ry, Where V is the open—circuit voltage at the termi-
nals and R, is the input or equivalent resistance at the terminals when the independent sources
are turned off or R, is the ratio of open—circuit voltage to the short—circuit current at the
terminal pair.

Action plan for using Thevenin’s theorem :

1. Divide the original circuit into circuit A and circuit B.

[0

Original = Circuit A Circuit B
Circuit

b

In general, circuit B is the load which may be linear or non-linear. Circuit A is the balance of
the original network exclusive of load and must be linear. In general, circuit A may contain
independent sources, dependent sources and resistors or other linear elements.

o0 a
Circuit A4 -~ R,

—-+-O0 b

2. Separate the circuit A from circuit B.
3. Replace circuit A with its Thevenin’s equivalent.

4. Reconnect circuit B and determine the variable of interest (e.g. current ‘¢’ or voltage ‘v’).

a 1

Y, Circuit B

Procedure for finding R;:
Three different types of circuits may be encountered in determining the resistance, Ry :
(i) If the circuit contains only independent sources and resistors, deactivate the sources and find

R; by circuit reduction technique. Independent current sources, are deactivated by opening
them while independent voltage sources are deactivated by shorting them.
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(ii) If the circuit contains resistors, dependent and independent sources, follow the instructions
described below:

(a) Determine the open circuit voltage v, with the sources activated.

(b) Find the short circuit current 75, when a short circuit is applied to the terminals a — b

v,
(¢) Ry ==
Sc
(ii1) If the circuit contains resistors and only dependent sources, then R
y dep ]
. . NV O a
(a) wvoe = 0 (since there is no energy source)
(b) Connect 1A current source to terminals V.=V
a — b and determine v,,.
Vg, ob
© Re= "
Figure 3.32

For all the cases discussed above, the Thevenin’s equivalent circuit is as shown in Fig. 3.32.

SV 3.10
Using the Thevenin’s theorem, find the current ¢ through R = 2 Q. Refer Fig. 3.33.

5Q 4Q a
i

() §20s2 §Rm

b
Figure 3.33
SOLUTION
lCircuit A lCircuit B
oo ! oo i
: 5Q 4Q I a :
| AV AN ——0— oo
! | | l !
1 + I 1 \
1 1 I
X 50V<_> 20Q ! | R=2Q
1
l S !
: 1 1 I
| ! Oo— 1
| 1 7 1 1
l ! b ! |
1

Figure 3.34
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Since we are interested in the current ¢ through R, the resistor R is identified as circuit B and
the remainder as circuit A. After removing the circuit B, circuit A is as shown in Fig. 3.35.

50 40
—ANVVNV AVAVAVAY, 0 a
50V<+> @ 200

Figure 3.35

ob

To find R;, we have to deactivate the independent voltage source. Accordingly, we get the
circuit in Fig. 3.36.

Ry =(5Q/[209Q) +4Q 0 402 .
2
=5X20+4:8Q
5+20 20Q ~—R,

Referring to Fig. 3.35,

O b
-50+25I=0 = I1=2A
Figure 3.36
Hence Vap = Voo = 20(1) = 40V

Thus, we get the Thevenin’s equivalent circuit which is as shown in Fig.3.37.

a
NNVVN—o0
R,=8Q i‘
ANNVVN—O @
+ 40v<+> 2Q
V. —40V<> _
b
O b —O0—
Figure 3.37 Figure 3.38

Reconnecting the circuit B to the Thevenin’s equivalent circuit as shown in Fig. 3.38, we get

40

=4A
2+38

7=
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EXAMPLE JSAN
(a) Find the Thevenin’s equivalent circuit with respect to terminals a — b for the circuit shown
in Fig. 3.39 by finding the open-circuit voltage and the short—circuit current.

(b) Solve the Thevenin resistance by removing the independent sources. Compare your result
with the Thevenin resistance found in part (a).

40Q
NVVV
1.5A
5Q
E1—
30V<+> §25§2 §6OQ
20Q
NV Ob
Figure 3.39
SOLUTION
2
o
40Q v
AAA'AY L a
0 1.5A +
VMV ] @ 2 Qa s l § 60Q %
+ oc
2 N <« < -
20Q
20Q _
NNWN———0 b
Figure 3.40
(a) To find V. :
Apply KCL at node 2 :
Va Vo =30
—-15=0
60 + 20 + 40
= V5 = 60 Volts
Hence, Voe =1 x 60
Vo -0
= 60
[60 ¥ 20] %
60

60 x 2 45V
" 80
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To find g :
NVVN NNV Ton
1.5A -
5Q
50
ANAN— @ 2 a —WWW\ @ 2
Ie i,
<i> 30V § 250 § 60Q ‘ = Ci) 30V § 25Q ‘
20Q 20Q
AVAYAYAY b ANNWWN—
Applying KCL at node 2:
pplying at node Ve Vp—30 e
0" a0 T R=30Q
= Vo = 30V —VVVAV—0 4
Vs
bse = — = 1.5A
=90 v, =45V <+>
V, 45 T
Therefore, R =-2%="
Tse 1.5 o
=309
Figure 3.40 (a)

The Thevenin equivalent circuit with respect to the terminals a — b is as shown in Fig. 3.40(a).
(b) Let us now find Thevenin resistance R; by deactivating all the independent sources,

40Q
— AWM ————
50Q — 40Q
—\VVV O O Oa oa
e}
§ 25Q § 60Q —=— 60Q  —a—
o} R R,
20Q 200
MV O A o b

R, = 60 Q| (40 + 20)
60

=5 = 30  (verified)

It is seen that, if only independent sources are present, it is easy to find R; by deactivating all
the independent sources.
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DW= 3.12
Find the Thevenin equivalent for the circuit shown in Fig. 3.41 with respect to terminals a — b.

2i

6Q 10Q2
— WA—E > AM—o0 @
|
+
20V<> 62

O b
Figure 3.41
SOLUTION
To find Voo = Vg -
Applying KVL around the mesh of
2i

Fig. 3.42, we get 6Q 10Q2

— WN—E > A0 «
—2046¢t—2i4+6i=0 ii
= 1=2A
+ .
. . . 20V <> @ 6Q
Since there is no current flowing in -

10 Q resistor, V,, = 61 = 12V
To find R;: (Refer Fig. 3.43) O b

Since both dependent and indepen- Figure 3.42
dent sources are present, Thevenin resis-
tance is found using the relation,

Voc
Rt =
lsc

Applying KVL clockwise for mesh 1 :

—20 4 6iy — 2i+ 6 (i1 — iz) =0
= 1241 — 610 =20+ 22

Since ¢ = i1 — 19, We get 6Q /2’\ 10Q
—\/VVV —\/ AVAVAVAY, a

12i1 — 6ig = 20 + 2 (i1 — io)

Applying KVL clockwise for mesh 2 :

10i2+6(i2 —il) =0

=  —6i1+16iy=0 Figure 3.43
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Solving the above two mesh equations, we get

_10, 120
27 136 fse =127 136
v, 12
Ry=2¢ = 2 _136Q
", 120
136

SNV 3.13

Find V}, in the circuit of Fig. 3.44 using Thevenin’s theorem.

4mA
&
6kQ 4kQ
VWV ANV o)
+
+
12V 3kQ 2kQ Y,
o
Figure 3.44
SOLUTION
To find V. :

Since we are interested in the voltage across 2 k{2 resistor, it is removed from the circuit of

Fig. 3.44 and so the circuit becomes as shown in Fig. 3.45.

4mA
S
iy
6kQ 4kQ
NVVV AAAAY O a
+
12V C*) @ 3KQ V.
o_b
Figure 3.45
By inspection, i1 =4 mA

Applying KVL to mesh 2 :
—12+6 x 10° (ig — 1) + 3 x 1035 =0
= — 1246 x 10° (i2 — 4 x 10 ?) +3 x 10% =0
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Solving, we get 13 = 4 mA
Applying KVL to the path 4 k{2 — a—b — 3 k{), we get

—4x10%1 + V,, — 3 x 10%5 =0

= Vo =4 x 10%i1 + 3 x 1034,
=4x10°x4x103+3x10%> x4 x 1073 = 28V

To find R, :
Deactivating all the independent sources, we get the circuit diagram shown in Fig. 3.46.
o
6kQ 4kQ
NV 0 a
Rt
-
3kQ
ob
Figure 3.46

Ry = Ry, = 4kQ + (6 k9|3 kQ) = 6 kO

Hence, the Thevenin equivalent circuit is as shown in Fig. 3.47.

6kQ 6kQ u
ANVW—0 4 |
+
+ v ;
ob 5
Figure 3.47 Figure 3.48

If we connect the 2 k2 resistor to this equivalent network, we obtain the circuit of Fig. 3.48.

V,=1i(2x 10°%)
28
= x2x103=7V
6+2)x108 %
SV 3.14
The wheatstone bridge in the circuit shown in Fig. 3.49 (a) is balanced when Re = 1200 €. If the

galvanometer has a resistance of 30 €2, how much current will be detected by it when the bridge
is unbalanced by setting Ry to 1204 2 ?
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R,=900Q R,=1200€2
0 C) & ()L
v AN
Ry=600Q R,=800Q
Figure 3.49(a)
SOLUTION
To find V. :

We are interested in the galavanometer current. Hence, it is removed from the circuit of Fig.
3.49 (a) to find V,,. and we get the circuit shown in Fig. 3.49 (b).

. 120 120 A . liz
= = i
"7 900+ 600 1500 ’l
120 120
= = 1204Q
27 7204+ 800 2004 § 90002
Applying KVL clockwise along the path " a b
12042 — b —a — 900 2, we get 120V<> —+0 v O—
~ t
120445 — V; — 900i; =0
=V, = 120445 — 9007 § 600Q §8009
120 120
= 1204 - —
04 2004 ~ 99 1500
=95.8mV
Figure 3.49(b)
To find R; :

Deactivate all the independent sources and look into the terminals a — b to determine the
Thevenin’s resistance.

900€2 1204Q

s o, = 5 o

o 600 900 800 1204
600Q 8002

Figure 3.49(c) Figure 3.49(d)



Ry = Rap = 600][900 + 8001204

~ 900 x 600 n 1204 x 800
1500 2004
= 840.64 2

Hence, the Thevenin equivalent circuit consists of the
95.8 mV source in series with 840.64¢) resistor. If we
connect 30€2 resistor (galvanometer resistance) to this o—-
equivalent network, we obtain the circuit in Fig. 3.50.

958 x 107
~840.64 + 30 Q

iG

SN\VN=, 3.15
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840.64Q 4
———VWVW\———0—
e
+
95.8mV C) § 30Q
b

Figure 3.50

= 110.03 pA

For the circuit shown in Fig. 3.51, find the Thevenin’s equivalent circuit between terminals « and b.

20Q
AVAVAYAY,
10Q 20Q
ao NV AAYAYAY, Ob
10Q
10Q
10Q 5A

30V

Figure 3.51

SOLUTION

With ab shorted, let I,. = I. The circuit after
transforming voltage sources into their equiv-
alent current sources is as shown in Fig 3.52.
Writing node equations for this circuit,

Ata: 0.2V, —0.1V,+1=3
Atec: 0.1V, +03V.— 0.1V, =4
Atb: 01V, + 02V, —T=1

As the terminals ¢ and b are shorted V,, = V},
and the above equations become

1
200
AVAYAYAY;
1A
S
u 10Q 20Q b
o ANM—E—AAA o
109§ 3A 109§ 5A ?109
Figure 3.52
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02V, -01V.+1=3
—-02V,+03V,=4
02V, -01V,—-1=1

Solving the above equations, we get the short circuit current, I = I;. =1 A.

Next let us open circuit the terminals a and b and this makes / = 0. And the node equations
written earlier are modified to

0.2V, — 0.1V, =3
01V, +03V. - 01V, =4
0.1V, + 02V, =1

Solving the above equations, we get
10Q2

AYAVA'AY, O a
V, =30V and V}, = 20V
10V C)

Hence,V,;, =30—-20=10V=V,, =V, -

v, 10
Therefore R; = — = — = 100

Isc 1 ob
The Thevenin’s equivalent is as shown in Fig 3.53

Figure 3.53

EXAMPLE IRl

Refer to the circuit shown in Fig. 3.54. Find the Thevenin equivalent circuit at the terminals @ — b.

2A

(D)
/

Al 4Q 6Q

a0 @ AN ANM——O b
o
N
10V 50
@ ANV

Figure 3.54
SOLUTION

To begin with let us transform 3 A current source and 10 V voltage source. This results in a
network as shown in Fig. 3.55 (a) and further reduced to Fig. 3.55 (b).
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18V

12V

2A
-
Z

4Q

6Q

a0l

)
—/

()
N

VVVV

NMVVV

O b

5Q
AAYA%AY
il

1
—=2A
5

Figure 3.55(a)

Again transform the 30 V source and following the reduction procedure step by step from
Fig. 3.55 (b) to 3.55 (d), we get the Thevenin’s equivalent circuit as shown in Fig. 3.56.

2A
D)
IA N
D 10Q
./ AN
30V 3034
a 10Q b u 10 b
o— —O0 [0 O O
C /
2A 2A
() ()
—— -—
_/ o/
5Q 5Q
AAA'AY ANV
Figure 3.55(b) Figure 3.55(c)
2+3-2=3A
(<)
- WY
ao + = NV Obp
10Q/50=3.333Q N4 33330
ao AVAVA'AY Ob 3x3.333=10V
Figure 3.55(d) Figure 3.56 Thevenin equivalent
circuit
NV, 3.17

Find the Thevenin equivalent circuit as seen from the terminals a — b. Refer the circuit diagram
shown in Fig. 3.57.
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5Q
AAAAY O a
2i <+> 10Q
Ob
Figure 3.57
SOLUTION
Since the circuit has no independent sources, ¢ = 0 when the terminals ¢ — b are open. There-
fore, V,. = 0.

The onus is now to find R;. Since V. = 0 and i,, = 0, R; cannot be determined from
V. ) N
R, = —2%. Hence, we choose to connect a source of 1 A at the terminals @ — b as shown in Fig.

ZSC
3.58. Then, after finding V,;, the Thevenin resistance is,

V.
Rt: lb
KCL at node a : Va—Qi_i_E_l:o
5 10
Also, 1= E
10
Va—2(38) V.
- 10 _a 1=0
ence, 5 10
50
V,=—V
= - 13
Hence, B E N 3 .
1 13

Alternatively one could find R; by connecting a 1V source at the terminals a — b and then find

1 . .

the current from b to a. Then Ry = —. The concept of finding R; by connecting a 1A source
1ha

between the terminals a — b may also be used for circuits containing independent sources. Then

set all the independent sources to zero and use 1A source at the terminals a — b to find V,; and

.
hence, R; = Ta'b.

For the present problem, the Thevenin equivalent circuit as seen between the terminals a — b

is shown in Fig. 3.58 (a).
5Q

a
MV 0
a
+
2i < il §10§2 (1) 1A s
=220
k=13
o
— b b

Figure 3.58 Figure 3.58 (a)
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SN\VIi=n 3.18

Determine the Thevenin equivalent circuit between the terminals a — b for the circuit of Fig. 3.59.

_; x <¢> 40 Vs

Figure 3.59

SOLUTION
As there are no independent sources in the circuit, we get V,. = V; = 0.

To find R;, connect a 1V source to the terminals a — b and measure the current I that flows
from b to a. (Refer Fig. 3.60 a).

1
Rf:}Q

+0

s 3o Or

O
U

b
Figure 3.60(a) 1.33Q
—AVVW\—O0 a
Applying KCL at node a:
V,
I =05V, + Zx
Since, V,=1V
1 Oy
we get, I=054+-=07A
. 4 Figure 3.60(b)
H Ry = =1.33Q
ence, t= 578

The Thevenin equivalent circuit is shown in 3.60(b).

Alternatively, sticking to our strategy, let us connect 1A current source between the terminals

Va
a — b and then measure V,;, (Fig. 3.60 (c)). Consequently, R; = 1'b =V Q.
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Applying KCL at node a: T o
+
05V, + 5 1y, 133V L 1 o)
. €T 4 T . 2 Vab
V., V,
Hence R; = T = Tx =1.33Q
)
The corresponding Thevenin equivalent -
circuit is same as shown in Fig. 3.60(b) Figure 3.60(c)

3.3 Norton’s theorem

An American engineer, E.L. Norton at Bell Telephone Laboratories, proposed a theorem similar
to Thevenin’s theorem.

Norton’s theorem states that a linear two-terminal network can be replaced by an
equivalent circuit consisting of a current source iy in parallel with resistor Ry, where ipn
is the short-circuit current through the terminals and R is the input or equivalent resistance
at the terminals when the independent sources are turned off. If one does not wish to turn off
the independent sources, then Ry is the ratio of open circuit voltage to short—circuit current
at the terminal pair.

QO a
a .
Linear °© ‘v G) Ry
two-terminal
network
—O b ob
Figure 3.61(a) Original circuit Figure 3.61(b) Norton’s equivalent circuit

Figure 3.61(b) shows Norton’s equivalent circuit as seen from the terminals a — b of the

original circuit shown in Fig. 3.61(a). Since this is the dual of the Thevenin circuit, it is clear that

Ry = R;and iy = % In fact, source transformation of Thevenin equivalent circuit leads to

t
Norton’s equivalent circuit.
Procedure for finding Norton’s equivalent circuit:

(1) If the network contains resistors and independent sources, follow the instructions below:

(a) Deactivate the sources and find R by circuit reduction techniques.
(b) Find 7, with sources activated.

(2) If the network contains resistors, independent and dependent sources, follow the steps given
below:

(a) Determine the short-circuit current 7y with all sources activated.
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(b) Find the open-circuit voltage v,..

(© Ry=Ry ="
IN
(3) If the network contains only resistors and dependent sources, follow the procedure
described below:

(a) Note that iy = 0.

(b) Connect 1A current source to the terminals a — b and find v,.
Vab
() Ry = T

Note: Also, since v; = v, and iy = g

The open—circuit and short—circuit test are sufficient to find any Thevenin or Norton equiva-
lent.

3.3.1 PROOF OF THEVENIN’S AND NORTON’S THEOREMS

The principle of superposition is employed to provide the proof of Thevenin’s and Norton’s
theorems.

Derivation of Thevenin’s theorem:

Let us consider a linear circuit having two accessible terminals z — y and excited by an external
current source ¢. The linear circuit is made up of resistors, dependent and independent sources. For
the sake of simplified analysis, let us assume that the linear circuit contains only two independent
voltage sources v; and vy and two independent current sources ¢; and . The terminal voltage v
may be obtained, by applying the principle of superposition. That is, v is made up of contributions
due to the external source and independent sources within the linear network.

Hence, V= agt + a1v] + asvy + asi| + a4t 3.9)
= agi + bo (3.10)
where bo = a1v1 + asve + asiy + agio

= contribution to the terminal voltage v by

independent sources within the linear network.

Let us now evaluate the values of constants ag and by.

(i) When the terminals x and y are open—circuited, ¢ = 0 and v = v,. = v;. Making use of
this fact in equation 3.10, we find that by = v.
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(ii)) When all the internal sources are deactivated, by = 0. This enforces equation 3.10 to
become
v=agt = Ryt = ag = Ry

x R,
x O—A\VVV
+
+
Linear ; i
D s nea () ;
/ Circuit C) C—) t
y y
Figure 3.62  Current-driven circuit Figure 3.63 Thevenin’'s equivalent circuit of Fig. 3.62

where R; is the equivalent resistance of the linear network as viewed from the terminals = — y.
Also, ag must be R, in order to obey the ohm’s law. Substuting the values of ag and by in equation
3.10, we find that

v= Ry + v

which expresses the voltage-current relationship at terminals x — y of the circuit in Fig. 3.63.
Thus, the two circuits of Fig. 3.62 and 3.63 are equivalent.

Derivation of Norton’s theorem:

Let us now assume that the linear circuit described earlier is driven by a voltage source v as shown
in Fig. 3.64.
The current flowing into the circuit can be obtained by superposition as

1= cou +dy (3.11)

where cqu is the contribution to ¢ due to the external voltage source v and d contains the contri-
butions to ¢ due to all independent sources within the linear circuit. The constants ¢y and dy are
determined as follows :

(i) When terminals = — y are short-circuited, v = —
0 and i = —i4.. Hence from equation (3.11), .
we find that i = dy = —ig., where ig, is the v ]élllrl:slrt
short-circuit current flowing out of terminal z,
which is same as Norton current 7
y
Thus, do = —in
Figure 3.64

Voltage-driven circuit

(i1) Let all the independent sources within the linear network be turned off, that is dy =0. Then,
equation (3.11) becomes
1= coU
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For dimensional wvalidity, cy must have the i

. . . — X
dimension of conductance. This enforces ¢y = O
1 . . .
A where R; is the equivalent resistance of the
t + .
linear network as seen from the terminals =z — y. y <> Ry C? N
Thus, equation (3.11) becomes
I ¥
1= EU lse .
1 Figure 3.65 Norton’s equivalent of
=—Sv—iy voltage driven circuit
Ry

This expresses the voltage-current relationship at the terminals = — y of the circuit in Fig.
(3.65), validating that the two circuits of Figs. 3.64 and 3.65 are equivalents.

SNVIi=y 3.19

Find the Norton equivalent for the circuit of Fig. 3.66.

o a
4Q
G) 3A § 12Q
24V
O b
Figure 3.66
SOLUTION
As a first step, short the terminals ¢ — b. This d Oa
results in a circuit diagram as shown in Fig. 3.67.
Applying KCL at node a, we get 40
0—24 i
— e = 12Q se
[ =3+ =0 G 3A {
= ige = 9A 24y
To find Ry, deactivate all the independent b
O

sources, resulting in a circuit diagram as shown

in Fig. 3.68 (a). We find Ry in the same way as Figure 3.67
R, in the Thevenin equivalent circuit.

o 4x12
C4+12

3Q

Ry
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Figure 3.68(a)

S I RO

5

O b

Figure 3.68(b)

Thus, we obtain Nortion equivalent circuit as shown in Fig. 3.68(b).

EXAMPLE R4S

Refer the circuit shown in Fig. 3.69. Find the value of ¢; using Norton equivalent circuit. Take

R = 667 Q.
60000 2000,
X
—AM— D> 5
\/ lib
12V <i> 1000Q2 §lia § R
Yy
Figure 3.69
SOLUTION 20004,

Since we want the current flowing through R, remove
R from the circuit of Fig. 3.69. The resulting circuit
diagram is shown in Fig. 3.70.

To find iq. or iy referring Fig 3.70(a) :

0
.(l = — = A
ta= 7900 = °
lse = EA =2mA
6000
2000i,

6000€2 :

Figure 3.70(a)

X

Figure 3.70

6000Q2
= AAN—0 ¥

= CD lal ?(’OOQ 12V<+> l




To find Ry :
The procedure for finding Ry is same that of R;
in the Thevenin equivalent circuit.
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2000i
60002 a

——~\A¢»«r-<(::>»-----——<:x
+

Uoc ;
R, = Ry — 2 j _
N T 12V<ﬁ> al §IOOOQ i Do

To find v,., make use of the circuit diagram shown
in Fig. 3.71. Do not deactivate any source.
Applying KVL clockwise, we get

Oy

—12 + 60004, + 2000, + 1000i, = 0 Figure 3.71
4
= o = s——A
"= 3000
4
= Voe = g X 1000 = gV
4
Therefore Ry = Boo . __ 3 667
' ise 2x1073
The Norton equivalent circuit along with resistor R is as shown below:
s 2mA
iy = 2 = M8 A
2 2
rCTT TS TS T T TS T T T T T T T T T T T \
: 1 X
E i ~2mA <1> Ry=667Q 2 R=667Q
| | o
| o

Figure : Norton equivalent circuit with load R

SN\Vi= 3.21

Find I, in the network of Fig. 3.72 using Norton’s theorem.

2kQ Iy
NV >
6kQ 3kQ
12V 2kQ 4kQ

Figure 3.72
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SOLUTION

We are interested in /,,, hence the 2 k(2 resistor is removed from the circuit diagram of Fig. 3.72.

The resulting circuit diagram is shown in Fig. 3.73(a).

4kQ

a b
— 04 pO—m— e
6kQ 3kQ 6kQ V, 3kQ
AVAYAYAY, NV Vi AAAAY AAVAYAY
12V C > 2kQ 4kQ 12V <+> 2kQ
Figure 3.73(a) Figure 3.73(b)
To find iy or ig:
Refer Fig. 3.73(b). By inspection, V; = 12 V
Applying KCL at node V5 :
Vo -V Vo Vo -1y
=0
6k2 | 2kQ T 3K0
Substituting V| = 12 V and solving, we get
Vo =6V
. i—Vo Wy
sc = = A
=3 Tag T 0™
To find Ry:
Deactivate all the independent sources (refer Fig. 3.73(c)).
a O
a b
— 0 o—
6kQ c 3kQ Ok 2kQ
NV AAAAY = 4kQ
C
(o]
§ 2kQ § 4kQ KO
o}
b O

Figure 3.73(c) Figure 3.73(d)
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Referring to Fig. 3.73 (d), we get

a

Ry = Rap = 4kQ|| [3kQ + (6 kQ|2 kQ)] = 2.12kQ '4
Hence, the Norton equivalent circuit C smA Rom219kG
along with 2 k() resistor is as shown in fse M ? N R=2kQ
Fig. 3.73(e).

ise X Ry Vb

I,=——— =25TmA
R+ Ry "

Figure 3.73(e)

VIS 3.22
Find V,, in the circuit of Fig. 3. 74.

4kQ
———— " VWWW\———
3kQ Py 8kQ
AVAA'AY @ AAAAY o)
+
+ 14
oV 6kQ 2kQ & o
0
Figure 3.74

SOLUTION
Since we are interested in V,,, the voltage across 4 k() resistor, remove this resistance from the
circuit. This results in a circuit diagram as shown in Fig. 3.75.

3kQ 8kQ

oV 6kQ 2kQ

Figure 3.75
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To find i, short the terminals a — b :

4kQ
— AVWA———————
3kQ SN 8kQ
@ ANN——0 4
6V 6kQ 2%Q Vise
Ob
4kQ
= ————AMV———
4mA
N\ 8kQ
U—» NV
L oma
3k 3KQ 6kQ 2kQ
4kQ
— MVWA——————
=
/4“% 8kQ
O NNV a
3kQ|6kQ KO
2mA kO
b
4kQ
=
| 1
1 1
1 . 1
| i |
I 4mA SkQ I
2kQ ' '
: @ ANAN—— a
. I |
' |
! |
1
2mAx2kQ=4v (T ) ! _ 2kQ . |
=/ g )y
1 \ Lse
! |
! |
! |
____________________________ _\ ()b

Supermesh



Constraint equation :
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i — 12 = 4mA (3.12)
KVL around supermesh :
—4+2x10%; +4 x 10% =0 (3.13)
KVL around mesh 3 :
8 x 103(i3 — iz) + 2 x 103(i3 —i1) = 0
Since i3 = 4., the above equation becomes,
8 X 10 (ige — i2) + 2 x 103 (ige —i1) =0 (3.14)
Solving equations (3.12), (3.13) and (3.14) simultaneously, we get ¢;. = 0.1333 mA.
To find Ry:
Deactivate all the sources in Fig. 3.75. This yields a circuit diagram as shown in Fig. 3.76.
4kQ
VY
8kQ
O O oa
3kQ
§ 6kQ § 2kQ
ob
Figure 3.76
= 4kQ = ou
a
=2kQ
ob ob
Ry =6 kQ||10 k2 Ou
6 x 10
= = 3.75 k2
6+ 10
i,=0.1333mA <1> 3.75kQ
Hence, the Norton equivalent circuit is as shown
in Fig 3.76 (a).
To the Norton equivalent circuit, now connect the ob

4 k(2 resistor that was removed earlier to get the
network shown in Fig. 3.76(b).

Figure 3.76(a)
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a

Vo =tisc (Rn||R) C+
. RyR
=lscry T
Ry +R i =0.1333mA Q) Ry Z3.75kQ v, R=4kQ
=258 mV
b

Figure 3.76(b) Norton equivalent circuit with R = 4 k{2

VK=, 3.23
Find the Norton equivalent to the left of the terminals a — b for the circuit of Fig. 3.77.

5000
AVAVAYA ?ra
5VC> <+> U <} 10; § 250 Vb
-
S b
Figure 3.77
SOLUTION
To find ig.:
500Q
—"\V\V\V\—/ Qua
liﬁ‘c
5VC> <+> Uy <*>10i § 25Q
i
——
O b

Note that v,;, = 0 when the terminals a — b are short-circuited.

5
Th , = — = 10 mA
en = E00 m

Therefore, for the right—hand portion of the circuit, ¢s. = —10¢ = —100 mA.
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To find Ry or Ry :
50092
AAAAY oa
sV C) <f> Vp <; 10i § 250
i
—-—
Ob
Writing the KVL equations for the left-hand mesh, we get
—5 4500t + vap, =0 (3.15)
Also for the right-hand mesh, we get
Vap = —25(10i) = —2504
. —Vab
Theref =2
erefore 1= 25
Substituting ¢ into the mesh equation (3.15), we get
—Vab
-5+ 500 ab =0
* < 250 ) e 0«
= Vgp = =DV
v, Vab -5
Ry=R2%X="2=_"_=500Q
N e e —0.1 i,,=100mA CD Ry < 500
The Norton equivalent circuit is shown in
Fig 3.77 (a).
O b

Figure 3.77 (a)

EXAMPLE S
Find the Norton equivalent of the network shown in Fig. 3.78.

50Q
a0 VWV

+
100Q §1)1 §ZOOQ <+> 0.1v,

Figure 3.78
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SOLUTION
Since there are no independent sources present in the network of Fig. 3.78, iy = 15, = 0.
To find Ry, we inject a current of 1A between the terminals @ — b. This is illustrated in

Fig. 3.79.

| 50Q ) —Od
AVAYAYAY, S
2
+
1A 1002 < v, 2000 <;> 0.1v, 10.64Q
—=L— Ob
Figure 3.79 Figure 3.79(a) Norton

equivalent circuit

KCL at node 1:

1 = U1 V1 — V3
~ 100 50
= 0.03v; — 0.02v9 =1
KCL at node 2: vy vy — vy
— 0.1v7 =0
200 © 50 O
= 0.08v1 + 0.025v9 =0

Solving the above two nodal equations, we get

v; = 10.64 volts = wv,. = 10.64 volts

10.64
Hence, Ry = R, = ”% = = = 10640

Norton equivalent circuit for the network shown in Fig. 3.78 is as shown in Fig. 3.79(a).

VIS 3.25
Find the Thevenin and Norton equivalent circuits for the network shown in Fig. 3.80 (a).

10i
2Q
A <> 04
— NS +

fO i @

Figure 3.80(a)
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SOLUTION
To find V. :

Performing source transformation on 5A current source, we get the circuit shown in
Fig. 3.80 (b).

10i
Applying KVL around Left mesh : 2Q “
. . A <> oa
—50 + 2iq — 20 4 4iq =0 — N
. 70 “ 5x4
= lq = —A =20V
6 O
50V v,.
Applying KVL around right mesh: =
4Q
204+ 102 + Voe — 4ig =0 -
= Voe=—-90V Ob
Figure 3.80(b)
To find is.(referring Fig 3.80 (c)) :
KVL around Left mesh : 20 10z,
N
—50 + 2ig — 20 + 4 (iq — ise) = 0 VWV R«
= 6iq — 4ise =70 20V _
KVL around right mesh " V“‘
xolorfo
4 (ige —1q) + 204+ 10i, =0 T 40
= 6iq + 4ise = —20
O b
Figure 3.80(c)
Solving the two mesh equations simultaneously, we get i, = —11.25 A
Voe —-90
H ,Ri=Ry=—= =80
enee N = T T11.2s

Performing source transformation on Thevenin equivalent circuit, we get the norton equivalent
circuit (both are shown below).

8Q
—AMV—0a
Qa
90V 9
<+> g A 80
Y ob

Thevenin equivalent circuit Norton equivalent circuit
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DNV 3.26

If an 8 k2 load is connected to the terminals of the
network in Fig. 3.81, V,p = 16 V. If a 2 k(2 load is L OA
connected to the terminals, V5 = 8V. Find V45 if a Linear
20 k€2 load is connected across the terminals. cireut

——OB

SOLUTION
Figure 3.81

O

Linear
Circuit

______i%;_______
o
()
/
O,
<
S +
=

v
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
%O

Applying KVL around the mesh, we get (R + Ry,) I =V,

If R, =2kQ, I =10mA = V,. =20+ 0.01R;
If R, =10kQ, I =6 mA = V,. =60+ 0.006R,

Solving, we get V. = 120 V, R; = 10 k2.

1% 120
It R, =20k, [ = ——% = — 4mA
L "' T (RL+R) (20x100+10x10%) 0

3.4 Maximum Power Transfer Theorem

In circuit analysis, we are some times interested
in determining the maximum power that a circuit i
can supply to the load. Consider the linear circuit Circuit A R,
A as shown in Fig. 3.82.

Circuit A is replaced by its Thevenin equivalent
circuit as seen from a and b (Fig 3.83). b

We wish to find the value of the load R, such that Figure 3.82 Circuit A with load Ry,
the maximum power is delivered to it.

The power that is delivered to the load is given by

T IO (3.16)
P L= 1R, +Rr| * '
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Assuming that V; and R; are fixed for a given source, the maximum power is a function of
Ry,. In order to determine the value of Rj, that maximizes p, we differentiate p with respect to
Rj, and equate the derivative to zero.

dp o |(Ri+Rp)* —2(Ry + Ry)

— =V, =0
dR; (Rp + Ry)?
which yields R, =Ry (3.17)
To confirm that equation (3.17) is a maximum, R, 4
d2
it should be shown that ﬁ < 0. Hence, maxi- —l>
mum power is transferred to the load when Ry, is v, X
equal to the Thevenin equivalent resistance R;. L
The maximum power transferred to the load is
obtained by substituting R;, = R; in equation ;?
3.16.
Accordingly, Figure 3.83 Thevenin equivalent circuit
is substituted for circuit A
_ ‘/tZRL _ ‘/;2
max (2RL)2 4RL

The maximum power transfer theorem states that the maximum power delivered by a source
represented by its Thevenin equivalent circuit is attained when the load Ry, is equal to the
Thevenin resistance R;.

V=, 3.27
Find the load Rj, that will result in maximum power delivered to the load for the circuit of Fig.

3.84. Also determine the maximum power Ppax.

30Q a
—\VVWV O
+
180V () § 150Q § R,
b
Figure 3.84

SOLUTION
Disconnect the load resistor Rj,. This results in a circuit diagram as shown in Fig. 3.85(a).
Next let us determine the Thevenin equivalent circuit as seen from a — b.
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30Q
180 —WW———0

= 1A
"= 150+ 30

Voc = ‘/t =150x7i=150V 180V <+> (l_) § 150Q

To find R;, deactivate the 180 V source. This results in the
circuit diagram of Fig. 3.85(b).

)
b
R; = R, = 30 Q150
Figure 3.85(a)
30 x 150
=T 950
30 + 150 30Q ;
The Thevenin equivalent circuit connected to the VMWWV %
load resistor is shown in Fig. 3.86.
Maximum power transfer is obtained when 150Q
R =R, =250.
Then the maximum power is o
b
V2 _ (150)°
Prax = AR, 4% Figure 3.85(b)
= 2.25 Watts
The Thevenin source V; actually provides a total
power of 25Q a
P, =150 x ¢
150 x (2 ey C) K
e <25 ¥ 25) T
= 450 Watts O
Thus, we note that one-half the power is dissipated in Ry,. .
Figure 3.86

VK= 3.28
Refer to the circuit shown in Fig. 3.87. Find the value of R}, for maximum power transfer. Also

find the maximum power transferred to Ry..

12V 6kQ

6kQ 3V

Figure 3.87
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SOLUTION
Disconnecting Ry, results in a circuit diagram as shown in Fig. 3.88(a).
QO a
12V 6kQ
6kQ
AAAY
6kQ v
0 b
Figure 3.88(a)

To find R;, deactivate all the independent voltage sources as in Fig. 3.88(b).

O a

6kQ

6kQ O a

6kQ 6kQ 6kQ 6kQ

O b ob

Figure 3.88(b) Figure 3.88(c)

Ry = Rqy, = 6 k|6 k|6 kQ

=2k JUPT TN .—
e V3 \ super node

To find V; - 7 T Oa
Refer the Fig. 3.88(d). -

. / + e
Constraint equation : ! 12y (_) § O

Vs— Vi =12V 6k
Y Y — ANV V)

By inspection, Vo=3V R
KCL at supernode : 6kQ <+> 3V

Vi-Ve Vi Vi-Vo_ o b

6k 6k 6k |

V-3 Vi—12 1B-12-3 =
6k 6k 6k Figure 3.88(d)
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RF2kQ

Ox

V3 —34+V3—-124+V3—-156=0

3V3 =30 V= 10V<t> @ R=2kQ

V3 =10

L

Vi=Vap=V3=10V

Sae]

Figure 3.88(e)

The Thevenin equivalent circuit connected to the load resistor Ry, is shown in Fig. 3.88(e).

-2
Prax =" Ry,

Alternate method :
It is possible to find Py,.x, without finding the Thevenin equivalent circuit. However, we have to
find R;. For maximum power transfer, R;, = R; = 2 k). Insert the value of Ry, in the original
circuit given in Fig. 3.87. Then use any circuit reduction technique of your choice to find power
dissipated in Ry,.
Refer Fig. 3.88(f). By inspection we find that, Vo = 3 V.
Constraint equation :

Va—Vi=12 :
= Vi=V3—-12 / =

/ ¥ PR -
' 12V L7 6k Q
KCL at supernode : | <_> ,/

VieVe VieVe V3 Vi N 6k
2 Ay B g NiEEAWWW— 2
R, =2kQ

6k 6k 2k 6k
Vg,—3+V3—12—3 Vs Vi—12

-2 =0 +
~ 6k 6k o2k T ek 6k () 3V
= Va—=3+V3—-15+3V3+V3-12=0
= 6V =30 —
= V3=5V Figure 3.88(f)
Vi 2
Hence, Prax = -3 —5 =125 mW

Ry 2k
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SV 3.29
Find Rj, for maximum power transfer and the maximum power that can be transferred in the

network shown in Fig. 3.89.

2kQ § (1) 2mA
3kQ §RL
1mAG> 5kQ
Figure 3.89

SOLUTION
Disconnect the load resistor Ry,. This results in a circuit as shown in Fig. 3.89(a).

Oa
2kQ § (f) 2mA
3kQ
AYAVAAY,
ImA G) § 5kQ
O b
Figure 3.89(a)

To find Ry, let us deactivate all the independent sources, which results the circuit as shown in
Fig. 3.89(b).
R =R, =2kQ+3kOQ+5kOQ =10kN

For maximum power transfer Ry, = R; = 10 k(2.
Let us next find V. or V4.
Refer Fig. 3.89 (c). By inspection, i1 = —2 mA & io = 1 mA.
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2kQ 3kQ 5kQ
a O— " \WW—AWVW—AWN—0 )

Figure 3.89(b)

Applying KVL clockwise to the loop 5 k2 — 3 k) — 2k — a — b, we get
—5kXi2—|—3k(i1 —’L.Q)—G—QkXZ.l—I—V;:O
= —5x10% (1 x 1073)+3x10% (=2 x 1073 =1 x 1073) +2x 10 (-2 x 107?) +V; =0

= —5-9-44+V,=0
= Vi =18 V.
The Thevenin equivalent circuit with load resistor Ry, is as shown in Fig. 3.89 (d).
18
| = =0.9mA
To+10) <108 -
Then,
Paax = P, = (0.9 mA)? x 10 kQ
=8.1mW
o a
1
2kQ @ 1 2mA
10k a
k0 AVAYAVAY, O
AVAYAYAY v,
1mA<1> @ § 5kQ T
2 O
O b b
Figure 3.89(c) Figure 3.89(d)

SNVIi=n 3.30

Find the maximum power dissipated in R;,. Refer the circuit shown in Fig. 3.90.
8Q

Figure 3.90
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SOLUTION
Disconnecting the load resistor Ry, from the original circuit results in a circuit diagram as shown

in Fig. 3.91.
& 8Q

20Q 10Q
20A

120Q 50Q

Ob

Figure 3.91
As a first step in the analysis, let us find R;. While finding R;, we have to deactivate all the

independent sources. This results in a network as shown in Fig 3.91 (a) :

80 8Q
AVW—O0 a
MVVN—0 a
14og§ §6OQ
O b O b

Figure 3.91(a)

R: = Ry, = [140 Q|60 ] +8 Q2
140 x 60
- 140460
For maximum power transfer, R;, = R; = 50 (). Next step in the analysis is to find V;.
Refer Fig 3.91(b), using the principle of
current division,

+8 =50

I X Ry

_R1+R2
20 x 170

= 170 + 30
ix R 20x30

T Ri+ Ry 170430
600

= o5 =

71

=17A

19

3A

Figure 3.91(0)
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Applying KVL clockwise to the loop comprising of 50 2 — 10 Q2 — 8 2 — a — b, we get
50Q a

50i2 —10i1 +8x 0+ V=0

= 50(3) — 10(17) + V; =0
+

The Thevenin equivalent circuit with load resistor Ry, is
as shown in Fig. 3.91(c).

50Q

20 Figure 3.91(c)

= =0.2A
50 + 50
Pax =2 x 50 = 0.04 x 50 = 2 W

i

VIS 3.31
Find the value of R; for maximum power transfer in the circuit shown in Fig. 3.92. Also
find Ppax.

10V
2Q
3Q Ry
AAYAAY A%
20V 50 6A
Figure 3.92

SOLUTION
Disconnecting I2j, from the original circuit, we get the network shown in Fig. 3.93.

10V
2Q

3Q
AN oa b0

Q) 208

Figure 3.93
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Let us draw the Thevenin equivalent circuit as seen from the terminals a — b and then insert
the value of R;, = R; between the terminals a — b. To find R, let us deactivate all independent

sources which results in the circuit as shown in Fig. 3.94.

2Q =
| Q
3Q a b 3
O (e,

50 >Q

Figure 3.94

Ry = Ry
=802
_8x2
- 8+2

=160

Next step is to find V. or V.

By performing source transformation on the circuit shown in Fig. 3.93, we obtain the circuit

shown in Fig. 3.95.

10v
2Q
—N/\/\/\/—O
3Q a b
AN o v, 0
+ —

Figure 3.95

5Q
+
5x6=30V

Applying KVL to the loop made upof 20V —-3Q —- 20 —- 10V —5Q — 30V, we get

—20410: -10-30=0

60
= - =6A
= 1 10
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Again applying KVL clockwise to the path 2 0 — 10 V — a — b, we get

2 — 10—V, =0
. V, =2i — 10
=2(6)—10=2V

The Thevenin equivalent circuit with load resistor
Ry, is as shown in Fig. 3.95 (a).

Pmax - l%RL
V2
= —— =625mW
AR, o

SNV 3.32

R=1.6Q a
AAYAA% o
+ .
b

Figure 3.95(a) Thevenin equivalent
circuit

Find the value of R;, for maximum power transfer. Hence find Py,,x.

, 10i,
= <>
16V C) Cf) 0.9A §BQ § Ry
2Q
AAYA'A%
Figure 3.96
SOLUTION
Removing R}, from the original circuit gives us the circuit diagram shown in Fig. 3.97.
, 104,
la
-
16VC> (f 0.9A 30
2Q
NV 0 b
Figure 3.97
To find Vi, :
KCL at node A :
—il, — 0.9+ 10, =0
= il =0.1A
Hence, Voe =3 (102’&)

=3x10x0.1=3V
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To find R;, we need to compute i . with all independent sources activated.

KCL at node A: i 10i7
— A /\ a
O
—ig" = 0.9 4 10i," =0 <
= i, =0.1A ",-vc
Hence i = 10i,” =10 x 0.1 =1 A 16V C) Q)o.%
V, 3 T
Rt = oc = — = 3 Q
ise 1 20
— VWV O
Hence, for maximum power transfer Ry, = R; = 3 Q. 230 b
The Thevenin equivalent circuit with R, = 3 WW g
inserted between the terminals a — b gives the net-
work shown in Fig. 3.97(a).
+ _
SRR OO RSt
TT3x3
Pmax = Z%”RL
=(0.5)2x 3 ?
=075W
Figure 3.97(a)

DV 3.33

Find the value of Ry, in the network shown that will achieve maximum power transfer, and deter-

mine the value of the maximum power.

1kQ 1kQ
A AYAYA'AY
+ Vo -
X
+
12v § R, <_> 2V,
Figure 3.98(a)

SOLUTION

1kQ

Removing R}, from the circuit of Fig. 3.98(a), we
get the circuit of Fig 3.98(b).

Applying KVL clockwise we get
—12+2x10% +2V/ =0
Also VI=1x10%

Hence, —12+2x10% +2 (1 x 10%) =0

Figure 3.98(b)
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Applying KVL to loop 1 kK — 2V$/ — b — a, we get

1x10% 42V =V, =0

= Vi, =1x10% +2 (1 x 10%)
= (1x10°+2x10%) 4
=3x10° (3 x 107%)
=9V

To find R;, we need to find ¢s.. While finding ¢,

none of the independent sources must be deacti-
vated. 1kQ a 1kQ

. VWV AAYAAY
Applying KVL to mesh 1: + i

12+ V,"+0=0

ad
= V" =12 12V<+> @ @ <+> 2w

= 1x10%; =12 = i; = 12mA b9

Applying KVL to mesh 2:

1 x 1035 +2V," =0

= 1 x 10%i9 = —24
19 = —24 mA
Applying KCL at node a:
lse = 11 — 12
=12+ 24 =36 mA
Vi Vo
Hence, Ry= -t =~
ZSC lSC
- 9
- 36 x 103
=250 Q2
For maximum power transfer, Ry, = R; = 250 Q). 2500 u
Thus, the Thevenin equivalent circuit with Ry, is ®
as shown in Fig 3.98 (c) :
9 9 oV O R;=250Q
ir=——=—-A
250 4+ 250 500
Prax = i% x 250 0
2 b
= < ) x 250
500 Figure 3.98 (c) Thevenin equivalent circuit

=81 mW
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SONVISNN 3.34
The variable resistor Ry, in the circuit of Fig. 3.99 is adjusted untill it absorbs maximum power

from the circuit.

(a) Find the value of Rj,.

(b) Find the maximum power.

2Q 4Q
AVAYAYAY, AVAVAYAY,
— oy -
i a
a 5V
100V<+> Q> %« Ry
— lv,
13i,
Figure 3.99

SOLUTION
Disconnecting the load resistor Rj from the original circuit, we get the circuit shown in
Fig. 3.99(a).

Figure 3.99(a)
KCL at node v :

v; — 100 v; —13¢ v —wv
1 LU o U 2

= A
5 5 1 0 (3.18)
Constraint equations :
100 —
=" (3.19)
2
U2 — U1 / .
1 =l (applying KCL at vy) (3.20)

v, =] — V2 (potential across 4 Q) (3.21)
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From equations (3.20) and (3.21), we have

U2 — U1
1 =V — V2
= vg — v = 4vy — 4wy
= S5v1 — Bvg =0
= U1 = V2

Making use of equations (3.19) and (3.22) in (3.18), we get

(100 — Ul)
@1—100+”2—13f+v1—v1 Ly
2 5 4
(100 — v1)
= 5(v; —100) + 2 v1—13f =0
= 5v1 — 500 4 2v1 — 13 x 100+ 13v1 =0
= 20v; = 1800
= v1 = 90 Volts
Hence, vy = v9 = v1 = 90 Volts
We know that, R; = @ = ﬁ
lsc lsc

The short circuit current is calculated using the circuit shown below:

2Q v, 4Q  v,=0V
AVAVAYAY, AVAYAYAY, Oua
— + vl

fa 50

|
o (O w O

Here i = 100 = vy
“ 2
Applying KCL at node v :
v —100 v —13i, v —0
;. to st 70
(100 — vy)
1 v — 13—
= o — 10 + 2 +2 -9

2 ) 4

(3.22)
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Solving we get v; = 80 volts = v/

Applying KCL at node a :
0—wvy .
1 + 15 = Ug
U1
= lge = Z + v(’{
80
=7 +80 =100 A
Hence, Ry = % = 2
lsc lsc
90
=—=090Q
100

Hence for maximum power transfer,

R, =R, =090Q

The Thevenin equivalent circuit with R, = 0.9 Q 0.9Q
is as shown.
. 90 90
= = —
*T09+09 1.8 90V
Prax = i2 x 0.9
90\ 2
= | — 9 =2250 W
<1.8> x 0.9

S\ 3.35
Refer to the circuit shown in Fig. 3.100 :

(a) Find the value of R, for maximum power transfer.

(b) Find the maximum power that can be delivered to Ry..

14
PN
NZ4
1Q 20
A — — AN ——
— RL -
200V <+> l § 200 /%’ <+> 100V
4Q " 30
— ANV AMN—

Figure 3.100
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SOLUTION
Removing the load resistor Ry, we get the circuit diagram shown in Fig. 3.100(a). Let us proceed
to find V;.

14,

Figure 3.100(a)

Constraint equation :
il =iy — i3
KVL clockwise to mesh 1 :
200+ 1 (i —i2) + 20 (i1 —i3) +4i; =0
= 2511 —i9 — 2043 = —200
KVL clockwise to mesh 2 :
14i), 4+ 2 (ig — i3) + 1 (ig —i1) =0
= 14 (ip —ig) +2(ig —i3) +1(ia —i1) =0

= 13i1 + 3ip — 16i3 =0
KVL clockwise to mesh 3 :
2 (i3 — i) — 100 4 3i3 + 20 (i3 —i1) =0
= — 2027 — 299 + 2543 = 100

Solving the mesh equations, we get
i1 = —2.5A i3 = H5A
Applying KVL clockwise to the path comprising of a — b — 20 €, we get

Vi —20il, =0
= V; = 20i!,
=20 (i1 — i3)
=20(-2.5-5)

=—-150V
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Next step is to find R;.
Ro= Ve 1t
ZSC ZSC
14i)
N
\/
1Q 20
NNN— AVAVAYAY
) Oa -
200V () lq l § 20Q () 100V
s 3
b
4Q 3Q
—\\\N— NNVN—

When terminals a — b are shorted, 7/, = 0. Hence, 14 i/ is also zero.

KVL clockwise to mesh 1 :

200+1(i1—i2)—|—4i1:0

= 511 — 19 = —200
KVL clockwise to mesh 2 :
Q(ig—ig)—i—l(ig—il) =0
= — i1+ 3tg —2i3 =0
KVL clockwise to mesh 3 :
—100 + 3i3 + 2 (i3 —i2) =0
=

— 219 + 513 = 100
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Solving the mesh equations, we find that

i1 = —40A, i3 = 20A,

ise = i1 — i3 = —60A
V.  —150

R=-t=""-950Q

e —60 g

For maximum power transfer, R, = R; = 2.5 ). The Thevenin equivalent circuit with Ry, is
as shown below :

RF25Q 4 = R~2.5Q
AAM—O0—

a
— AV —O0—

+ - ,
Vi=-150V <> § R,=2.5Q 150V <+> @ § R,=2.5Q

b

s O e

-2
Phax = Z1RL

150 12
—|—" | x25
[2.5 + 2.5]

=2250 W
DNV 3.36

A practical current source provides 10 W to a 250 2 load and 20 W to an 80 €2 load. A resistance

Ry, with voltage vy, and current iy, is connected to it. Find the values of Ry, vy, and ¢y, if
(a) vyir, 1s a maximum, (b) vy, is a maximum and (c) 77, iS a maximum.
SOLUTION

Load current calculation:

"
. 10
10W to 250 €2 corresponds to ij, = 250 .
=200 mA Iy <1> Ry v, SR,
, 20 _
20W to 80 €2 corresponds to i, = 20
=500 mA
Using the formula for division of current between two parallel branches :
7 X R1
19 —= ————
2 R1+ Ry
In the present context 0.2= ﬂ (3.23)
P ’ ~ Ry +250 '

INR
and 057M

= 3.24
Ry + 80 ( )
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Solving equations (3.23) and (3.24), we get

IN=17A
Ry =33.33Q
(a) If vy2y, 18 maximum,
L R,
RL:RNZSBS?)Q P AANAA
33.33
L=17x ———"—
‘L " 3333+ 33.33
=850 mA — —
l .
v, = iRy, =850 x 107 x 33.33 B R
AN WN—
=28.33V

(b) vy = Iy (Ry||Rp) is a maximum when Ry ||Ry is a maximum, which occurs when
Ry, = oo.
Then, 77, = 0 and

vy, = 1.7 x RN
=1.7 x 33.33
= 56.66 V
INR
(¢) i, = ﬁ is maxmimum when Rj, = 0 Q
= i, =1.7TAandv;, =0V

3.5 Sinusoidal steady state analysis using superposition, Thevenin and
Norton equivalents

Circuits in the frequency domain with phasor currents and voltages and impedances are analogous
to resistive circuits.
To begin with, let us consider the principle of superposition, which may be restated as follows :
For a linear circuit containing two or more independent sources, any circuit voltage or
current may be calculated as the algebraic sum of all the individual currents or voltages caused
by each independent source acting alone.

o o
v C) Iy <f> H Zy

Figure 3.101 Thevenin equivalent circuit Figure 3.102  Norton equivalent circuit
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The superposition principle is particularly useful if a circuit has two or more sources acting
at different frequencies. The circuit will have one set of impedance values at one frequency and a
different set of impedance values at another frequency. Phasor responses corresponding to differ-
ent frequencies cannot be superposed; only their corresponding sinusoids can be superposed. That
is, when frequencies differ, the principle of superposition applies to the summing of time domain
components, not phasors. Within a component, problem corresponding to a single frequency,
however phasors may be superposed.

Thevenin and Norton equivalents in phasor circuits are found exactly in the same manner
as described earlier for resistive circuits, except for the subtitution of impedance Z in place of
resistance R and subsequent use of complex arithmetic. The Thevenin and Norton equivalent
circuits are shown in Fig. 3.101 and 3.102.

The Thevenin and Norton forms are equivalent if the relations

(a) Zt = ZN (b) Vt = ZNIN

hold between the circuits.
A step by step procedure for finding the Thevenin equivalent circuit is as follows:

1. Identify a seperate circuit portion of a total circuit.

2. Find V; = V. at the terminals.

3. (a) If the circuit contains only impedances and independent sources, then deactivate all the
independent sources and then find Z; by using circuit reduction techniques.

(b) If the circuit contains impedances, independent sources and dependent sources, then
either short—circuit the terminals and determine I;. from which

VOC
I
or deactivate the independent sources, connect a voltage or current source at the terminals, and

determine both V and I at the terminals from which

\%
Zt:T

Zt:

A step by step procedure for finding Norton equivalent circuit is as follows:

(1) Identify a seperate circuit portion of the original circuit.

(i1) Short the terminals after seperating a portion of the original circuit and find the current
through the short circuit at the terminals, so that Iy = I..

(iii)) (a) If the circuit contains only impedances and independent sources, then deactivate all the
independent sources and then find Z = Z, by using circuit reduction techniques.

(b) If the circuit contains impedances, independent sources and one or more dependent
oc

ISC ‘

sources, find the open—circuit voltage at the terminals, V., so that Zy = Z; =
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SONVISNN 3.37
Find the Thevenin and Norton equivalent circuits at the terminals ¢ — b for the circuit in

Fig. 3.103.

-j5Q
| | o a
I
4/0°A <1> § 80 J10e
O b
Figure 3.103
SOLUTION
As a first step in the analysis, let us find V.
—j5Q
1 o
1, *
4/0°A <¢> § 8Q2 J10Q v,
ob
Using the principle of current division,
84 /0) 32
° 8+410—355 8445
. 4320 o
V:=1,(j10) = — =33.92 /58> V
t (10) 8+ 75 /[58%

To find Z,, deactivate all the independent sources. This results in a circuit diagram as shown
in Fig. 3.103 (a).

752 2.-10,26°Q

l 1 o4 — [ }oa

‘ +
80 /100 V,=33.92,58° <>
T o b o b

Figure 3.103(a) Figure 3.103(b) Thevenin equivalent circuit
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Z, = j10][ (8 — j5) ©
_ (j10)(8 —j5)
- j10+8—345
=10 /26° Q o«

The Thevenin equivalent circuit as
viewed from the terminals a — b is IN:3.92Q2°A <*> |:| ZN=10@°Q

as shown in Fig 3.103(b). Performing
source transformation on the Thevenin
equivalent circuit, we get the Norton ob
equivalent circuit.

Figure : Norton equivalent circuit

[ o Vi 33.92/58°

Z,  10/26°
=3.392/32° A

Zy =7, =10/26° Q

SNV 3.38

Find v, using Thevenin’s theorem. Refer to the circuit shown in Fig. 3.104.

30 1H
—\VWW\ OO0

° + + ¥ .
10 cos(t— 45)V C_) | Spm— <> 5 sin(7 +30)V

Figure 3.104

SOLUTION
Let us convert the circuit given in Fig. 3.104 into a frequency domain equiavalent or phasor circuit
(shown in Fig. 3.105(a)). w =1

10cos (t —45°) — 10/—45° V
Bsin (¢ +30°) = 5cos (t — 60°) — 5/-60° V

L=1H— jwL=jx1x1=;10Q

1 1
C=1F — - = - =—j10Q
jwC gx1x1
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30 j1Q
NN\ 000 —
+ a
. aF
10 /-45°V <+> v, 0= —Jj1Q <> 5 /-60°V
_ T _

Figure 3.105(a)

Disconnecting the capicator from the original circuit, we get the circuit shown in

Fig. 3.105(b). This circuit is used for finding V. .
3Q J1Q

10 /-45°V <+> v,
_ T b

MV (L TV
+Oa

<+> 5/-60°V

Figure 3.105(b)

KCL at node a :
V;—10/-45° n V;—5/=60° 0
3 g1 N
Solving, V; =4.97/-40.54°

To find Z; deactivate all the independent sources
in Fig. 3.105(b). This results in a network as
shown in Fig. 3.105(c) :

Z, =74 =3Q|j1Q

30 Jj1Q
—ANNVWW—— 000 —
o) e o)
> bo o)

Figure 3.105(c)

j3 3 .
=——=—(1+343) Q
545 10T
The Thevenin equivalent circuit along with the capicator Z,
is as shown in Fig 3.105(d). _:l_ao_

Vi .
Z, 1 (—=51)
_4.97/-40.54° (1)
T 03(1443) — 41 7
=15.73 /247.9° V
Hence, v, =15.73cos (t +247.9°) V

V,=

+
+
Vv, () vV, —=-j1Q

Figure 3.105(d) Thevenin equivalent circuit
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NI 3.39
Find the Thevenin equivalent circuit of the circuit shown in Fig. 3.106.

j10Q
<, +>_| |—() a
+
+
1=2£0°A (f) VLE 10Q Voe

0 b
Figure 3.106
SOLUTION
Since terminals a — b are open,
V,.=1I,x10
=20/0° V

Applying KVL clockwise for the mesh on the right hand side of the circuit, we get
—3V,+0(j10) + Vo =V, =0

Voo =4V,
=80/0° V

Let us transform the current source with 10 {2 parallel resistance to a voltage source with 10 2

series resistance as shown in figure below :
3Va 710Q

2./0°%10=20.£0° <+> \P

o ob

To find Z;, the independent voltage source is deactivated and a current source of I A is

connected at the terminals as shown below :
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10Q J10Q
R : +
‘ V!
v (D
Applying KVL clockwise we get,

/ r _ Z,~40+/10Q
—Va,—3Va—j101+V0—0 | e | Oa
= —4V! —j10I+V,=0

Since V! =101
0L — j10I = -V Vivo (©
we get - - ]V — Vo 80£0°V \ =
Hence, Z; = TO =40+ j10Q
O b
Hence the Thevenin equivalent circuit is as shown
in Fig 3.106(a) : Figure 3.106(a)

2\ 3.40
Find the Thevenin and Norton equivalent circuits for the circuit shown in Fig. 3.107.

710Q
— T o
W <+> <f>10c0520t ) Ve
O_
Figure 3.107
SOLUTION
The phasor equivalent circuit of Fig. 3.107 is shown in Fig. 3.108.
KCL at node a :
Voo — 2V, V,
10+ —==0
710 —79
.100 100

Vo= —j—o = — /—90° V
= i3 3 [=90°
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— 000> } Oa
+
v <+> <f> 10/0° =5 Ve
0b
Figure 3.108

To find I, short the terminals a — b of Fig. 3.108 as in Fig. 3.108(a).

j10Q
— T oa -
A j10Q2
— T
a
1
+ o) ‘SC
10£0°
B o
O b b

Figure 3.108 (a) Figure 3.108 (b)

Since V,. = 0, the above circuit takes the form shown in Fig 3.108 (b).

I,,=10/0° A
100 o
V. 3 =90 g9
H Zy= % =3 — — /=90° Q
e LT e st
The Thevenin equivalent and the Norton equivalent circuits are as shown below.
710 £ -90°
3
] oa o a
Voc:Vt ar I =1 ZN:Z[
100 2700 <> 210 oo, ? _ 10 Z-90°
3
Ob O b

Figure Thevenin equivalent Figure Norton equivalent

SNV 3.41
Find the Thevenin and Norton equivalent circuits in frequency domain for the network shown in

Fig. 3.109.




CircuitTheorems | 229

—/300Q
||
I
200Q 7100Q
AAAAY BV
[e) a
100.£0° (*) C*) 100,/90°
_ _ ob
Figure 3.109

SOLUTION
Let us find V; = V; using superpostion theorem.

(i) Vg due to 100 /0°
— j300Q — -pone

[l .

I
Il
200 1000
x @
oa
oa [+ 7100Q
+ 100£0° 2000
100 /0°| , = ob

. 100/0° 100
17 5300+ 5100 —4200
Vi, = I (100)

100
= ——(100) = —50 /0° Volts
200
—j
(i) V4 due to 100 /90°
‘1300f|2 /100Q
1] 7
2000 71000 =
b —A—— ST — @
2 a

= _j300Q

o
Q n ¢ 100490°<+> =
<> 100.£90° -/ 200Q b
os T
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100 /90°
27 5100 — 5300

Vo, = Is (—§300)
100 /90°
— R (_i300) = j150 V
7700 — jao0 9300 =7
Hence, Vi=Vu, + Vaup,
= 50 + j150
=158.11/108.43° V

To find Z;, deactivate all the independent sources.
—7300Q

|1

I
200Q j100Q2 = O a

le} Oa
—-/300Q —— 7100Q

Z, = 100 Q|| — 300 Q
_ j100(—4300)

— 150 Q
7100 — 300 7

Hence the Thevenin equivalent circuit is as shown in Fig. 3.109(a). Performing source trans-
formation on the Thevenin equivalent circuit, we get the Norton equivalent circuit.

Vi 158.11/108.43°
- Z; 150 /90°
Zn =17; = j150 Q

Iy = 1.054 /18.43° A

The Norton equivalent circuit is as shown in Fig. 3.109(b).

a
Z,5150Q = °

I

" 1,=1.054 <?> 251500
V=158.11.£108.43° C) 21843

Figure 3.109(a) Figure 3.109(b)
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3.6 Maximum power transfer theorem
We have earlier shown that for a resistive network, maximum power is transferred from a source to

the load, when the load resistance is set equal to the Thevenin resistance with Thevenin equivalent
source. Now we extend this result to the ac circuits.

Z,

+
Linear AV C) z,
circuit Z A -

b

Figure 3.110 Linear circuit Figure 3.111  Thevenin equivalent circuit

In Fig. 3.110, the linear circuit is made up of impedances, independent and dependent sources.
This linear circuit is replaced by its Thevenin equivalent circuit as shown in Fig. 3.111. The load
impedance could be a model of an antenna, a TV, and so forth. In rectangular form, the Thevenin
impedance Z; and the load impedance Z, are

Z= R+ jXi
and Z, =R, +jXL
The current through the load is

I— \ Vi
Z,+7Z;, (Re+jXy)+ (RL+37X1)

The phasors I and V; are the maximum values. The corresponding RM S values are obtained
by dividing the maximum values by v/2. Also, the RM S value of phasor current flowing in the
load must be taken for computing the average power delivered to the load. The average power
delivered to the load is given by

1
P=_[I’R
SR

V2 5L
= : 5 (3.25)
(Re+ Rp)” (X + X))

Our idea is to adjust the load parameters R, and X7, so that P is maximum. To do this, we

and

Ok, 0X;, equal to zero.

get
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oP —|Vil* Ry, (X: + X1,
aX

L [(Rt + Rp)*+ (X + XL)2] ’

ap Vil [(Rt + R+ (X + X1)% — 2Ry, (R, + RL)]

2
OFzL 2 [(Rt + R)?+ (X + XL)2]
oP
Setting X, =0 gives
X, =-X, (3.26)
oP
and Setting R, = ( gives
Ry, = \/Rf + (X + X1,)? (3.27)
Combining equations (3.26) and (3.27), we can conclude that for maximum average power
transfer, Z;, must be selected such that X; = —X; and R;, = R;. That is the maximum aver-

age power of a circuit with an impedance Z; that is obtained when Zj, is set equal to complex
conjugate of Z;.

Setting R;, = R; and X = — X} in equation (3.25), we get the maximum average power as
14
P=
S8Ry

In a situation where the load is purely real, the condition for maximum power transfer is
obtained by putting X;, = 0 in equation (3.27). That is,

R =\/R? + X? = |Z,]

Hence for maximum average power transfer to a purely resistive load, the load resistance is
equal to the magnitude of Thevenin impedance.

3.6.1 Maximum Power Transfer When Z is Restricted

Maximum average power can be delivered to Zy, only if Z;, = ZF. There are few situations in
which this is not possible. These situations are described below :

(i) Rz and X may be restricted to a limited range of values. With this restriction,
choose X, as close as possible to —X; and then adjust R, as close as possible to

\/Rf + (X1 + X)2.

(i) Magnitude of Zj, can be varied but its phase angle cannot be. Under this restriction,
greatest amount of power is transferred to the load when [Z 1] = |Z|.

Z{ is the complex conjugate of Z;.
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Find the load impedance that transfers the maximum power to the load and determine the maxi-
mum power quantity obtained for the circuit shown in Fig. 3.112.

56
1
| S

10£0°

Figure 3.112
SOLUTION

We select, Z, = Z; for maximum power transfer.

Hence Z;, =5+ j6
10 /0°
I=——"-=1/0°
5+5 [0

Hence, the maximum average power transfered to the
load is

1
P=-I°R
2|| L

1
5(1)2 x5=25W

SV 3.43

Z-5-j6

l00° () @ H 7,-5+76

Find the load impedance that transfers the maximum average power to the load and determine the
maximum average power transferred to the load Z;, shown in Fig. 3.113.

JjaQ

STT——

4/0°A RMS G) §3Q

a

Figure 3.113
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SOLUTION
The first step in the analysis is to find the Thevenin equivalent circuit by disconnecting the load
Z,. This leads to a circuit diagram as shown in Fig. 3.114.

J4Q

TET—o0 *

a
4/0°A RMS G) @ §3Q Vt
b
o _
Figure 3.114
Hence V=V, =4/0° x3
=12 /0° Volts(RMS)

To find Z,, let us deactivate all the independent sources of Fig. 3.114. This leads to a circuit
diagram as shown in Fig 3.114 (a):

Z,=3+j4Q
Z,-3+j4

—L

*
+ . . .
30 12£0°V RMS C) @ H 2,72=34

j4Q

Figure 3.114 (a) Figure 3.115

The Thevenin equivalent circuit with Zj, is as shown in Fig. 3.115.
For maximum average power transfer to the load, Z;, = Z} = 3 — j4.

12 /0°
I, = =2/0° A(RMS
YT 34 ja+3—j4 [0° A(RMS)

Hence, maximum average power delivered to the load is
P=|I)?R, =43) =12 W

. 1. : .
It may be noted that the scaling factor 3 is not taken since the phase current is already

expressed by its RM S value.
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EXAMPLE SRz
Refer the circuit given in Fig. 3.116. Find the value of R;, that will absorb the maximum average

power.
40Q fj3|(i9
MVW—|
+ ,
150£30°V <> 720Q §RL
Figure 3.116
SOLUTION

Disconnecting the load resistor Ry, from the original circuit diagram leads to a circuit diagram as
shown in Fig. 3.117.

40Q *j3|(i§2
AVAYAYAY ] 3 a
+
150£30°V C) @ 20Q Vi
o b
Figure 3.117

V=V, =1 (520)
150 /30° x 520

(40 — §30 + 420)
= 72.76 /134° Volts.

To find Z;, let us deactivate all the independent sources present in Fig. 3.117 as shown in
Fig 3.117 (a).

Z, = (40 — j30) [|520
j20(40 — 530)

=010~ g0 — (9412+722:35) ©
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The Value of Ry, that will absorb the maximum
average power is

Rp, = |Z| = \/(9.412)% + (22.35)2
=24.25Q

The Thevenin equivalent circuit with Ry, inserted
is as shown in Fig 3.117 (b).
Maximum average power absorbed by R, is

1
Pmax - 5 |It|2 RL

- 72.76 /134°
"7 (9.412 + j22.35 4 24.25)

—=1.8/100.2° A

where

1
= Puoax = 5(1.8)2 x 24.25
=39.29 W

VIR, 3.45

40Q —j3ﬂ§2

720

O b

Figure 3.117 (@)

Z

!
1
| S— |

(9.412+22.35)Q

+
72.76.£134° C) @ |:]RL=24.25Q

Figure 3.117 (b) Thevenin equivalent circuit

For the circuit of Fig. 3.118: (a) what is the value of Zj, that will absorb the maximum average

power? (b) what is the value of maximum power?

- 10Q |:| z,

10Q J15Q
—AA—TTTT
120/ 0°V <+>
Figure 3.118

SOLUTION

Disconnecting Zy, from the original circuit we get the circuit as shown in Fig. 3.119. The first

step is to find V.
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Vi=V,=1 (_]10) 10Q2 J15Q
AN ————0 @
120 /0° . +
= 1575 715 510 910 .
120/_00\/ <+> @ pu— _JIOQ Vt

=107.33 /=116.57° V

The next step is to find Z;. This re- o b
quires deactivating the independent Figure 3.119
voltage source of Fig. 3.119.
10Q  Jj15Q
Z; = (10 + j15) || (—410) — ©°¢
~ —j10(10 4 515) = 10Q
- —j10+ 10+ 415
ob

=8—7140Q
The value of Zj, for maximum average power absorbed is
Z; =8+ j14Q
The Thevenin equivalent circuit along with Zj, = 8 4+ 714 2 is as shown below:

Z-8-14Q

| — |
| S|

V=107.33 [116.57°V <+> @ Z,-8+/14Q

b

_107.33 / —116.57°
FT 8 j14+8+ 414
~107.33

= /—116.57° A

16

1
Hence, Prax = 5 |Lt|2 Ry,

1 /107.33\2
= x 8
2\ 16

= 180 Walts
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DNV 3.46

(a) For the circuit shown in Fig. 3.120, what is the value of Z, that results in maximum average
power that will be transferred to Z;, ? What is the maximum power ?

(b) Assume that the load resistance can be varied between 0 and 4000 €2 and the capacitive
reactance of the load can be varied between 0 and —2000 €2. What settings of R, and X¢
transfer the most average power to the load ? What is the maximum average power that can
be transferred under these conditions?

3000Q  j4000Q

10[0°VRMS <+>

Figure 3.120

SOLUTION

(a) If there are no constraints on Ry, and X, the load indepedance Z;, = Z; = (3000— 54000) €.
Since the voltage source is given in terms of its RM .S value, the average maximum power

delivered to the load is

Pmax = |It|2 RL
_ 10 /0°
~ 3000 + 54000 + 3000 — 4000
10
2% 3000
= Prax = |It|2 Ry,
100
4 (3000)2
=8.33 mW

where I,

x 3000

(b) Since Ry, and X are restricted, we first set X as close to —4000 €2 as possible; hence
Xco = —2000 Q. Next we set Ry, as close to \/Rf + (X¢ + X1,)? as possible.

Thus, Ry, = \/ 30002 + (—2000 + 4000)% = 3605.55 2

Since Ry, can be varied between 0 to 4000 €2, we can set Ry, to 3605.55 2. Hence Zj, is
adjusted to a value
Z;, = 3605.55 — 52000 €.
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3000Q Jj4000€2

- 10 /0° |
* 73000 + 44000 + 3605.55 — 52000 a
=1.4489 /—16.85° mA
§ 3605.55Q
The maximum average power delivered <+> 10/0°V @ Z,
to the load is - ,
—— [-/2000€2
Pmax: |It|2 RL b
— (1.4489 x 10~3)% x 3605.55 ©
=7.57T mW

Note that this is less than the power that can be delivered if there are no constraints on Ry,
and X7,

EXAMPLE ¥y
A load impedance having a constant phase angle of —45° is connected across the load terminals

a and b in the circuit shown in Fig. 3.121. The magnitude of Zj, is varied until the average power
delivered, which is the maximum possible under the given restriction.

(a) Specify Zy, in rectangular form.

(b) Calculate the maximum average power delivered under this condition.

3000€2 j4000Q a

— MM —0—
10£0°V RMS C*) H z,
b
o—1
Figure 3.121

SOLUTION
Since the phase angle of Z, is fixed at —45°, for maximum power transfer to Zj, it is mandatory
that

1Z| = |Z:| 30000 400002
Hence, Zp =|Z| /=45 - R 3535.53V
5000 5000 1040°VRMS<_> @ L 2,
e ! V2 —JXc _I_—j3535.53£2
o1
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I 10/0°
™ (3000 + 3535.53) + 5 (4000 — 3535.53)

=1.526 /—4.07° mA
Pmax = |It|2 RL

— (1.526 x 103)? x 3535.53
—8.23 mW

This power is the maximum average power that can be delivered by this circuit to a load
impedance whose angle is constant at —45°. Again this quantity is less than the maximum
power that could have been delivered if there is no restriction on Zy,. In example 3.46 part (a),
we have shown that the maximum power that can be delivered without any restrictions on Zy,
is 8.33 mW.

3.7 Reciprocity theorem

The reciprocity theorem states that in a linear bilateral single source circuit, the ratio of exci-
tation to response is constant when the positions of excitation and response are interchanged.

Conditions to be met for the application of reciprocity theorem :
(1) The circuit must have a single source.

(i1) Initial conditions are assumed to be absent in the circuit.

(iii)) Dependent sources are excluded even if they are linear.

(iv) When the positions of source and response are interchanged, their directions should be marked
same as in the original circuit.

EXAMPLE SRAS)

Find the current in 2 €2 resistor and hence verify reciprocity theorem.

4Q 4Q
— NN/

O TR T

Figure 3.122
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SOLUTION
The circuit is redrawn with markings as shown in Fig 3.123 (a).

()

:—> — :—>
R; Ry R,

Figure 3.123 (a)
Then, Ri=@81+2H1=160Q
Ry=1.6+44=560Q
R3=(5.6"1 +471)71 =2.33330
20

C t lied by th = =316 A
urrent supplied by the source g 2‘333?21
tin branch ab = I, = 3.1 —— =1.32A
Current in branch a ab = 3.16 x 174116 3

8
Current in 2, I} = 1.32 x 0= 1.05 A
Verification using reciprocity theorem

The circuit is redrawn by interchanging the position of excitation and response as shown in
Fig 3.123 (b).

20V

R, - R R:—'

Figure 3.123 (b)
Solving the equivalent resistances,

Ry =29, Rs5=06%, Rg=3.4286f)
Now the current supplied by the source

20

= ———— = 3.6842A
3.4286 + 2 3.08
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Therefore, 8
I.; = 3.6842 = 2.1053A
ed “ 816
2.1
I, = ﬁ = 1.05A

As I} = I = 1.05 A, reciprocity theorem is verified.

VL=, 3.49
In the circuit shown in Fig. 3.124, find the current through 1.375 €2 resistor and hence verify

reciprocity theorem.

2Q 2Q
10Q2
1.375Q MWW
1Q
§ 3Q
10V
Figure 3.124
SOLUTION
2Q
1.375Q

1Q

10V

Figure 3.125
KVL clockwise for mesh 1 :
6.37511 — 215 — 313 =0

KVL clockwise for mesh 2 :
—201 + 141, — 1013 =0

KVL clockwise for mesh 3 :
—3I; — 101 + 1413 = —10
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Putting the above three mesh equations in matrix form, we get
[6.375 -2 —3‘|{Il'| [O'I

-2 14 -10 I | = 0
| 3 10 1 ||5n| | -]

Using Cramer’s rule, we get
I, =—2A
Negative sign indicates that the assumed direction of current flow should have been the other way.
Verification using reciprocity theorem :

The circuit is redrawn by interchanging the positions of excitation and response. The new circuit
is shown in Fig. 3.126.

20 (4
1.375Q 20
- 10Q
11
10V 30 /7 10
3
Figure 3.126
The mesh equations in matrix form for the circuit shown in Fig. 3.126 is
6.375 -2 3 I 10
-2 14 10 IL1=10
3 10 14 I} 0
Using Cramer’s rule, we get
IL=-2A
Since I} = I = —2 A, the reciprocity theorem is verified.

SV 3.50
Find the current I, in the j2 Q) impedance and hence verify reciprocity theorem.

I, 2Q J3Q

V =36£0° C) =

Figure 3.127
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SOLUTION
With reference to the Fig. 3.127, the current through 52 {2 impepance is found using series—parallel
reduction techniques.

Total impedance of the circuit is

Zr = (24 53) + (=55)/|(3 + j2)
(=45) (8 +42)

— 5+ 3+ 52

= 6.537 /19.36°

=243+

The total current in the network is

B 36 /0°

~ 6.537 /19.36°
=5.507 /—19.36° A

Using the principle of current division, we find that

Ip (—j5)
—jo+3+ 32
=6.49 /—64.36° A

Iy

I, =

Verification of reciprocity theorem :

The circuit is redrawn by changing the positions of excitation and response. This circuit is shown
in Fig. 3.128.

Total impedance of the circuit shown in 2Q j3Q 30 I
Fig. 3.128 is — Vs ANNN—=—
Zi = (3+2) + 2+ 3) || (=35) , 1 )
(34 42) 4 2433 (=55) " T ’
—\wTJ 2+ j3— 45
=9.804 /19.36° Q )
/
The total current in the circuit is V =36/0°Volts
t = SO 5670/ 10.36° A Figure 3.128
Z —
T
Using the principle of current division,
I, (=j5)
I, = —1——— =649 /-64.36° A
Y —j5+2+43 !

It is found that I, = I, thus verifying the reciprocity theorem.

EXAMPLE K}
Refer the circuit shown in Fig. 3.129. Find current through the ammeter, and hence verify reci-

procity theorem.



N\

5Q 50

o}

()
_/
S0V

Figure 3.129
SOLUTION
To find the current through the ammeter :

By inspection the loop equations for the circuit in Fig. 3.130 can
be written in the matrix form as

16 -1 -10 I 0
-1 26 =20 L | =10
—-10 -20 30 I3 50

Using Cramer’s rule, we get

I1=46A
Io=54A

Hence current through the ammeter = Io — 11 = 5.4—4.6 = 0.8A.

Verification of reciprocity theorem:

The circuit is redrawn by interchanging the positions of
excitation and response as shown in Fig. 3.131.

By inspection the loop equations for the circuit can be
written in matrix form as

15 0 -107[1 —50
0 25 —20| |1 |=]| 50
~10 —20 31 I 0

Using Cramer’s rule we get

IL=08A
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5Q 5Q
20k
o
10Q 200

50V
Figure 3.131
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Hence, current through the Ammeter = 0.8 A.
It is found from both the cases that the response is same. Hence the reciprocity theorem is
verified.

SNV 3.52

Find current through 5 ohm resistor shown in Fig. 3.132 and hence verify reciprocity theorem.

1OQ§ O 2040O j10Q
Volts

I3

VVVV
5Q

Figure 3.132

SOLUTION
By inspection, we can write

{12 0 —2'|{Il'| [—20'|
0 244510 -2 I, | = 20
[ = ol lu] [ o]
Using Cramer’s rule, we get

I3 = 0.5376 /—126.25° A

Hence, current through 5 ohm resistor = 0.5376 /—126.25° A
Verification of reciprocity theorem:

The original circuit is redrawn by interchanging the excitation and response as shown in Fig.

3.133.
10Q I @ j10Q

Figure 3.133
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Putting the three equations in matrix form, we get

{12 0 :2] I _[0]
=5 ] e

Using Cramer’s rule, we get

T, = 0.3876 /—2.35 A
I, = 0.456 /~78.9° A
Hence, I, — I} = —0.3179 — j0.4335

= 0.5376 /—126.25° A

The response in both cases remains the same. Thus verifying reciprocity theorem.

3.8 Millman’s theorem

It is possible to combine number of voltage sources or current sources into a single equiva-
lent voltage or current source using Millman’s theorem. Hence, this theorem is quite useful in
calculating the total current supplied to the load in a generating station by a number of generators
connected in parallel across a busbar.

Millman’s theorem states that if n number of generators having generated emfs E1, Es, - - - E,,
and internal impedances 7., 7>, - - - Z,, are connected in parallel, then the emfs and impedances
can be combined to give a single equivalent emf of E with an internal impedance of equivalent
value Z.

- E. Y, +EYs+...+E, Y,

Y i +Yo+...+Y,
1

7 =
Yi+Ye+...+Y,

where E

and

where Y;1,Y5 Y, are the admittances corresponding to the internal impedances Z1,Zs - - - Z,,
and are given by

1

Y= —
1 Z
1
Yo — —
2 Z
1
Y, = —
Z,

Fig. 3.134 shows a number of generators having emfs E;, E5 --- E,, connected in parallel
across the terminals = and y. Also, Z1,Zs - - - Z,, are the respective internal impedances of the
generators.
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O x
+
Z, z, Z,
E
E, E, E,
- Oy
Figure 3.134

The Thevenin equivalent circuit of Fig. 3.134 using Millman’s theorem is shown in Fig. 3.135.
The nodal equation at = gives

E,.-E E;—-E E,-E
—0 —L__ o«
Z, + Z, Tt Z,
E, E; E, 1 1 1 n
7 +Z2+ +Zn] {Z1+Z2+ —i—Zn] (_)E
1
= E1Y1+E2Y2+"'+EnYn_E|:Z:| Oy
. . . Figure 3.135
where Z = Equivalent internal impedance.
or [ElYl +EsYo+---+ EnYn] =EY
N E:E1Y1+E2Y2+---+EnYn
Y
where Y=Y +Yo+---+Y,
1 1
and Z=_

Y Yi+fYato-+Y,

SNVIN=. 3.53
Refer the circuit shown in Fig. 3.136. Find the current through 10 €2 resistor using Millman’s

theorem.
P
5Q 12Q 4Q
§ 10Q
22V 48V 12V
0

Figure 3.136
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Using Millman’s theorem, the circuit shown in Fig. 3.136 is replaced by its Thevenin equivalent
circuit across the terminals P as shown in Fig. 3.137.

T —
E— E1Y1 + E2Y2 — E3Y3 E : o
Y +Y2+ Y3 | | .
1 1 1 Thevenin ; :
22 <5) A8 <12 - 12 <4) equivalent—»i R 10Q
- 1 1 circuit ; :
5 + 12 + - i 5
= 10.13 Volts
_ 1 : O
Y1+ Y+ Y 0
= 1 Figure 3.137
0.2+ 0.083 + 0.25
=1.88 Q)
H I £ 0.853 A
ence = =0.
’ L= R+10

SN\VN= 3.54

Find the current through (10 — 53)(2 using Millman’s theorem. Refer Fig. 3.138.

SOLUTION

100/0°V

;

90/45°V
10Q

?

80/30°V
20Q

L
o8]

10Q Q
4 OANN——A]|—05

Figure 3.138

The circuit shown in Fig. 3.138 is replaced by its Thevenin equivalent circuit as seen from the
terminals, A and B using Millman’s theorem. Fig. 3.139 shows the Thevenin equivalent circuit

along with Z;, = 10 — 73 Q.
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Thevenin !
equivalent — g
circuit ' Z,=10—3Q
Figure 3.139
E_ E1Y: +E)Y,; - E3Y3
Y i+Ys+Y3
100 0° U oopse () £8080° (=
B 5 10 20
o 1 n 1 " 1
5 10 20
= 88.49 /15.66° V
1 1

Yi+Ye+Ys 444

20
E 88.49 /15.66
I= = =6.7 28.79° A
Z+7;, 286+10—33

Alternately,
E_ E1Y; +ExYs +E3Y3 +E Yy
Y i +Y2+Y3+Yy
100 x 571 490 /45° x 107! + 80 /30° x 207
N 51+ 101 + 20~ + (10 — 53)~!
=70 /12°V
70 /12°
Therefore, =10 /_]3
= 6.7 28.8° A
VIR 355

Refer the circuit shown in Fig. 3.140. Use Millman’s theorem to find the current through (5+;5) 2
impedance.
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2Q 3Q 5Q

§4g O

4V 8V J3Q

Figure 3.140
SOLUTION

The original circuit is redrawn after performing source transformation of 5 A in parallel with 4 2
resistor into an equivalent voltage source and is shown in Fig. 3.141.

P

20 30 4Q 5Q
5x4 /50
4V 8V oV
0

Figure 3.141

Treating the branch 5 + 752 as a branch with E; = 0V,

E1Y| +EYo +E3Ys3+E Yy
Yi+Y2+Ys3+Yy

CAx 248 x 37 420 x 47!

S 27143 14414 (5 45)1

=8.14 4.83°V

Therefore current in (5 + j5)Q is

.14 /4.83°
I= w =1.15/-40.2° A
5+ 75 -

EpQ =

Alternately
Ep¢ with (54 j5) open
EiY,+E)Yy+E3Y3
Y +Ys+Y3
C4x27148x3 1 +20x47!
a 271 4371 471
= 8.9231V
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Equivalent resistance R = (271 + 371 +471)=1 = 0.92310
Therefore current in (5 4 j5)€2 is

8.9231 =1.15/-40.2° A

VI 3.56

T 0.9231+5 + 45

Find the current through 2 ) resistor using Millman’s theorem. Refer the circuit shown

in Fig. 3.142.

SOLUTION

S50

<+> 25/90°V

e
3Q
10£0°V
0
Figure 3.142

The Thevenin equivalent circuit using Millman’s theorem for the given problem is as shown in

Fig. 3.142(a).

where

Hence,

E_ E1Y; +EY,
Y +Y,

1 1
10 /10° |— 25 /90° | —
oA [3+j4]+ o [5]

1
3+ j4

=10.06 /97.12° V

1 1

+

1
5

Z = =
Yi+Y, 1
31 j4
=2.8/26.56° Q
E _ 10.06 /97.12°

T Z+2  28/2656° +2
=2.15/81.63° A

I

SO b

Figure 3.142(a)
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Reinforcement problems

R.P 3.1

Find the current in 2 €2 resistor connected between A and B by using superposition theorem.

20 1Q A 3Q

" 20
2V 4V
— 12Q

IAB

B

Figure R.P. 3.1

SOLUTION
Fig. R.P. 3.1(a), shows the circuit with 2V-source acting alone (4 V-source is shorted).
Resistance as viewed from 2V-source is 2 + R (,

3% 2
where R1:< >5< +1)H12

20 1Q A 3Q
——ANMA—T— A —>-
_ (241 <12 18502 O I, I
14.2 -
2 2V 120
H I,=—"——=05182A () 20
GG T = 5T 8592
12 4
Th I=I,x —— =0438 A
en, hh=Ix 5475 0.438 .
3
I =0.438 x F= 0.2628 A Figure R.P. 3.1(q)

With 4V-source acting alone, the circuit is as shown in Fig. R.P. 3.1(b).

Tp
AM——AANN——
1Q 3Q
+
20 120 o () v
12

Figure R.P.3.1(b)



254 | Network Theory

The resistance as seen by 4V-source is 3 + Ro where

2x 12
Ry = 1 2
2 ( 1 +>H

27143 x 2

4.7143
4

T 3+ 1.1551

I, x 2.7143
Th [, — b x2014s
S 2 4.7143

Finally, applying the principle of superposition,

=1.1551 Q2

Hence, I, =0.9635 A

=0.555 A

we get, Inp=1L+1
=0.2628 4 0.555
=0.818 A

32

For the network shown in Fig. R.P. 3.2, apply superposition theorem and find the current 1.

20V

Figure R.P. 3.2

SOLUTION
Open the 5A-current source and retain the voltage source. The resulting network is as shown in
Fig. R.P. 3.2(a).

-2
AVVN—0000 ETe'
8Q

e

Figure R.P. 3.2(0)
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The impedance as seen from the voltage source is
(8 +410) (=42)

Z=(4—-42 =6.01 /—45° Q
(4—372)+ 8178 [=45°
720 °
Hence, I, = 7 = 3.328 /135° A

Next, short the voltage source and retain the current source. The resulting network is as shown
in Fig. R.P. 3.2 (b).
Here, Is = 5A. Applying KVL for mesh 1 and mesh 2, we
get
8L + (I} — 5) 710+ (I} — I2) (—42) =0
and (I = T1) (=42) + (I2 = 5) (—j2) + 4L, =0

Simplifying, we get

(8 + j8)T; + j20y = j50
and 321y + (4 — j4)Ip = —410

Solving, we get
8+ 358 350
j2 —710
‘ 8+58 42 ‘

j2 44— 4
= 2.897 /—23.96° A

Since, I, and I, are flowing in opposite directions, we
have

Figure R.P. 3.2(b)

I=1,-1,=6.1121 144.78° A

33

Apply superposition theorem and find the voltage across 1 €2 resistor. Refer the circuit shown in
Fig. R.P. 3.3. Take v; (t) = 5cos (t + 10°) and i(t) = 3sin 2t A.
10V

L=1H C=IF
—fmm—u——@
O
U](I)C EQ%H —Cy= %F 1Q§v2
|

Figure R.P. 3.3
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SOLUTION
To begin with let us assume v (¢) alone is acting. Accordingly, short 10V - source and open i (t).

The resulting phasor network is shown in Fig. R.P. 3.3(a).

w = lrad/sec

5cos(t+10°) — 5 /10° V N
L1 =1H— jwl, =j10Q 5 /10° 1
1 jTR =20 g Va
Cp=1F - —— = 410
JjwCy -

1 . 1
LQZEH—wng:j§Q

1 1
Cy=-F— =—72Q

2 jwCy
V,=5/0"V
va(t) = 5cos [t + 10°]

Figure R.P. 3.3(a)

=

Let us next assume that io(¢) alone is acting.  The resulting network is shown

in Fig. R.P. 3.3(b).
w = 2rad/sec

3sin 2t — 3 /0° A 2 ﬁi%

1 1 |
C, = 1F =—j=Q
L BT RED) y
Li=1H— jwL; =j2Q 30 12V
1 1 >

Cy==F =—j519Q
279 ijCg J

1 i P. 3.
L2:§H—>ij2:j1(2 Figure R.P. 3.3(b)

15
V,=3/0° x —=2 _ —95/33.7° A
p=3/07 x 1+ 715 [33.7°

= vp(t) = 2.5sin [2t + 33.7°] A

Finally with 10V-source acting alone, the network is as shown in Fig. R.P. 3.3(c). Since

w = 0, inductors are shorted and capacitors are opened.

Hence, V. =10V 10V

Applying principle of superposition, we _

get. u *
122y

va(t) = va(t) = vp(t) + Vo
=5cos (t + 10°) 4 2.5sin (2t + 33.7°) + 10Volts

Figure R.P. 3.3(c)
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R 3.4
Calculate the current through the galvanometer for the Kelvin double bridge shown in Fig. R.P.

3.4. Use Thevenin’s theorem. Take the resistance of the galvanometer as 30 €2.

+ —_
1] —
10V
Figure R.P. 3.4

SOLUTION
With G being open, the resulting network is as shown in Fig. R.P. 3.4(a).

350Q A 100Q

- 35Q  10Q
— B
10 Ip
—A\VW\ AAVAYA
-1 5Q 0.5Q
1]
—I|—
10V
Figure 3.4(a)
10 20
=1 100=—x100=—V
Va 1 x 100 150 x 100 9
10 I, x5
' 50
Hence, V=1, x 05+ Ig x 10
=25V
20 -5
Thus, Vap=V;=V4—Vp=— —2.5=— Volts

9 18
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To find Ry, short circuit the voltage source. The resulting network is as shown in Fig. R.P. 3.4(b).

35Q
NV OB

350 Q 10
AO MW\ MV

E
%SQ
AAAA MM
100 Q 0.5Q F 10Q
Figure R.P. 3.4 (b)

Transforming the A between B, ' and F' into an equivalent Y, we get

35 x 10 35 x5 5x 10
= =79, Rg= =35, Rp= =10
s 50 T TR0 T TR0
The reduced network after transformation is as shown in Fig. R.P. 3.4(c).
350 Q 1Q E 35Q
A MR \VAVAVA N \VAVAVAN AA{)LO B
7
M
100 Q 0.5Q 1Q
Figure R.P. 3.4(c)
350 x 100 4.5 x 1.5
H Rip=R; = 7
enee, AB =it B0 T 6
= 85.903 Q2
The Thevenin’s equivalent circuit as seen from A
and B with 30 ) connected between A and B is 85.903€ A
as shown in Fig. R.P. 3.4(d). MWV e
_5
_5 ST 30Q
= 18 _ oumA
85.903 + 30 I
Negative sign implies that the current flows from B

Bto A.
Figure R.P. 3.4(d)

R.P 3.5
Find I, and R so that the networks N1 and /N, shown in Fig. R.P. 3.5 are equivalent.
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...................... Y :
‘OJ’, m . O +
Ia u '
I R v o 91, i 14
o | —o-
Nl N2
Figure R.P. 3.5

SOLUTION
Transforming the current source in /N7 into an equivalent voltage source, we get N3 as shown in

Fig. R.P. 3.5(a).

From N3, we can write, V-IR=1IsR (3.28)
From Ny we can write, I=-101,
Also from No, V -3=-2I,
-1
V-3=-2|—
- ( 10 >
I
= V-3==-
5
I
3

= e

5
For equivalence of N and No, it is requirred that equations |  —AAAA—
(3.28) and (3.29) must be same. Comparing these equations, we

get VIR

I
IR=; and IsR=3

3
R=020Q d Is=-—=15A
0 an S =03 5

Figure R.P. 3.5(a)

R.P 3.6
Obtain the Norton’s equivalent of the network shown in Fig. R.P. 3.6.
4vy
2Q
ao /+\
A
6% %
30V °
()
NN
N !
15Q v

X

b O—
Figure R.P. 3.6
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SOLUTION

Terminals « and b are shorted. This results in a network as shown in Fig. R.P. 3.6(a)

2Q

Figure R.P. 3.6(a)

The mesh equations are

(i) 911 + 01y — 613 = 30

(i) 011 + 2515 + 1513 = 30

(iii) — 611 + 1515 + 2315 = 4Vx = 4 (1015)
= — 61, — 251, 4+ 2313 = 0

Solving equations (3.30), (3.31) and (3.32), we get
In = I, = I3 = 1.4706A
With terminals ab open, I3 = 0. The corresponding equations are

9I; =30 and 251 =50

30 30

Hence, = ?A and I = % A
30
Then, Vx =101 =10 x o5 =12V
Hence, Vi=V,. =151 — 617 — 4Vx
=-50V

V. -50

Th R=-"=——=-310Q
s ' 7. 1.4706

Hence, Norton’s equivalent circuit is as shown in Fig. R.P. 3.6(b).

a

1.4706A -34Q

Figure R.P. 3.6(b)

(3.30)
(3.31)

(3.32)
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R.P 3.7
For the network shown in Fig. R.P. 3.7, find the Thevenin’s equivalent to show that

1%
W:>§@+a+b—@)
3—b
and 7, = 5

Figure R.P. 3.7

SOLUTION

Vi — aV;
With xy open, I; = - an

Hence, bl

Voe=V; = aVi + I, +b]y 7 Vo
Vi — aV; Vi — aVi 1Q 1Q
—ati e g (M) ) &)
:%[l—l—a—}—b—ab] 4l an

With zy shorted, the resulting network is
as shown in Fig. R.P. 3.7(a). Figure R.P. 3.7(a)

Applying KVL equations, we get

(i) L+ (I — )=V —aV}

= o, — I, =V, — aWi (3.33)
(ii) (Io — I) + Io = aVi + bIy

= — (1 + b) I + 21, =al) (3.34)

Solving equations (3.33) and (3.34), we get

Vi(l+a+b—ab)
3-0b

Isc:IQ -



262 | Network Theory

V;)c o Vi (1+a+b—ab)

H Zy = = — 3—b
enee, . T e viaratri—a)C Y
_3-b
2
R.P 3.8
Use Norton’s theorem to determine I in the network shown in Fig. R.P. 3.8. Resistance Values
are in ohmes.
20A
25A
Figure R.P. 3.8
SOLUTION

Let 45 = x and Igr = y. Then by applying KCL at various junctions, the branch currents are
marked as shown in Fig. R.P. 3.8(a). I;. = 125 — « = I 4p on shorting A and B.
Applying KVL to the loop ABCFEA, we get

0.04z + 0.01y + 0.02 (y — 20) + 0.03 (z — 105) =0
= 0.07z 4 0.03y = 3.55 (3.35)

Applying KVL to the loop EDCEF’, we get

(z —y —30)0.03 + (z — y — 55) 0.02 — (y — 20)0.02 — 0.01y = 0
= 0.05z — 0.08y = 1.6 (3.36)



CircuitTheorems | 263

25A

Figure R.P. 3.8(a)

Solving equations (3.35) and (3.36), we get

r=46.76 A
Hence, I,.=1In=120—z
=78.24 A

The circuit to calculate R; is as shown in Fig. R.P. 3.8(b). All injected currents have been

opened.

0.03 x 0.05
R;=0034+0.04 + ——
t HO0 08
= 0.08875 2
A
—0
I
78.24A Cf) 0.08875 0.04 Q
40
B

D

Figure R.P. 3.8(b) Figure R.P. 3.8(c)
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The Norton’s equivalent network is as shown in Fig. R.P. 3.8(c).

0.08875

7824 x — o0l
T=T8.24 % 508875 1 0.04

=53.9A

R.P 3.9
For the circuit shown in Fig. R.P. 3.9, find R such that the maximum power delivered to the load
is 3 mW.

R
MW
R a
AN —
R
Ry
v 2V 3V
b
Figure R.P. 3.9

SOLUTION
For a resistive network, the maximum power delivered to the load is

V2 —Oa
Prax = —L
ARy R R R
The network with Ry, removed is as shown in Fig.
R.P. 3.9(a).
Let the opent circuit voltage between the termi- v 2V 3V
nals ¢ and b be V.
1 ob

Then, applying KCL at node a, we get

‘/}—1+W—2+Vt—3_0 Figure R.P. 3.9(a)
R R R

Simplifying we get Vi = 2 Volts
With all voltage sources shorted, the resistance, R; as viewed from the terminals, a and b is
found as follows:

1_1,1,1_3
R R R R R
R
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Hence, Prax = =

R.P 3.10
Refer Fig. R.P. 3.10, find X; and X5 interms of R; and R to give maximum power dissipation
in Rg.

+ : :
V() X %Rz ! load

Figure R.P. 3.10

SOLUTION
The circuit for finding Z; is as shown in Figure R.P. 3.10(a). R
1
_ Ri(GXy)
t— 75 . -~
R+ 37X, X, -z,
B RiX?+jR3X,
- R+ X? o

Figure R.P. 3.10(a)
For maximum power transfer,

Z;=17;
- fatids = R?:LX;% -/ R?iX)lff
Hence, Ry = R};:—X}i%
= X1 =%xRy Rl]iQRg (3.37)
Xo = —Réﬁ_X;(lQ (3.38)

Substituting equation (3.37) in equation (3.38) and simplifying, we get

Xy = /Ry (R — Ry)
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Exercise Problems

3.1

Find ¢,, for the circuit shown in Fig. E.P. 3.1 by using principle of superposition.

2Q 4Q 4Q
iX
12v 12V 8V

Figure E.P. 3.1

1
Ans : im:_ZA

32

Find the current through branch PQ using superposition theorem.

7.8Q

AMAN
NONV©
8Q
0.2Q 6
2Q
MM

Figure E.P. 3.2

Ans: 1.0625 A

20
P
5V
30
Q
o

E.P 3.3
Find the current through 15 ohm resistor using superposition theorem.
2Q 1Q
AYAYAYAY AYAYAYAY
+
109§ <>12v § 15Q § 4Q (‘ 2A
Figure E.P. 3.3

Ans: 0.3826 A
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E.P 3.4
Find the current through 3 + j4 €2 using superposition theorem.
50 J5Q
AVAAAY LA

3Q

+ -

5 £90°V <> <> 50 £0°V

= +

JAQ
Figure E.P. 3.4

Ans: 8.3 /85.3° A

E.P 3.5
Find the current through I, using superposition theorem.

2Q
— A —

50£0°V <+> J2Q = —j2Q <+> 50.£90°V

Figure E.P. 3.5

Ans: 3.07 /—163.12° A

E.P 3.6
Determine the current through 1 €2 resistor using superposition theorem.

20
VY

>

1A Cf) 30 20 ‘219

v

2Q
MV

Figure E.P. 3.6

Ans: 0.406 A
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E.P 3.7

Obtain the Thevenin equivalent circuit at terminals a — b of the network shown in Fig. E.P. 3.7.

20V
§m

Figure E.P. 3.7

5Q

Ob

Ans: V;=6.29V,R; =9.43 )

P 3.8

Find the Thevenin equivalent circuit at terminals « — y of the circuit shown in Fig. E.P. 3.8.

20Q

50Q
40Q

_ o v X y
V =50£0°V C_) o o

10002

10002

—7400Q

Figure E.P. 3.8
Ans: V;=0.192/-43.4° V, Z; = 88.7 /11.55°

39

Find the Thevenin equivalent of the network shown in Fig. E.P. 3.9.
3Q 4Q

2Q

O O

3A

Oy
Figure E.P. 3.9

Ans: V;=17.14volts, Ry =4
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= 3.10
Find the Thevenin equivalent circuit across a — b. Refer Fig. E.P. 3.10.
5V,
+
3mA <1> v, < 2kQ 40kQ
I

Figure E.P. 3.10
Ans: V;=-30V,R; =10k

E.P 3.11
Find the Thevenin equivalent circuit across a — b for the network shown in Fig. E.P. 3.11.

20Q

50V

Figure E.P. 3.11

Ans : Verify your result with other methods.

E.P 3.12
Find the current through 20 ohm resistor using Norton equivalent.
6Q 4Q 40 4
VY VY O

Y
96V 12Q 12Q 200
b
o

Figure E.P. 3.12

Ans: Iy =4.36A, RN =R, =8.8%Q, I, =1.33A
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E.P 3.13
Find the current in 10 ohm resistor using Norton’s theorem.

50Q u
20Q ‘
50V C> 40Q I 100
100V
b

Figure E.P. 3.13
100

Ans : IN:—4A,R¢=RN=?Q,IL:—O.5A
E.P 3.14
Find the Norton equivalent circuit between the terminals a—b for the network shown in Fig. E.P. 3.14.
50 20 J3Q u
—VVV\ NMVVN—TTT0 o)

50[0°V C) ésg §6Q

Figure E.P. 3.14
Ans: In =4.98310/-5.71° A, Z; =72Zn = 3.6 /23.1° Q

315

Determine the Norton equivalent circuit across the terminals P — @ for the network shown in
Fig. E.P. 3.15.

O~

61,
4Q § § 6Q
20V lxl

Figure E.P. 3.15
Ans: In=5A, RN=R;=6%Q
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S 3.16
Find the Norton equivalent of the network shown in Fig. E.P. 3.16.

Figure E.P. 3.16
Ans: In =8.87TA, Ry = Ry =43.89 ()

8.17

Determine the value of R;, for maximum power transfer and also find the maximum power trans-
ferred.

10Q 20
VWV VVVV

Figure E.P. 3.17
Ans: R;=1.92Q, Phax =4.67TW

S 3.18
Calculate the value of Z, for maximum power transfer and also calculate the maximum power.

10/45° vV
®

20/0°V

—J4Q —|— 10Q
|

Figure E.P. 3.18
Ans: Zp = (7.97+ j2.16)Q, Ppax = 0.36 W
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E.P 3.19

Determine the value of R, for maximum power transfer and also calculate the value of maximum

power.

Figure E.P. 3.19
Ans: Ry =5.44Q, Ppax = 2.94 W

E.P 3.20

Determine the value of Z, for maximum power transfer. What is the value of maximum power?

5Q J5Q 3Q —J4Q

|_

50.£0°V C) Z, (*)25&0°v

Figure E.P. 3.20
Ans: Zp =4.23+ j1.15 Q, Pyax = 5.68 Watts

321

Obtain the Norton equivalent across = — y.

4Q 50 20

Figure E.P. 3.21
Ans : IN = ISC = 735A, Rt = RN =1.52Q

E.P 3.22

Find the Norton equivalent circuit at terminals a — b of the network shown in Fig. E.P. 3.22.
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10Q j16Q 759

10£90°V

Jj4Q
e T L'ID
Figure E.P. 3.22

Ans: Iy =1.05/251.6° A, Z; = Zn = 10.6 /45° Q

E.P 3.23
Find the Norton equivalent across the terminals X — Y of the network shown in Fig. E.P. 3.23.
+ Ve o
AAAAY o X
20Q

100V C) —=-/10Q <*> 0.02V,

Figure E.P. 3.23
Ans: Iy =T7A, Z;=8.19 /-55° Q

324

Determine the current through 10 ohm resistor using Norton’s theorem.
/5Q§/ 6Q
§10§2

()
/
200V
Figure E.P. 3.24

oY

Ans: 0.15A
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E.P 3.25

Determine the current I using Norton’s theorem.

&

4Q

8V

Figure E.P. 3.25

Ans : Verify your result with other methods.

E.P 3.26
Find V in the circuit shown in Fig. E.P. 3.26 and hence verify reciprocity theorem.
5Q 2Q
1=5290°A <1> N
R
O

Figure E.P. 3.26
Ans: V_,=09.28 21.81° V

327

Find V,, in the circuit shown in Fig. E.P. 3.27 and hence verify reciprocity theorem.

S5A
o
o

4Q
o— AAAAY

V. 10Q 50 8Q

Figure E.P. 3.27
Ans: V_, =10.23 Volts
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EP 3.28

Find the current ¢, in the bridge circuit and hence verify reciprocity theorem.
jgﬁ/ 12Q
l §20§2

8Q L '

10Q2

OSV
/

Figure E.P. 3.28

Ans: 1, =0.031 A

329

Find the current through 4 ohm resistor using Millman’s theorem.

?g

Figure E.P. 3.29

20V 10V 5V

Ans: I =2.05A
E.P 3.30

Find the current through the impedance of (10 + j10) 2 using Millman’s theorem.
10Q2

AAAA"

(4-/3)Q

@ e [ 17 @0
10/30°

Figure E.P. 3.30
Ans: 3.384/12.6° A
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E.P 3.31

Using Millman’s theorem, find the current flowing through the impedance of (4 + 53) Q.

5/30°
3Q
Q) 10£30°A (10+/10)Q 4+3)Q 4430°AQ> §

‘ ‘ S0 ———j4Q

Figure E.P. 3.31

Ans: 3.64/15.23° A



Resonance

6.1 Introduction

A.C Circuits made up of resistors, inductors and capacitors are said to be resonant circuits when
the current drawn from the supply is in phase with the impressed sinusoidal voltage. Then

1. the resultant reactance or susceptance is zero.
2. the circuit behaves as a resistive circuit.

3. the power factor is unity.

A second order series resonant circuit consists of 12, L, and C'in series. At resonance, voltages
across C and L are equal and opposite and these voltages are many times greater than the applied
voltage. They may present a dangerous shock hazard.

A second order parallel resonant circuit consists of R, L and C in parallel. At resonance,
currents in L and C are circulating currents and they are considerably larger than the input current.
Unless proper consideration is given to the magnitude of these currents, they may become very
large enough to destroy the circuit elements.

Resonance is the phenomenon which finds its applications in communication circuits: The
ability of a radio or Television receiver (1) to select a particular frequency or a narrow band of
frequencies transmitted by broad casting stations or (2) to suppress a band of frequencies from
other broad casting stations, is based on resonance.

Thus resonance is desired in tuned circuits, design of filters, signal processing and control
engineering. But it is to be avoided in other circuits. It is to be noted that if R = 0 in a series
RLC circuit, the circuits acts as a short circuit at resonance and if R = oo in parallel RLC circuit,
the circuit acts as an open circuit at resonance.
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6.2 Transfer Functions

As w is varied to achieve resonance, electrical quantities are expressed as functions of w, normally
denoted by F'(jw) and are called transfer functions. Accordingly the following notations are used.

Vi
Z(jw) = 7 ((j:))) = Impedance function
(i
Y(jw) = V((sz)) = Admittance function
Voli
G(jw) = Q(J,w) = Voltage ratio transfer function
Vi(jw)
(i
a(jw) = 2(‘7,w) = Current ratio transfer function
I (jw)

If we put jw = s then the above quantities will be Z(s), Y (s), G(s), a(s) respectively. These
are treated later in this book.

6.3 Series Resonance ;R c

LA — T
Fig. 6.1 represents a series resonant circuit.

Resonance can be achieved by

1. varying frequency w O
2. varying the inductance L UE atw

3. varying the capacitance C'

Figure 6.1 Series Resonant Circuit
The current in the circuit is
j E _ E
CR+(Xp—-Xe) R4IX

At resonance, X is zero. If wyq is the frequency at which resonance occurs, then

1
woL = — or wy = ——== = resonant frequency.

woC VLC

. Vv .
The current at resonance is [, — — = maximum current.

The phasor diagram for this condition is shown in Fig. 6.2.
The variation of current with frequency is shown in Fig. 6.3.

Vi=1,X,

Figure 6.2 Figure 6.3
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It is observed that there are two frequencies, one above and the other below the resonant
frequency, wp at which current is same.

1
Fig. 6.4 represents the variations of X; = wlL; X¢ = e and | Z| with w.
w

. 1 . .
From the equation wy = ——— we see that any constant product of L and C' give a particular

VLC

resonant frequency even if the ratio — is different. The frequency of a constant frequency source

can also be a resonant frequency for a number of L and C' combinations. Fig. 6.5 shows how the

L
sharpness of tuning is affected by different c ratios, but the product L C' remaining constant.
‘Z ‘ JP\,

]
1
|
1
1
|
1
1
|
:

,

Figure 6.4 Figure 6.5

L
For larger c ratio, current varies more abruptly in the region of wy. Many applications call for

narrow band that pass the signal at one frequency and tend to reject signals at other frequencies.
6.4 Bandwidth, Quality Factor and Half Power Frequencies

At resonance I = I,,, and the power dissipated is
P, = I R watts.

Im,

V2

When the current is I = power dissipated is

P, 12
SO m—R watts.
2 2

From w — I characteristic shown in Fig. 6.3, it is observed that there are two frequencies

I
w1 and wy at which the current is [ = —n; As at these frequencies the power is only one half of

that at wg, these are called half power frequencies or cut off frequencies.

) current at half power frequencies I 1
The ratio, i = =
Maximum current V2I, V2
1
When expressed in dB it is 20log — = —3dB.

V2
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Therefore w; and wo are also called —3 dB frequencies.
I, E
V2 V2R
VER = |R + j(X;, - Xo)|
Therefore, the resultant reactance, X = X;, — Xo = R.

As the magnitude of the impedance at half-power frequencies is

The frequency range between half - power frequencies is ws — w1, and it is referred to as
passband or band width.
BW =wy —w; = B.

R
The sharpness of tuning depends on the ratio 7 a small ratio indicating a high degree of

selectivity. The quality factor of a circuit can be expressed in terms of R and L of the inductor.

L
Quality factor = Q = 0~
R
it iplyi . 1,
Writing wg = 27 f and multiplying numerator and denominator by 3 I, we get,
Q 2 f %ij2 9 %LL,LQ
=2nfo5——5= =20 X 75—
11,°R . 2RT

Maximum energy stored

total energy lost in a period

Selectivity is the reciprocal of Q.

woL 1
A = ——andwyl = —
S Q I and wy o’

1

Q =
woCR
) 1
and since wg = ——, we have
LC

N

6.5 Expressions for w; and w., and Bandwidth

At half power frequencies wy and wo,

_E E
V2R {R? 4+ (Xp - X0)?)?
1
|XL—XC|:R l.e., (A)L—E =R
1
Atw = wo, R=wy[ — —
w2 (,JQC

Simplifying, w3LC —wyCR—1=0
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Solving, we get

202 1 4L 2
RC ++/R2C?2+4LC R <R> 6.0

o) T 1o

2LC - 2L

Note that only + sign is taken before the square root. This is done to ensure that wy is always

w2 =

LC

positive.
Atw = wq, 1
— —w1L
wlC wi
= WILC +wCR—-1=0
Solvi —RC + VR2C? +4LC
vin wy =
g, 1 23LC
_ -R R\> 1
— 6.2
T 2L + (2L> * LC ©-2)
While determining w1, only positive value is considered.
Subtracting equation(6.1) from equation (6.2), we get
R
w9 —wy = 7 = Band width.
: wol e
Since Q) = T Band width is expressed as
B— R wo
=wy —w = =—.
2 1=7 = 0
and therefore Q= ¥ _ %
wo — w1 B

Multiplying equations (6.1) and (6.2), we get
R 1 R? 1

M=t e T T e W
or Wwo = \/Wiw2

The resonance frequency is the geometric mean of half power frequencies.

R 1
Normally — << ——, in which case Q > 5

2L VLC
R /1 R 1
Then, w1 >~ — oL + IC and wo ~ —L \/t

< d ",
_ n i
oL wo a w9 = o7 wo

w1 + wo . .
= Arithmetic mean of wy and woy

wo =

R
Since 7= @, Equations for w; and wy as given by equations (6.1) and (6.2) can be expressed

in terms of () as

wo w2
TR <Q>+%
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B 1 (LY
—0 g *(m)

1 1)°

R 1
Normally, — <<
2L VILC

Consequently w; and w9 can be approximated as

R, [1__R, __ B,
M="5r "V Ic ™ Top T T Ty T

JEBE LR’ B
“2=51 LC Top TWOT g T

w1t wa
= T

and then Q) > 5.

so that wo

6.6 Frequency Response of Voltage across L and C

As frequency is varied, both the voltages across L and C' increase with frequency upto wg and
they are equal at wg. But their maximum values do not occur at wg. V. reaches its maximum at
w < wp and V7, reaches its maximum at w > wy. This can be verified by calculating the frequency
at which each occurs.

6.7 Expression for w at which v; is Maximum

Current in the circuit shown in Figure 6.1 is

E
1= -
\/ R? 4+ (wL — =)
Voltage across L is
Ewl
Vj, = wLl = “ :
VR (L - gt)
Squaring
2 E?W2L?
2
R2 + (wL — i)
dvi?
This is maximum when — = = 0
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That is,
2 1
1)? 1
R? L-——) =(wL-— L+ —
+ (w wC) <w wC’) <w + wC)
RQ—I—wQ/ﬁ/—I— ! —2£ :wQ/E{— L
w2C? C w2C?
R*w?C% +1 - 2w°LC = —1
or W (2LC — R?C?) =2
UJ2 = —2
- 2LC — R2C?
_ 1
N R2C
re (1-%¢)
Let this frequency be wry,.
1
Then, w? =Wl il
1 ﬁ
1
wr = wo 1
]. W
That is, wy, > wy.
6.8 Expression for w at which v is Maximum
E
Now Ve = 5
wC\/R2 + (w?L — L)
E2
Ve = 202 ( p2 1)\2
w20 (B2 + (L - 7)°)
. . . d 2
This is maximum when d—(VC) =0.
w
That is,
E? |, 1 1 ) 1\?
- 2({wL—— | | L— —= 2w R L—— =
02 ”{ <°" wC’)( w20)+“{ +<°" wC) 0
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1 L
2 272 _ _
R+ w’L” + 7/} 72 2—0

Let this frequency be we

1
wo = wWo 1 — W
i.e., wo < wo
» ()
Variations of V¢ and V7, as functions of w
are shown in Fig. 6.6.
Figure 6.6
E E
We know that Vo = = e T XS IEAY (6.3)
\/WQCZ{RQ_i_(“’QLQCC’;)} VAR?W20? + (W2LC — 1)%}

Consider w?C2R? + (w?LC — 1)? and at w = w¢. Then equation(6.3) becomes

2
WEC?R? + (WELC —1)? = 3(1 2222)0232 {3(1 2222)Lc }

1 2
A
2 < ) - 2@2> 7
B n 1 1 n 1 1 1
a Q 4Q* C2Q' T 4Qt @2 4Q?
1 1
since 0= =wi and wyCR = 0
Substituting the above expression in the denominator of equation (6.3), we get
E
chm = 762
1— 552
1Q

6.9 Selectivity with Variable L

In a series resonant circuit connected to a constant voltage, with a constant frequency, when L is
varied to achieve resonance, the following conditions prevail:
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E
1. X¢ is constantand I = ———— when L = 0.
\/ R+ X2
ol . . v
2. With increase in L, X7, increases and I,,, = I at X, = X¢o

3. With further increase in L, I proceeds to fall.

All these conditions are depicted in Fig. 6.7 Vo pax occurs at
wp but V7, a5 Occurs at a point beyond wy.
L at which V;, becomes a maximum is obtained in terms of

other constants.

B EX,
{R? + (X, — X0)?}2
X3
CR?2+ (X, - X¢)?
2

This is maximum when —% = 0.
dXy,

|45

Figure 6.7

Vi

Therefore, {R* + (X1, — Xc)?*} 2X1, = X; {2(X, — X¢)}

R24+ X2+ X2 —2X; Xe=X?2 - XX

Therefore, X, = RQ;C:X(QJ
Let the corresponding value of L is L,,.
Then, L = C(R* + X})
and Lg = value of L at wg such that
1
wol = WO—C.

6.10 Selectivity with Variable C

In a series resonant circuit connected to a constant voltage, constant frequency supply, if C is
varied to achive resonance, the following conditions prevail:
1. X7, is constant.

2. X varies as inversely as C
when C = 0, I=0.
Vv

—, I=1,=—.

(,(JL m R

3. with further increase in C' [ starts decreasing as shown in Fig. 6.8, where C,, is the value of
capacitance at maximum voltage across C' and Cj is the value of the capacitance at wy.

when wC =
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C' at which V¢ becomes maximum can be determined in
terms of other circuit constants as follows.

EXe !

Vo = .

\/R2+(XL—X0)2 :i

! »C
V2 _ E2Xg~, CmCO
CT R4+ (X — Xo)? _

Figure 6.8

dv2
F imim V/, —C¢ =9

or maximim V, iXe

Then, {R’+ (XL - X0)*} 2Xe — X&{2(X, — Xo)(-1)} =0
R®+ X7 +X% - 2Xp Xo = - X Xc +X2

Xo=—7—"%L
c X,
Let the correrponding value of C be C,,.
L
Then, Con= 5553
R? + X}

6.11 Transfer Functions

6.11.1 Voltage ratio transfer function of a series resonant circuit and frequency response

For the circuit shown in Fig. 6.9, we can

write
. ¢ L
H(jw)= 20 _ Tt

Vs(jw)  R+j(wL— %) 3
B 1 [ R Vo
- s [ wL 1 _

L4y {? - wCR}

1

= (ol " Figure 6.9

1 +-7 {wgiRw - wwOOCR}

1

1+5Q % - 2|

e /e Ge)

[1+Q2 [w% - ‘Z?]z]

N[
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Let 6 be a measure of the deviation in w from wy. It is defined as

w — wo w

6= — -1
wo wo
w o owo 1 (6+1)2-1 62426
Th — - = =(6+1) - = —
e il Gk Al sy S+1 5+ 1
For small deviations from wg, 6 << 1. Then,
L0 L9
wo w
Th H(jw) ! ! / —tan~'2Q¢
en, Jjw) = - = — tan
L+72Q6 /1 +4Q%2

The amplitfude and phase response curves are as shown in Fig. 6.10.

o N}
1 ---------- 1 1
| R
H G| ¢ AT .
2 i ) Kz ¢
i 450 -f-—ood oD No--
| 1
1 w i a)

-90°

R

£
(=)
g
[S)

()

Figure 6.10 (a) and (b): Amplitude and Phase response of a series resonance circuit

6.11.2 Impedance function

The Impedance as a function of jw is given by

Z(jw) =R+ j (L - u})

For small deviations from wg, we can write

Z(jw) =~ R[1 + j2Q8] = R\/1 + 4Q282 tan™! 2Qé
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6.12 Parallel Resonance

The dual of a series resonant circuit is often considered as a parallel resonant circuit and it is as
shown in Fig. 6.11.

The phasor diagram for resonance is shown in Fig. 6.12.
The admittance as seen by the current source is

Y(jw)=Yr+ YL+ Yo

1 . 1 .

A Ic=VoC=VY,

1[4 4;* 1C¢ 1=VIR

VI, =VioL = VY,

Figure 6.11 Parallel Resonance Circuit Figure 6.12 Phasor Diagram

If the resonance occurs at wy, then the susceptance B is zero. That is,

1
C=—
o wolL
or
! d/ sec
wp = ra .
'T VIC

At resonance,

Ico = —1Ipo = jwoCRI
and

Inc =1co+1Io=0

The quality factor, as in the case of series resonant circuit is defined as

Q=2 Maximum energy stored
= 4T

Energy dissipated in a period
3CV2

m
1V2
2 R

=21 foCR = wyCR.
1
m,
R
:m,

=27

Since woC =



On either side of wy there are two frequencies at which
the voltage is same. At resonance, the voltage is maxi-
mum and is given by V,, = IR and is evident from the
response curve as shown in Fig. 6.13. At this frequency,

2

m

P = Pm =

V2

voltage is

power frequencies or cut off frequencies, since at these

frequencies,

S

p =
At any w,

At wq and wo,

watts.

times the maximum voltage are called half

2
()

R 2R

Resonance | 463

The frequencies at which the

Figure 6.13

= half of the maximum power.

1 1
—1ilwo - —
RH(‘” wL)

7| (3) (o)

Squaring,
1 1 1)\?
- = [ ——
oRZ T R <“’ wL)
1 1
Theref C——)=—
erefore, <w wL) i)
Atw = wo,
1 1
C——=—
T LT R
LC—1="22
(J)2 R
WiLCR — R —wyL =0
L+ VL?+4LCR?
Hence, wy =

2LCR

Note that only positive sign is used before the square root to ensure that wo is positive.

Thus,

Similarly,

So that, bandwidth

w2

_ L (iYL
~ 2RC 2RC LC
IR S AR TR
~ 2RC 2RC LC

1
B:w27w1:ﬁ

w1
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d L i + !
an = - -
w12 =\ 2RC LC
c  °
Thus, wo = /wiw2
1 R
A = — d — woRC = ——
S wo Jic and Q =uwy ool
e
Si 1 B
1mce — =
2RC 2
B B\*
d B2 2 +
n = —_—— R—
a. w1 9 B w
. wo
Using B =—,
Q _

1 2
w2 =uwo | ==+ 1+<2Q)

1 1\?2
and w1 =uwg —@—F 1+(2Q>

6.13 Transfer Function and Frequency Response

The transfer function for a parallel RLC circuit shown in
Fig. 6.14. is H(jw), the current ratio transfer function.

, Iy(jw) 1
H = =
) = 1 (Gw) ~ BV (i)
1 1 _ 1
RL+jwC—-2) 1+4jR(wC-2L)
1 1

o : [ wwogCR wo R - . w w
L (g -] 1440 (5 - )
As in the case of series resonance, here also let

w — wo w 1
wo B wo

6=

f

Figure 6.14 Parallel RLC Circuit
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then,
w o owo 62 + 26

wo w 6+1

For 6 << 1, for small deviations from wg

LA LYY

wo w

Therefore,
1

MU= g
6.14 Resonance in a Two Branch RL — RC Parallel Circuit

Consider the two branch parallel circuit shown in Fig. 6.15. Let E be the voltage across each of
the parallel circuit shown in the figure. The vector diagram at resonance is shown in Figure 6.1.

Ic g
b
EBc
! R ke EG, NS
> > )
} 7o,
L —e EB;

Figure 6.15 Two branch Parallel Circuit Figure 6.16

The admittance of the circuitis Y (jw) = G, — jBr + G¢ + jBe

For resonance,
B, = Be

If this occurs at w = wy),
1
woL w@0C

RIZ+w}L? R%L+ 78102

then

o WOC
R WEIC?41
L(14wiC? R%) = C(R: +w? L?)
wi(LC?* RL — L*C)=R3C - L
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L RC-
07 LC? R - I2C

1 R2C-L 1 R?-%

" LC(RLC-L) LC (R - L)
1 32 L
Therefore, w ¢
" Vic\ rR-L

This is the expression for resonant frequency. It is to be noted that

1. resonance is not possible for certain combination of circuit elements unlike in a series
circuit where resonance is always possible.

2. resonance is also possible by varying of Ry or R¢.

Consider the case where

R:L < =~ <R3

c
or I
R} < — < R?

LS o C
In both these cases, the quantity under radical is negative and therefore resonance is not pos-

sible.
The admittance at resonance of the above parallel circuit is

Ry, RC
Y0:<R2+X2 +R2+X2>S
L Lo C CVO

where X1, and X, are the inductive and capacitive reactances respectively at resonance.

| L
If Rr = Rc # o
1

then Wy = —
°" VIC
asin R, L, C series circuit.
L
It Ry, = Rc = e

which means I
R? = R? :R2:5:XLXC.

X X
Then, B, — Bo = 5ty — Y
RZ+ X2 R+ X2

1 1

=0

:XL—l-XC _XL+XC
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In this case, the circuit acts as a pure resistive circuit irrespective of frequency. That is, the

circuit is resonant for all frequencies.
In this case the circuit admittance is
_ Rg n Re
~ 2 2 2 2
R; + X7 Rz + XG

R+ X7 + R+ X2
=R 2 2 2 v2
R+ R*(X} + X2) + X7 X¢

2R? + X7 + X2
=R 2(v2 2
2R+ R?(X2 + X2)

R [2R*+ X} + X2
© R? [2R?+ X} + X2

¢

L

L

Z=R=4/2

or C

6.14.1 Resonance by varying inductance
If resonance is achieved by varying only L in the circuit shown in Figure 6.15 but with constant

current constant frequency source, then the condition for resonance is
Br, = B¢

X X, X
L - ¢ = 2% Where Z(%:R%—i—X(ZJ

= = =
R? +X? RL+X2Z Z%
X?Xo — XpZ& + XoR: =0

Z% + 1/Z4 —4X%R?
Solving, forXwe get X =

¢ | 74 2 P2 L
Therefore, =3 ZC +1\/Zs—4XERT since X, X¢o = Vol

The following conditions arise:

Then,

1. If Zé > 4X?2 R%, L has two values for the circuit to resonate.

1
2. For Z4 = 4XE R2, L = 502% for reasonance.

3. For Z}, < 4X2% R?, No value of L makes the circuit to resonate.
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6.14.2 Resonance by varying capacitance

As in the previous case, we have at resonance,,

By, = B¢
Xc X1 2 2 y2
= ———5 = —5, Where Z; = R} + X}
RL+XE 73
Simplifying we get,
XX, — XcZF + REXL =0
7} +./Z} —4X3RZ
Xc =
2X1,
2L
Therefore, C=

724 /7% — 4X2R2,

The following conditions arise:

1. For Z}f > 4X% R%, there are two values for C' to resonante.

2L

=.

Z7,

3. For Z} < 4X2 RZ, no value of C makes the circuit to resonate.

2. For Z ff =4X % R%, resonance occurs at C' =

6.14.3 Resonance by varying Ry, or R¢

It is often possible to adjust a two branch parallel combination to resonate by varying either Ry,

or Rc. This is because, when the supply is of constant current and, constant frequency, these

resistors control inphase and quadratare components of the currents in the two parallel paths.
From the condition By, = B¢, we get

X1, Xc

R? + X2  RL+ X2

X
2 L 2 X X )(2

X
R = \/LR% + X Xo — X2 (6.4)
Xc

This equation gives the value of Ry, for resonance when all other quantities are constant and
the term under radical is positive.

Similarly if only R¢ is variable, keeping all other quantities constant, the value of Ro for
resonanace is given by

X
Re = \/CR% + X, X0 — X2
XL

provided the term under radical is positive.
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6.15 Practical Parallel and Series Resonant Circuits

A practical resonant parallel circuit contains an inductive coil of resistance R and inductance L in
parallel with a capacitor C' as shown in Fig. 6.17. It is called a tank circuit because it stores energy
in the magnetic field of the coil and in the electric field of the capacitor. Note that resistance R¢
of the capacitor is negligibly small.

Condition for parallel resonance is shown by the phasor diagram of Fig. 6.18.

Io=1Ipsing
That is, Bc =By,
wL
RS =wC.

Let the value of w which satisfy this condition be wy.

L
Then, R? +W3L? = e (6.5)
L 1 1 R2C
2 2
=== — = 1=
“0 (c R>L2 LC( L)
1 R2C
wo = 1— 6.6)
0= 75 i3 (
+ —» ]
[ R VL ll(
E c==
\ .
Figure 6.17 Figure 6.18
Admittance of the circuit shown in figure 6.17 is
Y(jw) = =——— + jwC
(Jw) RijoL T
R JjwL
= - iwC
Brolle itz v
Atw = wy, Y (jw) is purely real.
. R
Hence, Y(jwo) = ——5— (6.7)

- R2 Wil
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Substituting for wg in equation (6.7),

R R RC
(o) = o 2o L-L ©8)
and the circuit is a pure resistive with Ry = R which is called the dynamic resistance of
2
the circuit. This is greater than R if there is resonance. However, note that if > 1, there is

no resonance.
Fig. 6.19 shows a practical series resonant circuit. The input impedance as a function of w is

wC

e
i -
() =dwL+ o sen ~Iga s oace

Condition for resonance is

wC
wb=Gey2ee
C 1 1 1
2_ (Y 2y -
°"<L G>02 LC  C’R?
1 L
=70\~ op2 Figure 6.19

_ 1 (L
Y= VLo CR?

Impedance at resonance is

G G L
G*+wC? £  CR
o . . L
The circuit at resonance is a purely resistive, and Zp = Ry = ——. However, note that here

CR

In both the circuits, shown in Figs 6.18 and 6.19, resonance is achieved by varying either C' or
L until the input impedance or admittance is real and this process is called tuning. For this reason
these circuits are called tuned circuits.

Series circuits

EXAMPLE BN
Two coils, one of Ry = 0.51 2, L; = 32 mH, the other of Ry = 1.3 Q and Ly, = 15 mH and

two capacitors of 25 pF and 62 pF are all in series with a resistance of 0.24 ). Determine the
following for this circuit

(i) Resonance frequency
(i) @ of each coil



(iii) @ of the circuit
(iv) Cut off frequencies

(v) Power dissipated at resonance if £ = 10 V.

SOLUTION
From the given values, we find that

Ry =0.51+1.3+0.24 = 2.05Q2
Ly=32415=47mH

25 x 62
C, = 2222 P = 17.816 uF
87
(i) Resonant frequency: .
wn =
' VLG,
B 1
VAT x 1073 x 17.816 x 106
= 1092.8 rad/ sec
(ii) @ of coils: I
. wol
For Coil 1 =
or Coil 1, Q1 R
1092.8 x 32 x 1073
= = 68.57
0.51
L
For Coil 2, Qg = 072
Ry
1092. -3
_ 092.8 x 15 x 10 _ 126
1.3
(iii) @ of the circuit:
Q . LU()LS
=R
1092. -3
_ 092.8 x 47 x 10 _ 95
2.05
(iv) Cut off frequencies: Band width is,
wo  1092.8
B=—= =43.72
Q 25

Considering ) > 5, the cut off frequencies,

B
W21 = Wo + 5 = 1092.8 + 21.856

Therefore, we = 1115 rad/sec and w; = 1071 rad/ sec.

Resonance | 471
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(v) Power dissipated at resonance:
Given E =10V

We know that at resonance, only the resistance portion will come in to effect. Therefore

E? 102
R 2.05 8.78 W
EXAMPLE ¥

For the circuit shown in Fig. 6.20, find the out put voltages at

1) w=uw
@ 0 125kQ  312mH  1.25pF
(i) w = w; — AN—TTT—]

(i) w = w9

when v4(t) = 800 coswt mV. () 50kQ S B
Figure 6.20
SOLUTION
For the circuit, using the values given, we can find that resonant frequency
1
wo = \/ﬁ
1

= 1.6 x 10° rad/ sec

T BL2x103x1.25 x 1012

Quality factor:
~wol
©="g
16x10°%x312x 1073 <
B 62.5 x 103 B
Band width:
wo
B=—
Q
1.6 x 10°
= % = 0.2 x 10° rad/ sec
As @ > 5,
n B
wo 1 = —
21 =W+ 5
= (1.6 4 0.1)10° rad/ sec
Hence, wo = 1.7 x 10° rad/ sec

and w1 = 1.5 x 10° rad/ sec
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(i) Output voltage at wy:
Using the relationship of transfer function, we get

501,
©62.51,,

=0.8 0°
Since the current is maximum at resonance and is same in both resistors,

v,(t) = 0.8 x 800 cos(1.6 x 10%) mV
= 640 cos(1.6 x 10%) mV

H(jw)|w:w0

At w; and wo, Zin = V2R, /+£45°. Therefore,
Rout 50

H(.jw)‘w:wl = Zi = \/5 > 625 &50
= 0.5657 /45°
and H(jw)|,—, = 0.5657 /45°

(i1) Out put voltage at w = wy
v,(t) = 0.5657 x 800 cos(1.6 x 10¢ + 45°) mv
= 452.55 cos(1.6 x 10°¢ + 45°) mV
(iii) Out put voltage at w = wy
Vo(t) = 452.55 cos(1.6 x 10%¢ — 45°) mV

EXAMPLE Kl

In a series circuit R = 6 €, wg = 4.1 x 10° rad/sec, band width = 10° rad/sec. Compute L, C,
half power frequencies and ().

SOLUTION
We know that Quality factor,
wo 4.1 x 108
@ B 105
woL
Al = —
S0, Q 7
QR 41 x 6
Therefore, L = 70 = m = 60 ,U/H
1
d =
an Q w()C R
1
H C=
ence, SOR
1
= 991.5 pF

T 41x105 x4l x6
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AsQ > 5,
B 10°
wo1=wpt —=4.1x10+ —
' 2 2
That is, wo = 4.15 x 10°® rad/ sec
and w1 = 4.05 x 10° rad/ sec
EXAMPLE ¥4

In a series resonant circuit, the current is maximum when C' = 500 pF and frequency is 1 MHz. If

C is changed to 600 pF, the current decreases by 50%. Find the resistance, inductance and quality
factor.

SOLUTION
[1Case 1
Given, C = 500 pF

I1=1,

f=1x10°Hz

= wo = 27 x 10° rad/ sec
We know that 1
wy = —
°~ VIO
Therefore, Inductance,
p_ Lo 10'2
WG (2m x 105)2 x 500
= 0.0507 mH
1 Case 2
When C' = 600 pF,
I, FE
I=—=— Zl =2
> —ap — |ZI=2R
VR2+X2=2R = X=V3R
X=X, —-X¢

10"

=2 x 10° x 0.0507 x 10 27 x 106 x 600

— 318.56 — 265.26
—53.30=V3R
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Therefore resistance,

R = 53.3 = 30.77Q2
V3
Quality factor,
wol  318.56
= — = _= ]_ .
Q R 30.77 0-35

EXAMPLE [fe¥]
In a series circuit with R = 50 €2, L = 0.05 H and C' = 20 pF, frequency is varied till the

voltage across C' is maximum. If the applied voltage is 100 V, find the maximum voltage across
the capacitor and the frequency at which it occurs. Repeat the problem for R = 10 €.

SOLUTION
] Case 1
Given R=50, L=005H, C=20uF
‘We know that
1 103
wo = = = 10° rad/sec
T VIC 0.05 % 20
Q:wOL _ 103 x 0.05 _
R 20
Using the given value of £ = 100 V in the relationship
FE
VC’m = Qi
/1 — L.
1Q2
100
we get Vom = ——==115.5V
1-1
1

and the corresponding frequency at this voltage is

/ 1
wo = wWo 1-— TCP
3 ].
=10 3= 707 rad/ sec

O Case 2
When R = 10 €2,
103 x 0.05
e T
1
VCm - b X 70(1) =5025V
1- 4x25

[ 1
we =10%/1 - =5 = 9% rad/ sec
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EXAMPLE [geXe)
(i) A series resonant circuit is tuned to 1 MHz. The quality factor of the coil is 100. What is the

ratio of current at a frequency 20 kHz below resonance to the maximum current?
(i1) Find the frequency above resonance when the current is reduced to 90% of the maximum
current.

SOLUTION
(1) Let w, be the frequency 20 kHz below the resonance, I, be the current and Z,, be the impedance
at this frequency.

Then we = 10% — 20 x 10® = 980 kHz
wa wo 980 LO“Q’

wo w, 103 980
= —40.408 x 1073 = 26

Now the ratio of current,

o _R_ 1
Lo Za 144(26)Q
B 1
1 —4100(40.408 x 10-3)
B 1
1 — 54.0408
=0.2402 /76°
(ii) Let wy, be the frequency at which I, = 0.91,,
I 1
Then — | =— =09
Im 1 + .7 (26)Q
1
or Vi4a2? = 09
where x = (26)100
1
Th 1+ 22 =— =1.2346
. LY
or z? = 0.2346
and o = 0.4843
We know that
6:ﬂ—1: 0.4843
wo 200
0.4843
H =14+ —
ence wp ( + 200 >w0

= 1.00242 MHz
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For the circuit shown in Fig. 6.21, obtain the values of wg and v¢ at wg.

10 Q

Figure 6.21

SOLUTION
For the series circuit,

wo =

= 107 rad/sec

1
vV LC
1
/ 1 _
4 x 7 x10 6

Vi =1251,,

At this wg, I = I,,,. Therefore,

and the circuit equation is
1.5=Vi+ (I, —0-105V1)10+ jVL, — jVe

Since Vi, = V¢, the above equation can be modified as
1.5 = 1251, 4+ 101,, — 1.05 x 1251,

1.5
H I, =
enee, ™= 375
4 L5 4x 109
an N R
© 375 103
= 1600 V
AWV 6.8
For the circuit shown in Fig. 6.22(a), obtain Z;,, and then find wg and Q.
10Q 1 mH
VN0 —o°
Ve ©
0.3V * ==30nF -~ Zin
O

Figure 6.22(a)
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SOLUTION
Taking I as the input current, we get

Vg = 101
and the controlled current source,

0.3V =0.3 x 101
=31

The input impedance can be obtained using the standard formula

Applied voltage  V/

Zin(jw) = =
i) Input current 1

(6.6)

For futher analysis, the circuit is redrawn as shown in Fig. 6.22(b). It may be noted that the

controlled current source is transformed to its equivalent voltage source.

3/t
JjocC <> v

Figure 6.22(b)

Referring Fig. 6.22(b), the circuit equation may be obtained as

o 4107 73
V=[1 1073w — — I
(Oﬂ O S0~ 30w x 109

Substituting equation (6.7) in equation (6.6), we get

4 % 10°
Zin =10+ (1073w - 22 0
30w

For resonance, Z;, should be purely real. This gives

4 x 109
1078w = ==
30w
Rearranging,
5 4x10°
W= —-—7
30 x 103

=0.133 x 10'?

6.7)
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Solving we get

w = wp = 1/0.133 x 1012

= 365 x 10% rad/ sec

Quality factor

_ wol

©="g
365 x 10° x 107°
B 10
=36.5

Parallel circuits

EXAMPLE el
For the circuit shown in Fig. 6.23(a), find wg, @, BW and half power frequencies and the out put

voltage V at wy.
400 uH 20kQ

+

— 80 k \V
100 pF

ImV

Figure 6.23(a)

SOLUTION
Transforming the voltage source into current source, the circuit in Fig. 6.28(a) can be redrawn as

in Fig. 6.23(b).

1
Then, wy=-—
Lo 20kQ

109
= /100 < 100 10 CD ioopr
=5 x 10° rad/ sec st O sk

Q =wiCR
=5x10°% x 100 x 1072 x 100 x 103 = 50
B0 _ 5 x 106
Q 50

Figure 6.23(b)
= 10° rad/ sec J
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As Q > 10,
B
wo 1 = iE + wo
10°
=5x 10° £ -
Hence, w2 = 5.05 Mrad/sec and w; = 4.95 M rad/ sec
Output voltage,
V =1x80kQ

~107% x 80 x 10°
45 x 106 x 400 x 106

=0.04 /=90° V

NI 6.10
In a parallel RLC circuit, C = 50 uF. Determine BW, @, R and L for the following cases.

(i) wo = 100,wy = 120
(i) wo = 100,w; = 80

SOLUTION
(1) wp = 100,we =120
We know that
Wy = \/W1wW2
Rearraging we get
2
w1 = ﬂ
w2
1002
=100 = 83.33 rad/sec

Band width
B=wy —w;
=120 — 83.33 = 36.67 rad/ sec

Quality factor,

100
- 36.67
We know that

Q- iL — woRC 6.8)

wo
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Rearraging equation (6.8),

Q
R=——
woC
2.73 x 10°
=——— =546
100 x 50
1
Similarl L=——
imilarly w%C
109
=—————=2H
1002 x 50
(i) wp = 100,w; = 80: Solving the same way as in case (i), we get
1002
=—— =125
27780
BW = B =125 — 80 = 45 rad/ sec
100
=— =222
@ 45

SNV 6.11
In the circuit shown in Fig. 6.24(a), vs(t) = 100 coswt volts. Find resonance frequency, quality

factor and obtain i1, i, 73. What is the average power loss in 10 k2. What is the maximum stored
energy in the inductors?

10k

I3

*il ¢12
V0 50mH >40k Y0 ==125puF

+
—-—

SOLUTION Figure 624(0)
The circuit in Fig. 6.24(a) is redrawn by replacing its voltage source by equivalent current source
as shown in Fig. 6.24(b).
Resonance frequency,
. vy(0) C* 10k S 50 mH 40k ——= .25 uF
Wo = ——— 10000
VILC
1
V50 x 1073 x 1.25 x 106 Figure 6.24(b)
= 4000 rad/ sec

Quality factor,
Q =woC Req
=4000 x 1.25 x 107 x 8 x 103
=40
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At resonance, the current source will branch into resistors only. Hence,

vs(t)
t) = (10k||40k2
o(t) = (10k9]|40k2) x 200
= 80 cos 4000t volts
i1(t) lags v(t) by 90°. Therefore,
80
11(t) = in 4 t
(1) = 5551073 x 4000 40000
= 400 sin 4000t mA
80
12(t) = ———— 4000t
2(t) = 355 1000 €5 4000
= 2 cos 4000t mA
ig(t) = —i1(t)
= —400sin 4000t mA
Average power in 10 k€:
802
Py=—V2 __
10 x 103
=0.32W

Maximum stored energy in the inductance:

1
E=_LI2
2
1
=5 X 50 x 1073 x (400 x 1073)?
=4mJ

AWV 6.12
For the network shown in Fig. 6.25(a), obtain Yj, and then use it to determine the resonance

frequency and quality factor.

4.4 mH I
o —
1 L 1 v
sC== R sL sL
(e,
Figure 6.25(a) Figure 6.25(b)

SOLUTION
Considering V' as the input voltage and [ as the input current, it can be found that

10kQ x [p =-V =101 = -V
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The circuit in Fig. 6.25(a) is redrawn by replacing the controlled voltage source in to its
equivalent current source by taking s = jw and is shown in Fig. 6.25(b). Referring Fig. 6.25(b),

10V 1 1
I——=V{sC+ =+ —
sL <S TR sL)
1 11
= I=V{sC+ =+ —
<s + i) + sL)
Input admittance, with s is being replaced by jw is
I j11 x 103
Yin=—=-—+jwl x1078 -2 ——
TR wx 44
12500
— 1074 4 jw x 1078 — 1228
w
At resonance, Y;, should be purely real. This enforces that
2500
1070w = =—
w
Therefore, wo = V108 x 2500
=500 K rad/ sec
Quality factor:
Q =woRC
=500 x 10 x 10* x 1078
=50

V=g 6.13

In a parallel RLC circuit, cut off frequencies are 103 and 118 rad/sec. |Z]| at w = 105 rad/sec is
10 ©2. Find R, L and C.

SOLUTION
Given
w1 = 103 rad/ sec
wo = 118 rad/ sec
Therefore

B =118 — 103 = 15 rad/ sec

Resonant frequency,

wo = /wiws
= /118 x 103 = 110.245 rad/ sec
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Quality factor
_
©=73
110.245
== = 7.35
Admittance,
1 1
Y == C—- —
R +J (w wL)
17 R
== |14 - =
il +J (wCR wL)}
1 [ wowCR  Ruwy
- — 1 —
R +J ( wo ww0L>}
. R
Since Q=wRC = —,
wolL
T
we get Y =— 1+jQ<wwO)]
R wop W
w wo 105 110.245
Note that L _ — o
ore Tk wo w 110245 105 00975
1
Therefore, Y = = (14 47.35(—0.0975))
1
= —(1—-50.7168) (6.12)
R
1 1.23
= Y| = S4/1+(0.7168)* = ===
V] = y/1+ (0.7168)° = =

1
It is given that | Z| = 10 and therefore |Y| = 0" Putting this value of Y in equation (6.9), we
get
1

1
— =1.23— =12.3Q
0 3R = R 3

From the relationship @ = woC'R, we get

woCR=17.35
735 1
~12.3 * 110.245
= 5.42 pF

Therefore,



Inductance, L

L=——
wgC

1

T 110.2452 x 5.42 x 10-3
—15.18 mH

SNV 6.14
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For the circuit shown in Fig. 6.26(a), find wy, V7 at wg, and V] at a frequency 15 k rad/sec above

w.

v

100mH
5k =—=7nF

Figure 6.26(a)

SOLUTION

Vi

Changing voltage source of Fig. 6.26(a) into its equivalent current source, the circuit is redrawn

as shown in Fig. 6.26(b).
Referring Fig. 6.26(b),

1
wyp = ——

vV LC
1

jox3x10 A

T /I00x10 6 x10x 10 9

= 10° rad/sec

Voltage across the inductor at wy is,

Vi =310% x 3 x 1072 x 5 x 103

100 mH
Sk =10 uF |

Figure 6.26(b)

=415V
Quality factor,

Q =wiCR
=10%x 10 x 107 x 5 x 103
=50

Given wq = wo + 15 k rad/sec

=15 x 10® 4 10°
=1.015 x 10° rad/sec

Wq wo

Now, — - — =1.015 - L =0.03

wo Wq

1.015



486 | Network Analysis

Using this relation in the equation,

1 . We  Wo
Y=—|1 —_ - —
Rl (52
=——(1+j .
5000( + 750 x 0.03)

=3.6 x 107* /56.31°

The corresponding value of Vj is

we get Y

Vi=1Y™!
= jwe x 3x 1079 x Y1
~ j1.015x10% x 3 x 1077

3.6 x 10—4 /56.31°
= 8.444 /33.69° V

VIR 6.15
A parallel RLC circuit has a quality factor of 100 at unity power factor and operates at 1 kHz and

dissipates 1 Watt when driven by 1 A at 1 kHz. Find Bandwidth and the numerical values of R, L
and C.

SOLUTION
Given f =1kHz, P=1W,I=1A,Q =100,cos¢p =1

wo  10% x 2m

0 00 - 207 rad/sec

Therefore R=1Q

1
~ 207 x 100
=159 uH
!
WL

10
(207)2159
—16.9 uF
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DNV 6.16
For the circuit shown in Fig. 6.27, determine resonance frequency and the input impedance.

(e

0.1H ——ImF

Figure 6.27

SOLUTION
Equation for resonance frequency is

Qlt~

|1 (R -
YLEAI e R% —

_ 1 22 — 100
SV 0.1x1073\ 1-100

= 98.47 rad/sec

Qe

‘We know that

X1, =wolL

=98.47 x 0.1
= 0.847 Q)
1

N W(]C

B 1
©98.47 x 1073
=10.16

and Xc
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Admittance Y at resonance is purely real and is given by

Y =G+ Gy +Gs

B 2 n 1 1
24+ (0.1w)? B 103

o5 1 ()
B 2 n 1 n 1
22498472 5 14 10.162
=0.23S

and the input impedance,
Z = L _ 4.35 ()
=y =4

VIS 6.17
The impedance of a parallel RLC circuit as a function of w is depicted in the diagram shown in

Fig. 6.28. Determine R, L and C of the circuit. What are the new values of wg and bandwidth if
C is increased by 4 times?

10Q

7.07 Q

1 : 1 > 0
"ot
SOLUTION Figure 6.28
It can be seen from the figure that
wo = 10 rad/sec
B = 0.4 rad/sec
R=10Q
Then Quality factor
wo 10
= =__ =295
@ BW 04
We know that
R 10
L =0.04 H

T Q@ 10x25
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As Q = woC R,
25
10 x 10 0-25
If C is increased by 4 times, the new value of C is 1 Farad. Therefore,
1 1 5
wp = — = —— =
T VIC Vo4
and the corresponding bandwith
1
B=—=01
RC

EXAMPLE [KeNIks
In a two branch RL — RC parallel resonant circuit, L = 0.4 H and C' = 40 pF. Obtain resonant
frequency for the following values of R}, and R¢.

(1) Ry =120; Rc =80
(i) Ry, = Rc =80
(i) Ry, =80; Rc =0
@iv) R = Rc =100

(v) Rr, = Rc =120

SOLUTION
As Ry, and R are given separately, we can use the following formula to calculate the resonant
frequency.
1 L
C
wo = 6.10
0 vV LC é (10

Let us compute the following values

LC =0.4 x 40 x 1076

=16 x 10°
L _ 250
VvVILC
L
~ =10
C
(i) R =120; Rc =80
Using equation (6.10),
1202 — 104
wo = 250

502 — 104
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As the result is an imaginary number resonance is not possible in this case.

(i) Ry = Rc =80

802 — 104
=2
“0 =200\ 502 100
= 250 rad/sec
(iii)) Ry =80; Rc =0
802 — 10*
wo = 250\ =
= 150 rad/sec
(iv) R, = R = 100
1002 — 104
=2 .
wo = 220\ 1902 108

As the result is indeterminate, the circuit resonates at all frequencies.

(v) Ry = Rc =120

1202 — 104

=2 -

wo =250\ 1902 108
= 250 rad/sec

NV 6.19

The following information is given in connection with a two branch parallel circuit:

Rr, =109, R = 20 Q, Xo = 40 Q, E = 120 V and frequency = 60 Hz. What are the
values of L for resonance and what currents are drawn from the supply under this condition?

SOLUTION
As the frequency is constant, the condition for resonance is

XL N Xc
R?2 +X? R+ X2
N X, 40 1
102+ X2 2024402 50
= X? — 50X 4100 =0

Solving we get
X =47913Q or 2.0870Q

Then the corresponding values of inductances are

L= & =0.127TH or 5.536 mH
w



The supply current is

I=FEG=F(GrL+G¢)

10
Th 1=120(— "
e (102 +47.9132
or =120 —5——
102 + 2.0872

Exercise Problems
EP A
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+ 0.02> =17A for X; =47.9130Q

+ 0.02> =127A for X; =2.087Q

Refer the circuit shown in Fig. E.P. 6.1, where R; is the source resistance

(a) Determine the transfer function of the circuit.
(b) Sketch the magnitude plot with R; # 0 and R; = 0.

R; L C
+
Vi) Vo SR
Figure E.P. 6.1
V, (s) Bs
Ans: H(s) = — = L
ns (s) Vi(s) g2 (R—i—Ri)S_'_i
L LC

6.2

For the circuit shown in Fig. E.P. 6.2, calculate the following:
(@fo, (bQ, (c) fe,, (d)f., and (e)B

125 kQ 312mH 1.25pF

+ +
Vit 50 kQ U, (1)
o o
Figure E.P. 6.2

Ans: (a) 254.65 kHz (b) 8 (c) 239.23 kHz (d) 271.06 kHz

(e) 31.83 kHz
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E.P 6.3
Refer the circuit shown in Fig. E.P. 6.3, find the output voltage, when (a) w = wg (b) w = w1, and

©) w = wea.
125kQ  312mH 12.5pF

+

800 cos @t mV 50 kQ2 Vo (1)

0

Figure E.P. 6.3

Ans: (a) 640 cos(1.6 x 106 t)mV
(b) 452.55 cos(1.5 X 10° t + 45°)mV
(c) 452.55 cos(1.7 x 108 ¢t —45°)mV

E.P 6.4
Refer the circuit shown in Fig. E.P. 6.4. Calculate Z;(s) and then find (a) wy and (b) Q.

10Q ImH
—\MA—TBTET—o0
03y ——30nF <ZL
O
Figure E.P. 6.4

Ans: (a) 364.69 krad/sec, (b) 36

6.5

Refer the circuit shown in Fig. E.P. 6.5. Show that at resonance, |V, |max = ?‘Vs‘l
—
R L
—o0
+
vy £0° @ —_—C v,
o

Figure E.P. 6.5
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E.P 6.6
Refer the circuit given in Fig. E.P. 6.6, calculate wy, @ and |V, |max

04 Q 3 mH
—O
+
12 coswt V 27 uF —— o(f)
o}
Figure E.P. 6.6

Ans: 3513.64 rad/sec, 26.35, 316 volts.

E.P 6.7
A parallel network, which is driven by a variable frequency of 4 A current source has the following

values: R = 1 kQ, L = 10 mH, C = 100 pF. Find the band width of the network, the half
power frequenies and the voltage across the network at half-power frequencies.

Ans: 10 rad/sec, 995 rad/sec, 10005 rad/sec

E.P 6.8
For the circuit shown in Fig. E.P. 6.8, determine the expression for the magnitude response, | Z;y, |
, _ 1
versus w and Z;,, at wy = Jic
R
AT
[
Zin ¢
—
(e,
Figure E.P. 6.8
. o (R—w?2RLC)2+(wL)? - 1
Ans: (@) |Zin| = \/ 1+(wRC)? ’ () |Zin| = \/m

E.P 6.9
A coil under test may be represented by the model of L in series with R. The coil is connected in

series with a variable capacitor. A voltage source v(¢) = 10 cos 1000 ¢ volts is connected to the
coil. The capacitor is varied and it is found that the current is maximum when C' = 10uF. Also,
when C' = 12.5uF, the current is 0.707 of the maximum value. Find @ of the coil at w = 1000
rad/sec.

Ans: 5
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E.P 6.10
A fresher in the devices lab for sake of curiosity sets up a series RLC network as shown in Fig.

E.P.6.10. The capacitor can withstand very high voltages. Is it safe to touch the capacitor at
resonance? Find the voltage across the capacitor.

R=3.75Q L=4H

V=1.520° ——C=025uF

Figure E.P. 6.10

Ans:  Not safe, |Ve|max = 1600V



Initial Conditions
in Networks

4.1 Introduction

There are many reasons for studying initial and final conditions. The most important reason is that
the initial and final conditions evaluate the arbitrary constants that appear in the general solution
of a differential equation.

In this chapter, we concentrate on finding the change in selected variables in a circuit when
a switch is thrown open from closed position or vice versa. The time of throwing the switch is
considered to be ¢ = 0, and we want to determine the value of the variable at ¢ = 0~ and at
t = 0™, immediately before and after throwing the switch. Thus a switched circuit is an electrical
circuit with one or more switches that open or close at time ¢ = 0. We are very much interested
in the change in currents and voltages of energy storing elements after the switch is thrown since
these variables along with the sources will dictate the circuit behaviour for ¢ > 0.

Initial conditions in a network depend on the past history of the circuit (before ¢ = 07) and
structure of the network at t = 07, (after switching). Past history will show up in the form of
capacitor voltages and inductor currents. The computation of all voltages and currents and their
derivatives at t = 07 is the main aim of this chapter.

4.2 Initial and final conditions in elements

=0
4.2.1 The inductor Qg
(e,
The switch is closed at t = 0. Hence t = 0~ corresponds i(t)
to the instant when the switch is just open and ¢ = 07 "
corresponds to the instant when the switch is just closed. <> v L
The expression for current through the
inductor is given by
t
. 1 Figure 4.1 Circuit for explaining
t= f / vdr switching action of an inductor
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= ZZi/’UdT-Fi/’UdT
o o-
t
= i(t)=14(07) + % /UdT
o—
Putting ¢ = 0™ on both sides, we get
o+
i(0%) =14(07) —i—i/vdT
o
= i(0%) =i(07)

The above equation means that the current in an inductor cannot change instantaneously.
Consequently, if i(07) = 0, we get i(0") = 0. This means that at t = 0T, inductor will act
as an open circuit, irrespective of the voltage across the terminals. If i(0~) = I,,, theni(0") = I,,.
In this case at t = 0, the inductor can be thought of as a current source of I, A. The equivalent

circuits of an inductor at ¢ = 0" is shown in Fig. 4.2.

Element Equivalent circuit at 7= 0*
(and initial condition)
L
oO—— Y9 ——o0 ¢} oc O
I f
—
o S EE— o o (D o
L U

Figure 4.2 The initial-condition equivalent circuits of an inductor

The final-condition equivalent circuit of an inductor is derived from the basic relationship

Y e
T

di
Under steady condition, @ _ 0. This means, v = 0 and hence L acts as short at ¢ = oo (final

or steady state). The final-condition equivalent circuits of an inductor is shown in Fig.4.3.

.E.le_ment - Equivalent
(and initial condition) circuit at 7 = o
L SC
o—WT—o  o© °
SC
1
—
o— WV ——o0 o— I, —O
L
O

Figure 4.3 The final-condition equivalent circuit of an inductor
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4.2.2 The capacitor =9
The switch is closed at t = 0. Hence, t = 0~ "‘?g ©
corresponds to the instant when the switch is T
just open and ¢ = 0T corresponds to the instant ; <¢> v ¢
when the switch is just closed. The expression
for voltage across the capacitor is given by l
t
v — l / idr Figure 4.4 Circuit for explaining
C switching action of a Capacitor
—00

0

N @(t):é/

t
1
0-
t

1

Evaluating the expression att = 07, we get
o+
S fiar = o0h =)
— [ udt v =v
C
o

v(0T) =v(07) +

Thus the voltage across a capacitor cannot change instantaneously.
If v(07) = 0, then v(0") = 0. This means that at ¢ = 0", capacitor C acts as short circuit.

Conversely, if v(07) = %0 then v(0T) = q—co. These conclusions are summarized in Fig. 4.5.

Element . oo
(and initial condition) Equivalent circuit at ¢ = 0*

I sC
+

Kl vy
c

O

-
0 |

<

Y, =

Figure 4.5 Initial-condition equivalent circuits of a capacitor

The final-condition equivalent network is derived from the basic relationship

dv
_o®
TV

. dv . ) .
Under steady state condition, i = 0. This is, at t = oo, ¢ = 0. This means that t = oo

or in steady state, capacitor C' acts as an open circuit. The final condition equivalent circuits of a
capacitor is shown in Fig. 4.6.
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Element

(and initial condition) Equivalent circuit at /= e

. 0C
o || o o o o o
o | s o o O oOCc o
' U
90
UOZF v()

Figure 4.6 Final-condition equivalent circuifs of a capacitor

4.2.3 The resistor

The cause—effect relation for an ideal resistor is given by v = Ri. From this equation, we find that
the current through a resistor will change instantaneously if the voltage changes instantaneously.
Similarly, voltage will change instantaneously if current changes instantaneously.

4.3 Procedure for evaluating initial conditions

There is no unique procedure that must be followed in solving for initial conditions. We usually
solve for initial values of currents and voltages and then solve for the derivatives. For finding
initial values of currents and voltages, an equivalent network of the original network at ¢t = 0% is
constructed according to the following rules:

(1) Replace all inductors with open circuit or with current sources having the value of current
flowing att = 0.
(2) Replace all capacitors with short circuits or with a voltage source of value v, = q—co if there
is an initial charge.
(3) Resistors are left in the network without any changes.
EXAMPLE Nl

Refer the circuit shown in Fig. 4.7(a). Find i1(0") and i1, (0"). The circuit is in steady state
fort < 0.

L P
i=2A <1> =0 S 19
|

Figure 4.7(a)
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SOLUTION

The symbol for the switch implies o0—O

that it is open at ¢ = 0~ and then i;(0") ‘ ‘iL(Oi)
closed at t = 0%. The circuit is J

in §teady state with the sw1tch. open. s Q) 0 o
This means that at ¢ = 07, induc- o

tor L is short. Fig.4.7(b) shows the

original circuitatt = 0.

Using the current division principle, ,
Figure 4.7(b)

2% 1
2t A
1+1

Since the current in an inductor cannot change instantaneously, we have

ir,(07)

ir(07) =iL(07) = 1A

Att = 07,41(07) = 2 —1 = 1A. Please note that the current in a resistor can change
instantaneously. Since at t = 0, the switch is just closed, the voltage across Ry will be equal to
zero because of the switch being short circuited and hence,

i1(0%) = 0A

Thus, the current in the resistor changes abruptly form 1A to OA.

EXAMPLE W4
Refer the circuit shown in Fig. 4.8. Find v¢(07). Assume that the switch was in closed state for
a long time.
1Q ><
t=0
+
o ()
Figure 4.8
SOLUTION

The symbol for the switch implies that it is closed at ¢ = 0~ and then opens at ¢ = 0T. Since the
circuit is in steady state with the switch closed, the capacitor is represented as an open circuit at
t = 0. The equivalent circuit at £ = 0~ is as shown in Fig. 4.9.
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—_ crA— Rl

ve(07) =4(07) Ry AAAA 0—0

Using the principle of voltage divider, l
aF A—
- ) R, V(00
V. 5% 1 V=5V C) Q 2 Vel
ve(07)= -5 Ry, =2""_9o5y -

R+ Ro 1+1 T
Since the voltage across a capacitor cannot
change instaneously, we have Figure 4.9

ve(07) = ve(07) = 2.5V
That is, when the switch is opened at ¢ = 0, and if the source is removed from the circuit, still
ve(0T) remains at 2.5 V.

EXAMPLE K
Refer the circuit shown in Fig 4.10. Find i1,(0") and vo(0T). The circuit is in steady state with

the switch in closed condition.

t=0
2Q 3Q
—VVVV ‘o><c NNV

+

1 .
\© T g

Figure 4.10

SOLUTION 2Q 3Q

The symbol for the switch implies, it is closed i(07) l
att = 0~ and then opens at t = 0. In order +0

to find v (07) and i7,(0~) we replace the ca- SV UC(O:)O I
pacitor by an open circuit and the inductor by
a short circuit, as shown in Fig.4.11, because
in the steady state L acts as a short circuit and
C as an open circuit.

Figure 4.11

5
iL(07)=——==1A
w0 =573
Using the voltage divider principle, we note that
5% 3
07) = =3V
vel0) =575

Then we note that:
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In the given network, K is closed at ¢t = 0 with
zero current in the inductor. Find the values

di d%i
of i, 2, % att = 0F if R = 8Q and I = 0.2H.
dt’ dt? -
Refer the Fig. 4.12(a). 12V C) L=02H
SOLUTION
The symbol for the switch implies that it is open Figure 4.12(a)
att = 0~ and then closes at t = 0. Since the K R=8Q
current ¢ through the inductor at ¢ = 0 is zero, it 0—0
implies that i(07) = i(07) = 0.
+
&i(0T) 20" 2 <—> 0 Lo
To find L and 212 :
Applying KVL clockwise to the circuit shown in .
Fig. 4.12(b), we get Figure 4.12(0)
di
Ri+L— =12
(T
di
= 8i + O.Zd—z —12 @.1)
Att = 07, the equation (4.1) becomes
di(0T)
8i(0%) +0.2 =12
i(07) + 7
di(0)
= 8 x0+40.2 =12
SR T
di(0T) 12
= ==
dt 0.2
=60 A /sec
Differentiating equation (4.1) with respect to ¢, we get
di d?i
8—+4+02—5 =0
@ ae
Att = 0%, the above equation becomes
di(0T) d%i(0F)
0.2 =0
s i dt?
d%i(0)
= 8 x 60+ 0.2 =0
X< OUF dt?
d2' O+
Hence i(07) = —2400 A /sec?

dt?
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EXAMPLE xS

In the network shown in Fig. 4.13, the switch is closed at ¢ = 0. Determine ¢,

d?i

di
att =0%.
Tdt’ di? 0

K

_0t>§0 R=10Q L=1H
v -

Figure 4.13

C=1uF

SOLUTION

The symbol for the switch implies that it is open at ¢ = 0~ and then closes at ¢ = 0. Since there
is no current through the inductor at ¢ = 07, it implies that i(0") = ¢(0~) = 0.

K R=10Q L=1H
—O0—O0—ANV\— T —
+
ovi i1) —— C=1uF
Figure 4.14

Writing KVL clockwise for the circuit shown in Fig. 4.14, we get
t

Ri+ L + / 4.2)
0
. di
= Ri + L% +ve(t) =10 (4.2a)

Putting t = 0T in equation (4.2a), we get

Ri (07) + Ldi(ﬂ +ve (01) =10

dt
di (07)
di (07) 10
= T—Z—IOA/SCC

Differentiating equation (4.2) with respect to ¢, we get

di d%ii(t)
Rt los+-5

d =0
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Att = 07, the above equation becomes

di (0F d% (0t) 4 (0t
LA07) ) 00
dt dt? C
= R 10+Ld2i(0+)+0—0
x dt? c
= 100 + & (O+) =0
dez2
d%i (0"
Henceat t =07, L = —100 A/sec?
dt?
EXAMPLE |i¥s]
Refer the circuit shown in Fig. 4.15. The switch ‘
K is changed from position 1 to position 2 at 1 l R=10%Q
t = 0. Steady-state condition having been

d
reached at position 1. Find the values of ¢, d—z, 20V (f)
2

d“1
— 0t
and@att—o.

SOLUTION Figure 4.15

The symbol for switch K implies that it is in position 1 at ¢ = 0~ and in position 2 at ¢t = 0.
Under steady-state condition, inductor acts as a short circuit. Hence at £ = 0™, the circuit diagram
is as shown in Fig. 4.16.

z’(O*):%—zA

Since the current through an inductor cannot change
instantaneously, i (07) =i (0~) = 2A. Since there is +
no initial charge on the capacitor, vz (0~) = 0. Since 20V <_>
the voltage across a capacitor cannot change instanta-
neously, ve (0%) = ve (07) = 0. Hence at ¢t = 0F
the circuit diagram is as shown in Fig. 4.17(a).

Fort > 07, the circuit diagram is as shown in Fig. 4.17(b). Figure 4.16

R=10Q R=10Q

@ )

Figure 4.17(a) Figure 4.17(b)

K
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Applying KVL clockwise to the circuit shown in Fig. 4.17(b), we get

t
di(t 1
Ri(t) + L Zd(t) +3 / i(r)dr = 0 “3)
o+
di(t
= Ri(t) + le(t) +oe(t) =0 (4.3a)
Att = 0T equation (4.3a) becomes
di (0T
Ri (0%) + L th ) 40 (07) =0
di (07)
= Rx2+1L I +0=0
= 20 + il (0+) =0
a
di (0%)
= = —20 A/sec
dt
Differentiating equation (4.3) with respect to ¢, we get
di — d* i
R—+L—+—==
dt + dt? + C 0

Att =07, we get
0+ 2: (0+ 0+
Rdz(O)+Ldz(0) 1(0):0

dt a "¢
d* (0%) 2
= Rx(-20)+L—5—+==0
x (—20) + 712 + 5
d2' ot
Hence, ld(t2) ~ —2 x 10% A /sec?
EXAMPLE Wy
In the network shown in Fig. 4.18, the switch is moved from position 1 to position 2 at ¢ = 0. The
di d%i
steady-state has been reached before switching. Calculate ¢, d—z and E; att =07,
1 2) 20Q
" 20 =0
40V C_
H —— luF

Figure 4.18



SOLUTION

The symbol for switch K implies that it is in posi-
tion 1 att+ = 0~ and in position 2 at t = 0". Under
steady-state condition, a capacitor acts as an open cir-
cuit. Hence at ¢ = 0, the circuit diagram is as shown
in Fig. 4.18(a).

We know that the voltage across a capacitor
cannot change instantaneously. This means that
ve (0F) =ve (07) =40 V.
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%o

20Q

v,(07)=40V

]

Figure 4.18(a)

Att = 0~, inductor is not energized. This means that i (0~) = 0. Since current in an inductor
cannot change instantaneously, ¢ (0+) =i (0~) = 0. Hence, the circuit diagram at t = 07 is as

shown in Fig. 4.18(b).

The circuit diagram for ¢ > 0% is as shown in Fig.4.18(c).

20Q
K AYAVAYAY,

Figure 4.18(b)

Applying KVL clockwise, we get

R=20V

— C=1uF

Figure 4.18(c)

t
di 1
Ri+LCZ]Zf+C/i<T)dT_O
o0+
. di
= RZ+L7+’UC(t):O
dt
Att =07, we get
di(0F
di(0"
= 20><0+1l(dt)+40=0
0+
= dz(d(i ) _ —40A / sec

Diferentiating equation (4.4) with respect to ¢, we get

di d?i i

R— 4L+ —==0

dt dt2 = C

4.4)
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Putting ¢ = 0 in the above equation, we get

di(0T) d%i(0t) 4(0h)
R L =
a " tTar o 0
d%i(0F) 0
= R x (—40)+ L — =0
x (—40) + w2 te
d2' ot
Hence 21(152 ) = 800A / sec?
EXAMPLE XS
In the network shown in Fig. 4.19, vy (¢) = e~* for t > 0 and is zero for all ¢ < 0. If the capacitor
d? d?
is initially uncharged, determine the value of dT? and dT? att =07,
10Q
—VVVV o,
Rl
D L c
v 0 F = R, S20Q v,
o
Figure 4.19
SOLUTION
Since the capacitor is initially uncharged, Ry v,(7)
v2(0T) =0 NVVV } o,
Referring to Fig. 4.19(a) and applying KCL
at node vy (t): o) C) T° § 2 .
’U2(t) - Ul(t) + Cdvg(t) + Ug(t) -0 B
R1 dt R2 I O
1 1 dvg(t) U1 (t) =
1 2 t 1 Figure 4.19(a)
dvo ¢
= 0.15vy + 0.05E =0.1le 4.5)
Putting t = 0T, we get
dvo (0T
0.1502(0%) + 0.05”2;) =0.1
dvg (0
= 0.15 x 0+ 0.05 Ucht ) 04
dvo (0 1
= v2(07) _ O = 2 Volts/ sec

dt  0.05
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Differentiating equation (4.5) with respect to t, we get

dvg d?vs ¢
A5—= 05— = —-0.1 4,
0.15 i + 0.05 72 0.1e (4.6)

Putting ¢ = 0 in equation (4.6), we find that
d?v2(0T)  —0.1-0.3 9
2 o0 —8 Volts/ sec
Again differentiating equation (4.6) with respect to ¢, we get
d2U d3U2

2
1 :
0.15—5 +0.05—5

=0.1e" 4.7

d37)2

Putting t = 0" in equation (4.7) and solving for W(OJF), we find that

vy (0T) 0.1+ 1.2

— 3
e S 26 Volts/ sec

EXAMPLE %Y

Refer the circuit shown in Fig. 4.20. The circuit is in steady state with switch K closed. Att = 0,

o . . dvg
the switch is opened. Determine the voltage across the switch, vy and ditb att =07,

b
+ _
O

t=0
|1

2 <> i 10
7F

Figure 4.20

SOLUTION

The switch remains closed at t = 0~ and open at t = 0. Under steady condition, inductor acts
as a short circuit and hence the circuit diagram at¢ = 0~ is as shown in Fig. 4.21(a).

Therefore, v (07) = v (07)
=0V
For t > 07 the circuit diagram is as shown in Fig. 4.21(b).
N\ + _
v, (07)=0 v

-O0—0
+ - 1
f 2
2V i(0M) 1Q 2V <> i(9) 1Q
=2A _

Figure 4.21(a) Figure 4.21(b)

1H
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dvg
i(t) = C——
i(t) o
At (t) = 0T, we get
, dvg (0F)
+) — o2 7
i(0T) 7

Since the current through an inductor cannot change instantaneously, we get

i(07) =4(07) =2A

-(0+
Hence, 2= CM
dt
dog(0) 2 2
T:62224V/Sec

EXAMPLE R0

In the given network, the switch K is opened at ¢t = 0. Att = 07, solve for the values of v, ditj
2
andﬁifI:2A,R:2OOQandL: 1H
dt? y
;
) A
® -
* ?
Figure 4.22
SOLUTION

The switch is opened at t = 0. This means that at ¢ = 07, it is closed and at t = 0™, it is open.
Since if,(07) = 0, we get iy, (07) = 0. The circuit at ¢ = 0T is as shown in Fig. 4.23(a).

lm?*) l lvgt) liL
® ¢ & SO |

Figure 4.23(a) Figure 4.23(b)

v(0T)=1R
=2 x 200
=400 Volts
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Refer to the circuit shown in Fig. 4.23(b).
Fort > 0", the KCL at node v(t) gives

t
t 1
I= 1? + L/U(T)d’l‘ 4.8)
o+
Differentiating both sides of equation (4.8) with respect to ¢, we get
1dv(t) 1
=———"+ —u(t 4.8

Ra W .

Att =07, we get

1 + 1

R dit
1 do(0t) 1
— 2 % 400 =
= 500 di + 1 x 400=0
do(0T
= ng ):—8><104 V/sec

Again differentiating equation (4.8a), we get
1 d?o(t)  1do(t) 0
R dat? L dt

Att =0T, we get
1 d?v(07)  1dvw(0F)
200 dt2 1 dt
N d?v(01)
dt?

=200 x 8 x 10*

=16 x 10% V/sec?

EXAMPLE RN
In the circuit shown in Fig. 4.24, a steady state is reached with switch K open. Att = 0, the

switch is closed. For element values given, determine the values of v, (0~ ) and v, (07).

10Q
AVAVAVAY,
10Q v, 20Q
AVAVAVAY, é AVAVAVAY, vy,
K =0

+ L
sv(i oo 2H
10Q

Figure 4.24
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SOLUTION

Att = 07, the switch is open and at t = 0T, the switch is closed. Under steady conditions,
inductor L acts as a short circuit. Also the steady state is reached with switch K open. Hence, the

circuit diagram at t = 0~ is as shown in Fig.4.25(a).

5 5 2
) ) = — _——= 7A

0 =3"1573

Using the voltage divider principle:
5 x 20 10
a 07 = = —

w0 = 15520 = 3

Since the current in an inductor cannot change instantaneously,
ot e 2
i (07) =1i(07) = 3 A.

Att = 07, the circuit diagram is as shown in Fig. 4.25(b).

10Q 10Q
VVV N —VWVW\
10Q (07

10Q Ua(of) 20Q 7

U(07)

i(0) +
K o) l ! 5V C)
+
()

K

20Q

1,07

<¢> i,(0")= % A

10Q ?
Figure 4.25(a) Figure 4.25(b)
Refer the circuit in Fig. 4.25(b).
KCL at node a:
0a(07) =5 v,(0%)  v,(0F) — v, (0T)
=0
10 + 10 + 20
1 1 1 1 5
e a P R |2 =2
= w07 [10 ST 20] w(07) [20] 10
KCL at node b:
w(0) — (0" () -5 2
20 10 3
1 1 1 5 2
_ +y | o | —+ =] ==_=
= va(07) [20] +u(07) [20 + 10] 10 3
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Solving the above two nodal equations, we get,
40
0h) ==V
va07) = 59

V= 4.12

+ (0t
dve(01)  dig(0)
dt dt
Assume that switch 1 has been opened and switch 2 has been closed for a long time and

steady—state conditions prevail at¢ = 0. Switch 2
O

/\ 1=0
o

2A

2Q 1Q
o NVVV
=0 lL‘

+
10V C) v = F % H

SOLUTION Figure 4.26

Find i7,(07),vc(01), for the circuit shown in Fig. 4.26.

o}

Switch 1

s

N | —

Att = 07, switch 1 is open and
switch 2 is closed, whereas att = 07,
switch 1 is closed and switch 2 is

open. . O——’\/&V\/—

First, let us redraw the circuit at ‘ll(o )
t = 0 by replacing the inductor + Q
with a short circuit and the capacitor v v (07
with an open circuit as shown in Fig. T_ T
4.27(a).

From Fig. 4.27(b), we find that
) L(Oi) =0

Figure 4.27(a)

2x1=2V

2Q 1Q
= —VVW—O0 o——Q—r\/\/\/\,—

Figure 4.27(b)
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Applying KVL clockwise to the loop on the ’\/i?V\f X ’\/\l/gi/\,
right, we get
—vo(07)—=241x0=0 +
vL

+
= ve(07)=-2V 10V<+> C:%F = vc

Hence,at t=07": i (07) =i (07) =0A
le
ve(01) = vo(07) = —2V {

The circuit diagram for ¢ > 07 is shown in

Fig. 4.27(c). Figure 4.27(c)
Applying KVL for right—hand mesh, we get
v, —ve +1ir, =0
Att =07, we get
v, (07) = ve(0%) —ir(07)
=-2-0=-2V
dig,
We know that v, = L—
dt
Att =0T, we get
dir,(07)  wp(07) =2
dt L 1 / sec
Applying KCL at node X,
ve—10 .
5 +ic+1i, =0
Consequently, att = 0T
10 — 0t
ic(07) :1;0() —i(0F)=6-0=6A
dve
Si c=C——
ince ic 7
dvc(0+) ic(0+) 6
We get, % - ¢ —1° 12V/sec

2

SNVIN=. 4.13

For the circuit shown in Fig. 4.28, find:
(@) i(07) and v(0T)

(0F +
(b) dzi{(i )and dv;(t) )

(c) i(o0) and v(o0)
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12V C> V

2H 04F —/—v

Figure 4.28
SOLUTION

(a) From the symbol of switch, we find that at t = 0, the switch is closed and t = 07, it is
open. Att = 07, the circuit has reached steady state so that the equivalent circuit is as shown in

Fig.4.29(a). 1o
(07)=—=2A
i07)= 5
0(07) =12V
Therefore, we have i(07) =i(07)
=2A

v(07) =v(07) =12V

(b) For t > 0", we have the equivalent circuit as shown in Fig.4.29(b).
—O (o,

ic(?)

i(07) l 6Q 4Q 6Q 4Q

12V <+> 12V <> i)
_ X . )
v == 10 4F

v (07) Vr &) 10H T

Figure 4.29(a) Figure 4.29(b)

b

Applying KVL anticlockwise to the mesh on the right, we get
vr(t) —ov(t) +10i(t) =0
Putting t = 0T, we get
vr,(0%) —0(0%) +10i(07) =0
= o(0")-12+10x2=0
= v, (07) = -8V
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The voltage across the inductor is given by

v, = L%
S op(0h) = Ldi(do:)
- ML o)
1
= 1—0(—8) = —0.8A/sec

Similarly, the current through the capacitor is

dv
7
~ dw(0t)  ic(0t)  —i(0%)
a4 Cc  C
= W =—-0.2 %10 V/Sec

(c) As t approaches infinity, the switch is open and the circuit
has attained steady state. The equivalent circuit at t = oo is
shown in Fig.4.29(c).

gég

[

4Q

@
+

V(o

3

Figure 4.29(c)

i(c0) =0
v(c0) =0
EXAMPLE QY
Refer the circuit shown in Fig.4.30. Find the following:
(@ v(0™)and i(0T) 30 0.25H
—MVWW—TT00
dv(0* di(0*
(b) o(07) and i07) Er

dt dt
0..1F ——v

n
(c) v(oo) and i(o0) <t> 40u(-1)V ’

50 4u(,)G>

Figure 4.30

SOLUTION

From the definition of step function,

1,t>0
“(t>:{0 t<0



From Fig.4.31(a), u(t) =0att = 0~.
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Similarly, wu(—t)= { é’ :i i 8
1,t<0
or “H):{owo

From Fig.4.31(b), we find that u(—t) = 1,at¢t = 0~.

u(t)
=0-
f=0+\ 1 1 /f
t=0*
=0 /
AN > 0 =1
Figure 4.31(b)

Figure 4.31(a)

Due to the presence of u(—t) and u(t) in the circuit of Fig.4.30, the circuit is an implicit
switching circuit. We use the word implicit since there are no conventional switches in the circuit

of Fig.4.30.

The equivalent circuit at ¢ = 0~ is shown in Fig.4.31(c). Please note that at ¢t = 07, the
independent current source is open because u(t) = 0 at ¢ = 0~ and the circuit is in steady state.

30 i(07)

40V <+> V)

l Current

5Q source

T (open)

Therefore ¢

(b) Fort > 0", u(—t) = 0. This implies that the independent voltage source is zero and hence
is represented by a short circuit in the circuit shown in Fig.4.31(d).
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30 0.25H a
—A—TTTO
—

Voltage q
source
(short) ¢

OR

A A
<
\|+
|
K
IS
—_
3!
wn
©

Figure 4.31(d)

Applying KVL at node a, we get o v
44i=C—+ -
+1 7t + 5
Att =01, We get
g do(0%)  w(0%)

4+i(0h)=C
+4(0M) T
dv(0%) 25
4 =0.1 —
= +5=0 7 5
_l’_
= dvgz ) =40V /sec
Applying KVL to the left-mesh, we get
di
|+ 0.255 +v =
3i+0 5dt +v=0
Evaluating at t = 07, we get
di(0T
3i(0%) 4+ 0.25 zgi ) 4 o(0%) =0
di(0*
= 3% 5+0.25 Z(dt)+25=0
. + _4
= dz(d(; ) = 10 = —160A/ sec

4
(c) As t approaches infinity, again the circuit is in steady state. The equivalent circuit at ¢ = co

is shown in Fig.4.31(e). )
3Q G

NMNN—O0—o0 l
Voltage § +
source V(o0) 5Q G) 4A
(short) @ T _

Figure 4.31(e)

A
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Using the principle of current divider, we get
4 x5
i(e0) <3 + 5)
v(00) = (i(c0) +4)5
=(-2.5+4)5
=7.5V

EXAMPLE Nl
Refer the circuit shown in Fig.4.32. Find the following:

1H
ST

(@ i(0") and v(0T) l.l

di(07) . dv(0T) "
(b) i and L Su(i) G) 50 ::%F v 15Q

(c) i(00) and v(o0)

Figure 4.32

SOLUTION

Here the function u(t) behaves like a switch. Mathematically,

1,t>0

u(t) = { 0,t<0
The above expression means that the switch represented by u(t) is open for ¢ < 0 and remains
closed for ¢t > 0. Hence, the circuit diagram of Fig.4.32 may be redrawn as shown in Fig.4.33(a).

1H
! | e
t=0 + +
§SQ UC::%F v §159
5A - -

Figure 4.33(a)

For ¢ < 0, the circuit is not active because switch is in open state, This implies that all the
initial conditions are zero.

That is, i(07)=0and v (07) =0

for t > 0T, the equivalent circuit is as shown in Fig.4.33(b).
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(1) §SQ TF

Figure 4.33(b)

From the circuit diagram of Fig.4.33(b), we find that
vo
5

7 =

Att =07, we get
Uc(0+) vc(O_) 0

i(0%) = = =_-=0A

5 5 5
Also v = 157y,

Evaluating at t = 0™, we get
v(07) = 15i1,(0™)
=15i,(07)=15x0=0V
(b) The equivalent circuit at t = 0 is shown in Fig.4.33(c).
We find from Fig.4.33(c) that

15Q

ic(07) = 5A
. vL(0+)_
O (o,
i~(07)
SA G) 5Q ‘ ‘
Figure 4.33(c)
From Fig.4.33(b), we can write
Ve = Y]
dvc di
= ——— =5—
dt dt
Multiplying both sides by C, we get
oo _ 50

dt dt



di
ic =502
= 1c L
Putting t = 0T, we get
di(0") 1
= _—i~(0F
i~ 50l
_ X 5
5(3)
=4A/sec
Also v =157,
dv diL
Y58
= ST
dv diL
— =151 x —
= dt [ “ ]
dv
15
= i vy,
Att =01, we find that
dv(0T)
= 15v.,(0"
= dt oL (07)
From Fig.4.33(b), we find that vz, (07) = 0
+
Hence, w =15x0
dt
=0V/sec

SNV 4.16
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In the circuit shown in Fig. 4.34, steady state is reached with switch K open. The switch is closed

att = 0. @i @i
. . . 11 12
Determine: i1, i3, — and — att = 0"
by dt
t=0
K
O
5Q
NV

e

10Q2

2H

Figure 4.34
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SOLUTION

Att = 07, switch K is open and at ¢t = 0V, it is closed. Att = 07, the circuit is in steady state
and appears as shown in Fig.4.35(a).

20
0 (07) = — 1.33A
2(07) = 1075

Hence, ve(07) = 10i2(07) = 10 x 1.33 = 13.3V

Since current through an inductor cannot change instantaneously, i2(07) = i5(0~) = 1.33 A.
Also, vc(01) =ve(07) = 13.3V.
The equivalent circuit at ¢ = 07 is as shown in Fig.4.35(b).

20 - 133 6.7

(07 = —F—"= =~ = 0.67TA
i (0") 10 10
5Q K
AVAVAVAY. O '} — .
i,(07) i(07) i1(07) i5(07)
10Q 10Q 10Q
20V <+> 20V <+>
y 33
1.33A
(0 13.3V
Figure 4.35(a) Figure 4.35(b)
For t > 07, the circuit is as shown in Fig.4.35(c).
Writing KVL clockwise for the left-mesh,
we get K o
) t L i
10@1 + = /il(T)dT =20 10Q
C 10Q
o+
20v ()
Differentiating with respect to ¢, we get
dip 1 1uF 2H
10— 4+ —=i; =0
0 7 + 011 T
Putting t = 0T, we get
Figure 4.35(c)
dip (0T) 1.
10 —i1(07) =0
a Tl
di1 (0T) -1

5 I0x1x 10761'1(0*) = —0.67 X 10°A/ sec
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Writing KVL equation to the path made of 20V — K — 102 — 2H, we get

Att = 07, the above equation becomes

=

=

EXAMPLE NN

2dis

10y + 222 = 20
12 + at
2dis(0F

10i5(07) + ”d(t> =20
2dis (0

10 x 1.33 4 24200) o
dis (0

ch(lS ):3.35A/sec

Refer the citcuit shown in Fig.4.36. The switch K is closed at t = 0. Find:

(a) vy and vg att = 0T

(b) v1 and vy att = oo
d

(©) % and

d?vq

dt?

dvg
—att=0"
a

(d att =07

SOLUTION

1=0
R, =10Q

—chKo—'vvv»
:t_
LoV <+> == 4uF ~*—
—v{

Figure 4.36

R,=10Q

2mH

(a) The circuit symbol for switch conveys that at ¢ = 0, the switch is open and ¢ = 07, it is
closed. Att = 07, since the switch is open, the circuit is not activated. This implies that
all initial conditions are zero. Hence, at ¢ = 07, inductor is open and capactor is short.
Fig 4.37(a) shows the equivalent circuit at ¢t = 0.

+
IOVC_

—o0

)

K 10Q
o AAYAAY
Ty i5(0%)
v](()*) 10Q2
v,(0%)

Figure 4.37(a)
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. 10
7,1(0+) = E =

v1(07) =0, i2(07) =0

1A

Applying KVL to the path, 10V source — K — 1092 — 109 — 2mH, we get
—10 + 10i1(0%) 4+ v1(07) +v2(07) =0
= —10+104+0+v2(0") =0

= v2(0T) =0

(b) Att = oo, switch K remains closed and circuit is in steady state. Under steady state
conditions, capacitor C' is open and inductor L is short. Fig. 4.37(b) shows the equivalent

circuit at t = oo.

10
) = =0.5
2(00) = 75770
11(00) =0
v1(00) =0.5 x 10 = 5V
v(00) =0
K 10Q
O O NVVV
i) 'f " Yiy(e)
v (®) 10Q
+
(@
V,(®)
Figure 4.37(b)
(c) Fort > 07, the circuit is as shown in Fig. 4.37(c).
K 10Q
——O0——O0—=>—"\A\\VV

+
10V C_) == 4uF -
2mH

Figure 4.37(c)
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19 = i/UQ(T)dT = v (t)

o0+

Differentiating with respect to ¢, we get

V2 - 1 d’Ul

L  Rydt

Evaluating at t = 0" we get

dvi(07) Ry n
dt - Lo 1)2(0 )

dvy (0T

Ulﬁgt ) =0V/sec

Applying KVL clockwise to the path 10 V source — K — 102 — 4uF, we get

t
1
—10 + 107 + ol / [i(T) —i2(7)]dT =0
o+
Differentiating with respect to ¢, we get

di 1
1 - — |7 —1 e
Odt + C [ =2} =0

Evaluating at t = 0", we get

di(0%) _ in(0%) — i(0)

dt C x 10
0_1 w0 i(0T) = i1(0%) 4+ 42(07)
= =140
—6
10 x4 x 10 — 1A
= —25000A / sec

Applying KVL clockwise to the path 10 V source — K — 102 — 102 — 2 mH,
we get

—10410¢ + 10i9 +v2 =0
= 100 +v1 +v2 =10

Differentiating with respect to ¢, we get

o dvr | dva

aa Ta
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Att =0T, we get

di(0)  do(07)  dun(0Y)
10 @ T a T a =0
dua (0
- 10(—25000) + 0 + ”2;: ) _y
d +
= UQ;S ) _ 25 x 101V sec

(d) From part (c), we have
t

1
7 /’UQ(T)dT = 11%
0+

Differentiating with respect to ¢ twice, we get

1 dvy 1 d?v,

Ldt 10 de?
Att =0T, we get

l dU2(0+) o i d21)1 (0+)

L dt 10 dt?
d?v1 (0%
Hence, ”;t(z) =125 x 107V / sec?

EXAMPLE NL)

Refer the network shown in Fig. 4.38. Switch K is changed from a to b at ¢ = 0 (a steady state
having been established at position a).

AR NOR

Figure 4.38

Show that at t = 0.
-V

S R Rt Ry

i3=20
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SOLUTION

The symbol for switch indicates that at t = 07, it is in position a and at ¢ = 0™, it is in position
b. The circuit is in steady state at t = 0~. Fig 4.39(a) refers to the equivalent circuit at t = 0.
Please remember that at steady state C' is open and L is short.

L, (07) =0, i, (Oi) =0, ve, (07) =0, v (07) =0
Applying KVL clockwise to the left-mesh, we get

—V 4+ve,(07)+0x R +0=0
= ve,(07) = V volts.

a .
— @ i (0)
O—AMA—
iy (0)
n 1

Figure 4.39(a)

Uc2 (07)

+

Since current in an inductor and voltage across a capacitor cannot change instantaneously, the
equivalent circuit at t = 07 is as shown in Fig. 4.39(b).

O

vc3(0+) =V

()
N

Figure 4.39(b)

i1(07) =i3(0™) since ir,(07) =0
i3(07) = 0 since ir,(07) =0

Applying KVL to the path vc,(07) — Ry — R3 — Ry — K we get,

V + Roi1(01) + R3ia(0%) 4+ R1i1(07) =0



308 | Network Theory

Since i1(07) = i2(0™"), the above equation becomes

—V =[Ry + Rs + R3]i1(07)
-V

Hence, i1(07) =iz(07) =

EXAMPLE RIE%

= A
Ry + Ry + R3

Refer the circuit shown in Fig. 4.40. The switch K is closed at t = 0.

. + . +
Find (a) Chlc(h?) and (b) dlzc(h?)

+
C) v(f) =V sin wt
- +

Ve C

|

Figure 4.40

SOLUTION

The circuit symbol for the switch shows that at
t =0 ,itis open and at t = 01, it is closed.

Hence, at ¢t = 07, the circuit is not activated. vs(o*)OI

This implies that all initial conditions are zero.
That is, v(0~) = 0and if,(07) = i2(07) = 0.
The equivalent circuitat ¢ = 0" keeping in mind
that Uc(0+) = ’Uc(o_) and iL(OJr) = iL(O_) is
as shown in Fig. 4.41 (a).

i1(07) = 0 and i5(0") = 0.

Figure. 4.41(b) shows the circuit diagram for ¢ > 0.

¢
1
Vosinwt = i1 R + C/il(T)

0+
Differentiating with respect to ¢, we get
div 1y
Vowcoswt = R— + —=
¢ dt  C

i5(0) ‘

Figure 4.41(a)
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dip(07) i1 (0TF) K
Vow=R o0—o0
oW dt C l iz
di1(0+) Vow 1
i - R A/ sec X .
dig n
Also, V,sinwt = io R + LE V()= V,sin wt(_)
Evaluating at t = 07, we get —‘r c L
diy (0T
0=14(0")R+ L ”C(lt )
2(0F Figure 4.41(b)
= diz(07) =0A/sec 9
dt
AV 4.20

In the network of the Fig. 4.42, the switch K is opened at ¢ = 0 after the network has attained

steady state with the switch closed.
(a) Find the expression for vy att = 0T,

di
(b) If the parameters are adjusted such that i(07) =1, a (d 0 = —1, what is the value of
the derivative of the voltage across the switch at ¢t = 0T, < )
+ Yk
K
(e,
t=0 i l
R, C
v(© AAMN—| L
- 11
Figure 4.42
K R,
SOLUTION o0—O0 W\/\,
Att = 07, switch is in the closed state and at

t=07%,itis open. Also att = 0, the circuit
is in steady state. The equivalent circuit at v
t = 0~ is as shown in Fig. 4.43(a).

i(07) =

— andve(07) =0

Ry

C

)

Figure 4.43(a)
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Fort > 0™, the equivalent circuit is as shown in Fig. 4.43(b).

From Fig. 4.43 (b),
i

1
vg = Ryt + — /i(T)dT

C
0+
= vg = Rii + veo(t)
Att =0T, UK(OJF) = Rli(OJr) + ’Uc(OJr)
+ 14 -
= vK(O ) =Ri— + ’Uc(O )
Ry
=R, ;volts
+ _ R,
o X o AN

Figure 4.43(b)

(b)
t
=R '+1/'( )d
Vi = 1111 C N\T)aT
o+

dvg di )

= — = —
dt TG
Evaluating at t = 0", we get

do (0%) _ p, di(0%) i(0")

a Y C
1
:Rlx(_1)+6

1
=c R;volts/ sec
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Reinforcement Problems

R.P 4.1
Refer the circuit shown in Fig RP.4.1(a). If the switch is closed at ¢ = 0, find the value of
d2- 0+
d%i1(07) att =07,
dt?
2mH
18 A
10Q2 § / § 50Q
|1
+ -
1
@mF
Figure R.P.4.1(a)
SOLUTION

The circuit at t = 0~ is as shown in Fig RP 4.1(b).

Since current through an inductor and voltage across a capacitor cannot change
instantaneously, it implies that iz,(0") = 18A and vo(07) = —180 V.

The circuit for t > 07 is as shown in Fig. RP 4.1 (c).

if(07)=18A 2mH i
-
18 A

10Q § / 18A § 50Q 10Q2 § / §SOQ

- |1

o © o

Ve (07) =180V 288 F
Figure R.P.4.1(b) Figure R.P.4.1(c)

Referring Fig RP 4.1 (c), we can write

t
i
2 x 10—3% 4 60ig, + 288 x 103/iL(t)dt -0 (4.9)

0+
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Att =0T, we get

dir(0%)  —60 x 18 + 180
dt  2x1073
= —450 x 10® A/ sec

Differentiating equation (4.9) with respect to ¢, we get

42 di
3L L 602 1 988 x 10%i, = 0

2 x 10 2 7

Att =0T, we get

%, (07)  60(450)10% — 288 x 103(18)

ez 2x 103
= 1.0908 x 10'° A/ sec?

42

d*ve (0T v (0t
For the circuit shown in Fig. RP 4.2, determine DCZ(Q ) an Ugtg ) .

24Q 2mH
—\VVWV OO0
— iL
+11 ‘ic
11 o
1
wF
e
2 u(?)
Figure R.P.4.2
SOLUTION
Given N
. 2,t>0
i(t) = 2u(t) = { 0,t<0"
Hence,att =0 ,vc(07) =0and i (07) =0
For t > 07, the circuit equations are
1 dvc(t) 1
— t)dt = —2 4.10
=2 +2/UL<) (4.10)
0+
i dve (t)

o q T =-2 (4.11)
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[Note : i + i, = —2 because of the capacitor polarity]
Att = 07, equation (4.10) gives

1 dve(0T)

- ; +y —
61 di +1i,(07) 2

Since, i,(07) = ir(07) = 0, we get

1 dve(0T) B
61 ar V=72
dvc(0T)

= — = —128 volts/ sec

Differentiating equation (4.10) with respect to ¢ we get

1 d?ve(t)

a4 L(t) =0 (4.12)

L
2
. 1
Also, ”C ”L = / ordt =if, (4.13)

Att =07, we get
Uc(0+) — UL(0+)
24
Since vo(01) = 0andif,(07) = 0, we get vy, (0F) = 0.
Att = 0T, equation (4.12) becomes

=ir(07)

1 d?vc(0F) 1

S —— —_— + pr—
64 di2 5un(07) =0
1 d®ve(0t) 1
e 0=0
= 61 a3~
d2vc(0+)

Differentiating equation (4.12) with respect to ¢ we get

1 Pve 1dug

il i . 4.14
64 dt3 +2 dt 0 ( )

=

Differentiating equation (4.13) with respect to ¢, we get

dvo _ dvr,
dt_ dt _ 1

= 7/UL

24 2



314 | Network Theory

Att =0T, we get

N dt - dt _ %UL(OJF)
128 — ded(;l )
= 7 =0
= ded(tOjL) = —128 volts/ sec

Att = 0T, equation (4.14) becomes
1 dPog(0F) | 1dug(07)

64  dt? > ar
dPvc (0"
= Uc(;tg) = 4096 volts/ sec®
R.P 4.3

In the network of Fig RP 4.3 (a), switch K is closed at¢ = 0. Att = 0~ all the capacitor voltages
and all the inductor currents are zero. Three node-to-datum voltages are identified as vy, vy and
v3. Find att = 0T:
(1) v1, U2 and V3
dv1 dv2 dU3

W 7 @ ™ g

K Ry
LY FREPIIN
v() C) C, ==

Figure R.P.4.3(a)

SOLUTION

The network at t = 0™ is as shown in Fig RP-4.3 (b).

Since vo and ¢, cannot change instantaneously, we have from the network shown in
Fig. RP-4.3 (b),

v1(07)
v (0)
v3(0™)

Il
o o o
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R, (07

+
e

Figure R.P.4.3(b)

For ¢t > 0™, the circuit equations are

t A
1
Vo, = a 11dt
0+
t
1 .
Vo, = 62 iodt 4.15)
o0+
t
1
ves = 63 ’l3dt
(s )
From Fig. RP-4.3 (b), we can write
) v(0T)
i(0T) = —~,
1(07) R
07) —ve(0T
in(0F) = v1(07) —wva(07)
Ry
and i3(07) =0

Differentiating equation (4.15) with respect to ¢, we get

dve, _iil dve, —i—Qand dvc, _ii
dt  C, dt Oy dt  Cy
Att = 07, the above equations give
dvl(0+) - i1(0+) o U(0+)
d — C1  RC
dU2(0+) _ i2(0+) _ U1(0+) — ?JQ(O+) _0
dt a Cy o R5Cy N
+ O+
and dvz(0T) _ i3(07) 0

dt Cs
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R.P 4.4
For the network shown in Fig RP 4.4 (a) with switch K open, a steady-state is reached. The circuit
paprameters are R; = 10€), Ro = 20Q), R3 = 202, L = 1 Hand C = 1uF. Take V = 100

volts. The switch is closed at ¢t = 0. x é(
t=0
(a) Write the integro-differential R
equation after the switch is NV
closed. ’4
R
(b) Find the voltage V, across C' be- ? §R3
fore the switch is closed and give i .
. . vy — i
its polarity. pr— *
(c) Find iy andip att =07 ; =
. dig dig
d) Find — and — att = 0.
(d) Fin 7 an 7 0
What is the value of 2!
(e) at is the value o q at Figure R.P.4.4(a)
t = o0?
SOLUTION
The switch is in open state at ¢ = 0~ . The network at¢ = 0~ is as shown in Fig RP 4.4 (b).
R,
NVVV
(0
Ry R
(0
s ((07) ‘ 3
V —
Ve(0)
Figure R.P.4.4(b)
Vv 100 10
00 =R T30 3
10 200
VC(Oi) = le(oi)RQ = ? x 20 = 7 volts
Note that L is short and C' is open under steady-state condition.
For t > 01 (switch in closed state),
di
we have 200, + % = 100 (4.16)
¢
and 20i5 4 10° / iadt =100 4.17)

0+
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10

Also i1(07) = i1(07) = ) A
200
and Ve (0T) =Ve(07) = 3 Volts
From equation (4.16) at t = 0,
di1 (0" 10
we have u(07) =100 — 20 x —
dt 3
100
—— A/sec
From equation (4.17), at t = 0T, we have
200 5
0t 100 — — — A
2(07) = 20 [ 3 ] 3
Differentiating equation (4.17), we get
di
20% +10%5 =0 (4.18)
From equation (4.18) at ¢t = 0, we get
20dio (0T
20d2(07) 567, (0+) = 0
dt
dis(0F) =100 x 2
N ia(0") _ X3
dt 20
_ —10°
A/ sec
12
Att = o0
100
— A
Zl(OO) 20 5
diy
s =0
5 ()
45
d2' 0+
For the network shown in Fig RP 4.5 (a), find 161152)
The switch K is closed at ¢ = 0.
K R, R,
o— VW AR
=0
0 <+> @ c = @ %L

Figure R.P.4.5(a)



318

| Network Theory

SOLUTION

Att = 0, we have vo(0~) = 0 and i2(0~) = i1 (0~) = 0. Because of the switching property
of L and C, we have vo(0%) = 0 and i3(0") = 0. The network at ¢ = 07 is as shown in
Fig RP 4.5 (b).

w®

Figure R.P.4.5(b)

Referring Fig RP 4.5 (b), we find that
: v(07)
0 = —~—-~
00" = =5

The circuit equations for ¢ > 0% are

t
1
Ryt + E /(Zl — ig)dt = U(t)
o0+

t

. 1 o dio
and Roig + 6 / (22 — Zl)dt —i—LE =0
o+
N—
ve (t)

Att = 07, equation (4.20) becomes

dia (0T

Raia(01) + ve(07) + L ”ét ) _ 0
dia(0T)
=0
- di
Differentiating equation (4.19), we get
dil 1 . . dv(t)
R - — — =
g teli- ==
Letting t = 0" in equation (4.22), we get
diy(07) 1 . dv(0T)
R —{i1(07) —ix(0M)} =
=g T ) -0 ==y
N di1 (0T) _ 1 dv(0T) _ v(0T)
dt - Ry dt R C

}

(4.19)

(4.20)

4.21)

4.22)

4.23)
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Differentiating equation (4.22) gives
d2i1 1 |:di1 di2:| B dQ’U(t)

ol a @ T ae

R’y

Letting t = 0T, we get
d*i (0F) 1 [dig(0F) di2(0+)] _ d*u(0T)

Ry

dt? C dt dt dt?
d%i1(01) 1.di1(07)  d?v(0T)
Ry )2
- e cdi a2
d?iy (0" 1 [ 1 do(0" 1 d*v (0"
_ a(0") 1 dov(07) —u(0) +L
dt? RiC | Ry dt RiC dt?
R.P 4.6
Determine v,(07) and v,(0") for the network shown in Fig RP 4.6 (a). Assume that the switch
is closed at t = 0. 100
—— \WW———
10Q2 v 20Q

Figure R.P.4.6(a)

SOLUTION
Since L is short for DC at steady state, the net-
work att = 0~ isas shownin Fig. RP 4.6 (b). 10Q
Applying KCL at junction a, we get
10Q 0)  20Q
0(07) =5, va(07) — w0y (07) _ ) o0
10 20
liL(O_)
Since v,(07) = 0, we get N
v,(07) =5  v,(07) -0 SV — I
0 "2 ) 10€2
0.5 10

= a(07) = ——— = —volt

va(07) = 515005 ~ 3 VOIS

Figure R.P.4.6(b)
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Also, ’I:L(O_) — iL(OJr) _ Ua,(oi) + 3

Fort > 0%, we can write

Vg — D Uy Vg — Up

0 10 0 0
vp— Vg Up—DH .

d =0
an 20 10 W
Simplifying at ¢ = 0T, we get

1 1 1
- _ = +y =
10a(0) — 55001 = 3
1 3 1

d 0 4 B0t =

an 20Ua(0 ) + 20Ub(0 ) 6

40
Solving we get, v,(07) = ST 1.905 volts

Exercise problems

E.P 4.1

Refer the circuit shown in Fig. E.P. 4.1 Switch K is closed at t = 0.
di(0 d%i(0F
i(0h) (0%

Find i(07), = -
K R=50Q
o) AYAA'A%
t=0
—_— C=2uF
10V — O "
Figure E.P.4.1
di(0T d2i(ot

Ans: i(0F) = 0.2A, Z(dt) = —2 x10%A/ sec, zl(t2) = 20 x 106A / sec?
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42

di
Refer the circuit shown in Fig. E.P. 4.2. Switch K is closed at t = 0. Find the values of i, “ and

d?i
K
R=100Q
‘o) AYAA'AY
=0
lov = §L=1H
Figure E.P.4.2
di(0T d%i(0t
Ans: i(0T) =0, ZElt ) =10 A/ sec, Zl(tz) = —1000 A/ sec?
E.P 4.3

Refering to the circuit shown in Fig. E.P. 4.3, switch is changed from position 1 to position 2 at

o . - . odi d*
t = 0. The circuit has attained steady state before switching. Determine ¢, X and p7o) att =07,

20Q

1=0
+

sov () 2
@ ——IpF

1H

Figure E.P.4.3

di(0T d?i(0t
Ans: i(0T) =0, liit ) — —40 A/ sec, zl(t2)

= 800 A/ sec?
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E.P 4.4
In the network shown in Fig. E.P.4.4, the initial voltage on C; is V,, and on Cs is V;, such that
d d
v1(07) =V, and v2(0~) = V4. Find the values of % and % tt=0".
t=0
R
o AVAVA'AY o 0
+ K +
v, == C -G v,
o %)
Figure E.P.4.4
dvi (0T W — V. dvy (01 Vo — Vi
Ans: vi(07) _ Vo *V/sec, v2(07) _ Va ®V/ sec

dt ~ C1R dt - C:R

45

In the network shown in Fig E.P. 4.5, switch K is closed at ¢ = 0 with zero capacitor voltage and
2

. . dv
zero inductor current. Find .2 att =07,

dt?
K R,

| O—A MW\
t=0 +

v (L

Va <+> - == C

— +

Uy R,

Figure E.P.4.5

d2U2(0+) _ R2Va

— Vv 2
dt2 RiL,C, ¥/

Ans:
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46
2

d
In the network shown in Fig. E.P. 4.6, switch K is closed at t = 0. Find % att = 0t.

X
(o]
+0O

Figure E.P.4.6

d21}1 (0+ )
dt?

a7

Ans: =0V/sec?

di(0F
The switch in Fig. E.P. 4.7 has been closed for a long time. It is open at ¢ = 0. Find Zilt ),
dv(0F
”;t ) i(00) and v(co).
40 0.25H
AAA% IO
_.>
1
2Q
+ +
12V<_> 0.1F ==y
K
=0 -
Figure E.P.4.7
di(0t dv(0T
Ans: zElt) = 0A/ sec, ’Ugt) = 20A/sec, i(o0) = 0A, v(oo) =12V



324 | Network Theory

48

In the circuit of Fig E.P. 4.8, calculate i7,(0™),

dir(0%) dvc(0T)

, vR(00), ve(00) and if,(00).

e~ dt
4Q
AAAY .
+
+ % F I)C
3u(t)AG> RS 20 - 0.6H
_ 20V
Figure E.P.4.8
dig, (0t
Ans: i, (0T) =0A, zLét) =0A/sec
dvc (0T
Ucd(t) =2V/sec, vr(oo) =4V, vc(oo) = —20V, ir(oco) =1A
EP KX
Refer the circuit shown in Fig. E.P. 4.9. Assume that the switch was closed for a long time for
dir, (0
t < 0. Find i,(07) and i7,(0"). Take v(0T) =8 V.
8Q
AYAYAYAY
ZIHIF 8mH
{1 1A
+
5AG> (34’:0 <+>8V 2Q§ .
O —
Figure E.P.4.9
dig (0t
Ans: ip(0t) =4 A, PO g4 sec

dt

4.10

Refer the network shown in Fig. E.P. 4.10. A steady state is reached with the switch K closed and
dvy(07T)
at

with 7 = 10A. At ¢t = 0, switch K is opened. Find v5(0") and
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a

+0

—_—

O
Figure E.P.4.10
dva(0T) 10R, R,
Ans: v2(0T) =0 = V/ sec.
2(07) =0, dt Co(Ra + Ry)(Ra + R.) /
EP KRN
Refer the network shown in Fig. E.P. 4.11. The network is in steady state with switch K closed.
dvy, (0"
The switch is opened at ¢ = 0. Find v;,(0") and Uka;t)
C(]
||
I + Vi
R, R, 5)/
—\VVW VVVV o—
t=10

Figure E.P.4.11

Vo Rc

Ans: v (01) = R+ Ry + R

Volts,

d’l)k(0+) _ Va,(Ca. + Cb)
dt  (Ra+ Ry+ R.)(CaCyq+ CboCq + CpCa)

4.12

Refer the network shown in Fig. E.P. 4.12. Find

V/sec

d%i1(07)
de?2
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1=0
_ 4 i £ i
v(?) = 10cost <> (_1> =C, (2> L,

Figure E.P.4.12

d?i;(0t) 1 10 2
Ans: iz = R—a [—10 + RgCg] A/ sec

413

Refer the circuit shown in Fig. E.P. 4.13. Find
K R, Ry
o MV AYAVA'AY
=0

t
o(e)=10sins ( i =C, iy
_ Ll

di (0 L .
il ) Assume that the circuit has attained

steady state att = 0.

Figure E.P.4.13
di;(0T) 10
Ans: ———~ = —A
ns at Ra / sec
E.P 4.14

Refer the network shown in Fig. E.P.4.14. The circuit reaches steady state with switch K closed.
dv1(0T) and d?vo(07)

At a new reference time, ¢t = 0, the switch K is opened. Find 5
(=0 dt dt
K R,
o—\WWWv
+
L, Uy
10V <+> c, == -
- +
R b Uy

Figure E.P.4.14
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dv (0F) —10 d?vs(07) —10R, 2
Ans: — Vv = VvV

NS CoRu+ Ry /%% —a ToCa(Ra + Ro) /5
A .15

The switch shown in Fig. E.P. 4.15 has been open for a long time before closing at ¢ = 0. Find:
io(oi), Z'L(Oi) i0(0+), iL(0+), io(oo), ’LL(OO) and UL(OO).

10Q 40Q 200
—VVWV\A— o
JF
+
12V C_) § 120Q 100mH v
o

Figure E.P.4.15

Ans: i(07) =0, ir(07) =160mA, i9(0") =65mA, i5(0") = 160mA,
’Lo(oo) = 225mA, lL(OO) = O, ’UL(OO) =0

416

The switch shown in Fig. E.P. 4.16 has been closed for a long time before opeing at t = 0.
Find: i1(07), i2(07), i1(07), i(0™). Explain why i2(07) # i2(0™").

15kQ ::P( 15kQ
VY o MWWV

. I
lzi
+
9V C_) 15kQ 30mH

Figure E.P.4.16

Ans: i1(07) =1i2(07) = 0.2mA,i5(07) = —i; (07) = —0.2mA
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E.P 4.17

The switch in the circuit of Fig E.P.4.17 is closed at t = 0 after being open for a long time. Find:
(a)i1(07) and i5(07)
(b)i1(07) and i5(0™T)
(c) Explain why i1 (07) = i1 (0T)
(d) Explain why i2(07) # i2(0™)

100pA
m 0.4pF
- |1
N> 1l
20kQ 5kQ 10kQ
AVAYAAY, NV AVAYAYAY,
— —_—
i b
10V <> A( t=0 §5k9
T 0

Figure E.P.4.17

Ans: i;(07) = i3(07) = 0.2 mA, i;(0T) = 0.2 mA, i5(0T) = —0.2mA



Laplace Transform

5.1 Introduction

In this chapter, we will introduce Laplace transform. This is an extremely important technique.
For a given set of initial conditions, it will give the total response of the circuit comprising of both
natural and forced responses in one operation. The idea of Laplace transform is analogous to any
familiar transform. For example, Logarithms are used to change a multiplication or division prob-
lem into a simpler addition or subtraction problem and Antilogs are used to carry out the inverse
process. This example points out the essential feature of a transform: They are designed to create
a new domain to make mathematical manipulations easier. After evaluating the unknown in the
new domain, we use inverse transform to get the evaluated unknown in the original domain. The
Laplace transform enables the circuit analyst to convert the set of integrodifferential equations
describing a circuit to the complex frequency domain, where thay become a set of linear alge-
braic equations. Then using algebraic manipulations, one may solve for the variables of interest.
Finally, one uses the inverse transform to get the variable of interest in time domain. Also, in
this chapter, we express the impedance in s domain or complex frequency domain. Hence, we
may analyze a circuit using one of the reduction techniques such as Thevenin theorem or source
transformation discussed in earlier chapters.

5.2 Definition of Laplace transorm

A transform is a change in the mathematical description of a physical variable to facilitate com-
putation. Keeping this definition in mind, Laplace transform of a function f(t) is defined as

LUI(1)} = F(s) = / F(tye=stt 5.1)
0

Here the complex frequency is s = o + jw. Since the argument of the exponent e in equation
(5.1) must be dimensionless, it follows that s has the dimensions of frequency and units of inverse
seconds (sec™1).
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The notation implies that once the integral has been evaluated, f(t), a time domain function
is transformed to F'(s), a frequency domain function.

If the lower limit of integration in equation (5.1) is —oo, then it is called the bilateral Laplace
transform. However for circuit applications, the lower limit is taken as zero and accordingly the
transform is unilateral in nature.

The lower limit of integration is sometimes chosen to be 0~ to permit f(¢) to include 6(¢) or
its derivatives. Thus we should note immediately that the integration from 0~ to 0% is zero except
when an impulse function or its derivatives are present at the origin.

Region of convergence

The Laplace transform of a signal f(¢) as seen from equation (5.1) is an integral operation. It
o0

exists if f(t)e 7' is absolutely integrable. That is / f(t)e tdt < oo. Cleary, only typical
0

choices of o will make the integral converge. The range of o that ensures the existence of X (s)
defines the region of convergence (ROC) of the Laplace transform. As an example, let us take
z(t) = €3, ¢ > 0. Then

X(s) = / z(t)e” I gt

0
00

_ / e(fa+3)tefjwtdt
0

The above integral converges if and only if —o 4+ 3 < 0 or ¢ > 3. Thus, ¢ > 3 defines the
ROC of X(s). Since, we shall deal only with causal signals(¢ > 0) we avoid explicit mention of
ROC.

Due to the convergence factor, e ", a number of important functions have Laplace trans-
forms, even though Fourier transforms for these functions do not exist. But this does not mean
that every mathematical function has Laplace transform. The reader should be aware that, for
example, a function of the form et does not have Laplace transform.

The inverse Laplace transform is defined by the relationship:

ot

o+j00

§8_1{F(s)}:f(t):27lrj / F(s)e*tds (5.2)

og—jo0

where o is real. The evaluation of integral in equation (5.2) is based on complex variable theory,
and hence we will avoid its use by developing a set of Laplace transform pairs.
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5.3 Three important singularity functions

The three important singularity functions employed in circuit analysis are:
(i) unit step function, u(t)
(i) delta function, 6(t)
(iii) ramp function, r(¢).
They are called singularity functions because they are either not finite or they do not possess

finite derivatives everywhere.
The mathematical definition of unit step function is

u(t) = { (1) iig (5.3)

The step function is not defined at ¢ = 0. Thus,

the unit step function u(¢) is O for negative values )
of ¢, and 1 for positive values of ¢. Often it is
advantageous to define the unit step function as =0+
follows: T !
1, t>07 tzo\
t) = ’ - t
u(t) { 0, t<0- 0 >
A discontinuity may occur at time other than Figure 5.1 The unit step function

t = 0; for example, in sequential switching, the
unit step function that occurs at ¢t = a is expressed

as u(t — a).
u(t+a) u(t+a)
1 1
> >/
-a 0 -a 0
Figure 5.2 The step function occuring att = a  Figure 5.3 The step function occuring att = —a
0, t—a<0ort<a
Thus u(t —a) = '
’ ( ) {1, t—a>0o0rt>a
Similarly, the unit step function that occurs at t = —a is expressed as u(t + a).

0, t+a<0ort<—a

Thus, u(t+a)={17 t+a>0o0rt>—a
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We use step function to represent an abrupt change in voltage or current, like the changes that
occur in the circuits of control engineering and digital systems. For example, the voltage

0, t<a
U(t):{K t>a

may be expressed in terms of the unit step function as
v(t) = Ku(t — a) (5.4)

The derivative of the unit step function w(t) is the unit impulse function 6(¢).

d 0, t<0
That is, o(t) = au(t) = ¢ undefined, t=0 (5.5)
0, t>0

The unit impulse function also known as dirac delta fucntion is shown in Fig. 5.4.
The unit impulse may be visualized as very short duration pulse of unit area. This may be
expressed mathematically as:

o+

/6(t)dt =1 (5.6)

0—

where ¢ = 0~ denotes the time just before ¢ = 0 and t = 0" denotes
the time just after ¢ = 0. Since the area under the unit impulse is unity,
it is a practice to write ‘1’ beside the arrow that is used to symbolize
the unit impulse function as shown in Fig. 5.4. When the impulse has
a strength other than unity, the area of the impulse function is equal
to its strength. For example, an impulse function 5§(¢) has an area
of 5 units. Figure 5.5 shows impulse functions, 26(¢ + 2), 55(¢) and
—26(t — 3).

(1)
(D)

t

Figure 5.4 The circuit
impulse function

A 50(1)

28(t+2)

-258(1-3)

Figure 6.5 Three impulse functions
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An important property of the unit impulse function is what is often called the sifting property;
which is exhibited by the following integral:

t2
/f(t)é(t — to)dt = { f(to), t1 <to<t

0, t1 > tg > to

for a fintie to and any f(¢) continuous at .
Integrating the unit step function results in the unit ramp function r(¢).

r(t) = / u(T)dr = tu(t) (5.7)

0, t<0
or T(t)_{t, +>0
Figure 5.6 shows the ramp function.
(1)
S
S

Figure 5.6 The unit ramp function

In general, a ramp is a function that changes at a constant rate.

1+t
r(t—ty) ritty)
N
(4]
p &
<
Q
¥ /
f ! T !
0 Ty = 0
Figure 5.7 The unit ramp function delayed by g Figure 5.8 The unit ramp function advanced by g

A delayed ramp function is shown in Fig. 5.7. Mathematically, it is described as follows:

0, t <ty
T(t_to){ t—to, t>to
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An advanced ramp function is shown in Fig. 5.8. Mathematically, it is described as follows:

_ O’ t < —t
r(t+tg) = { bt > —to
It is very important to note that the three sigularity functions are related by differentiation as

du(t) dr(t)

=" ="

or by integration as
t t
u(t) = / o(t)ydt, r(t) = / u(7)dr

5.4 Functional transforms

A functional transform is simply the Laplace transform of a specified function of . Here we make
an assumption that f(t) is zero for ¢ < 0.

5.4.1 Decaying exponential function

f(t) = e "u(t), where a > 0 and u(t) is the unit step function.

L{e u(t)} = F(s) = /f(t)dt
0

= /e_ate_Stdt

0

_67(54_0‘)‘{
(s+a) .
1

s+ a

o0

5.4.2 Unit step function
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5.4.3 Impulse function

f(t)=46()
LL5(1)) = F(s) = / §(t)e "t = e[, =1
o

Please note that we have used the sifting property of an impulse function.

5.4.4 Sinusoidal function

f(t) =sinwt, t>0
1 . .
Since sinwt = % [ej“’t — e_]“’t]

1
s+ a
) 0
T2

0
B 1 1
2 [s—jw_sﬂw]

w
52 4+ w?

and Lle ™} =

we have Lisinwt} = F(s eawt —Jwt oSt

Table 5.1 gives a list of important Laplace transform pairs. It includes the functions of most
interest in an introductory course on circuit applications.

Table 5.1 Important transform pairs

f@)(t>0) F(s)
5(t) 1
1
u(t) -
S
1
! 32
efat 1
s+a
sin wt d
52 + w?
cos wt 5
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f@)( >0) F(s)
n!
gn+l
1
(s +a)?

w
GraiTot
s+a
Grairot

tn

te—t

e~ sin wt

e~ coswt

All functions in the above table are represented without multiplied by u(t), since we have ex-
plicity declared that ¢ > 0.

5.5 Operational transforms (properties of Laplace transform)

Operational transforms indicate how mathematical operations performed on either f(¢) or F'(s)
are converted into the opposite domain. Following operations are of primary interest.
Note: The symbol £ means “by the definition”.

5.5.1 Linearity

It L{f1(1)} = Fi(s) and Lf(0)} = Fy(s)
then Llayf1(t) + axfo(t)} = a1Fi(s) + agFa(s)
Proof:
Larfi(t) + aafo®) 2 [lorfilt) + asfalt)le e
0
=aj f1 (t)e_'gtdt + a9 fz(t)e_'gtdt
/ /

= alFl(s) -+ a2F2(8)

EXAMPLE JEAl
Find the Laplace transform of f(t) = (A + Be™"u(t)).

SOLUTION
We have the transform pair

and ég{e_btu(t)} =
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Thus, using linearity property,

LUF()} = F(s) = L{Au(t)} + L{Be™"u(t)}
A, B

=+

s s+b
_(A+B)s+ Ab
N s(s+b)

5.5.2 Time shifting
If 8{x(t)} = X(s), then for any real number ¢,
Lla(t —to)u(t —to)} = e 05X (s)

Proof:
Lla(t —to)u(t —tg)} = ]om(t —to)u(t —to)e *tdt
0
mw={n L
we get, Lla(t —to)u(t —tg)} = 795(1& — tg)e *dt
to

Using the transformation of variable,

t=71+1o
we get, Lt —to)u(t —to)} = /m(r)e—'9(7+f0)d7
0
= eto's/fv(’i')e'STdT
0
=e X (s)

D GYIZI= 5.2
Find the Laplace transform of z(t), shown in Fig. 5.9.

x(1)

!

Figure 5.9
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SOLUTION

x]([)

1 : i i 1
0 1 2 3 4 5
Figure 5.10(a)
xz(t)
I I I 1
0 1 2 3 4 5

Figure 5.10(b)
Using Figs. 5.10(a) and 5.10(b), we can write

z(t) =z1(t) + w2(t) = u(t — 2) — u(t — 4)

1
We know that, £{u(t)} = — and using time shifting property, we have
S

L)) = X(s) = éﬂs _ 26745
= X(S) = %(6_25 _6—43)

5.56.3 Shifting in s domain (Frequency-domain shifting)

If £{z(t)} = X(s), then
Ll z(t)} = X (s — s0)

Proof:

Lletz(t)} 2 [ etx(t)e™ S dt

z(t)e” o0t gy

0\8 0\8

= X (s — s0)
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EXAMPLE ¥
Find the Laplace transform of z(t) = Ae™ cos(wot + 0)u(t).

SOLUTION

Given z(t) = Ae” " cos(wot + 0)u(t)
= Ae” “[cos wot cos O — sin wot sin O]u(t)

= Acosfe ™ coswoptu(t) — Asinfe “ sin wotu(t)

We know the transform pairs,

[9% tu(t)} = _5
{coswotu(t)} e
. wo
d &£ tu(t)} = 5——
an {sinwotu(t)} e
Applying frequency shifting property, we get
& {eat tu(t)} = ———
{e R U( )} 82 + wg s—s+a
. s+a
(st a)?+uwl
“at wo
and L{e "sinwgtu(t)} = ——
82 + w(Q) s—s+a
wo

(s+a)?+wd
Finally, applying linearity property, we get

L{Ae™" cos(wot + O)u(t)} = Acosd L{e™" coswotu(t)} — Asin O L{e™" sin wotu(t)}
_ Acosf(s+a) Asing

(s+a)?+wd (s+a)?+wd

_ A[(s+a)cosf —wpsinb]

(s +a)? +wg

wo

5.5.4 Time scaling

If £{x(t)} = X(s), then
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Proof:
PLlx(at)} = /:lz(at St
0
put at =1
= adt =
Hence Lz(at)} = / e Sa

EXAMPLE R4

Find the Laplace transform of z:(t) = sin(2wqt)u(t).

SOLUTION
We know the transform pair,
Psi tu(t)} = _wo
{sinwotu(t)} o w(z]
Applying scaling property,
. 1 wo
§£{Sln QWOtU(t)} = 5 827
(5) +eb
_ 2(4)0
o824 4w?

5.5.5 Time differentiation

If £{x(t)} = X(s), then

dt
Proof:
Let y(t) = dﬂ;it)
Then Llyt)} =Y (s) = /y(t)e_Stdt
0
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Integrating by parts yields

Hence, ¢ { dfg) } — Y (s) = sX(s) — 2(0)

Therefore, differentiation in time domain is equivalent to multiplication by s in the s domain.
Whenever z(t) is discontinuous at t = 0 (like a step function), then :(0) should be read as

z(07).

The differentiation property can be extended to yield

£ { dTZT(Lt) } = s"X(s) — 5" tz(0)--- — 2" H(0)

When z(t) is discontinuous at the origin, the argument 0 on the right side of the above equation
should be read as 0~. Accordingly for a discontinuous function z(t) at the origin, we get

(92 { dr;;:,(l% } =s"X(s) — 37"*117(0*) e — l‘nfl(()*)

EXAMPLE RRS

Find the Laplace transform of z(t) = sin® wotu(t).

SOLUTION
We find that, z(0) = 0

dx(t
::li ) = 2w sin wot cos wotu(t)
= wp sin 2wotu(t) (5.8)
We know that, L{sinwotu(t)} -0

s2+wd
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Applying time scaling property,

P{sin 2wotu(t)} = % %
(5) +ed
o 2(4)0
52+ 2(wp)?

Taking Laplace transform on both the sides of equation (5.8), we get

(9 { dz(t) } = wo L{sinwptu(t)}

dt
sX(s) —2(0) = 5 2u0)?
2 2
= X(s) = “o

s[s2 + (2wo)?]

EXAMPLE JEs¥Xe]

Solve the second order linear differential equation

y' (1) + 5y (1) + 6y(t) = a(t)
with the initial conditions, y(0) = 2, y/(0) = 1 and z(t) = e u(t).

SOLUTION
Taking Laplace transform on both the sides of the given differential equation, we get

|52Y (s) = sy(0) = y/'(0)] +5[sY () — y(0)| + 6Y (s) = X (s)

where X(s) = L{e tu(t)y = . j_ 1

Substituting the initial conditions, we get

1

2

5s+6)Y (s) = 25 + 11
(s +5s+6)Y(s) P

252 4+ 135+ 12
(s+1)(s+2)(s+3)

= Y(s)=

Using partial fraction expansion, we get

Y(5>:;Li1] +6[si2] _E[Si?’]

Taking inverse Laplace transform, we get

1 9
y(t) = §e_t +6e7%t — 56_3t, t>0
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5.5.6 Integration in time domain

For a causal signal z(t),

If y(t) = [ z(7)dr,
/
then Lly(t)} =V (s) = Xis)
Proof:
Llx(t)} = X(s) = /m(t)e_“dt
0

Dividing both sides by s yields

S

X(s) _ /x(t) e:tdt
0

Integrating the right-hand side by parts, we get

X(s) _ et > B T et _ad
=) O/y<t> — (st
X(s) o e[
. y(t) . t:0+0/y(t) t

The first term on the right-hand side evaluates to zero at both limits, because

Hence, Y(s)=
Thus, integration in time domain is equivalent to division by s in the s domain.

SNV, 5.7
Consider the RC circuit shown in Fig. 5.11. The input is the rectangular pulse shown in Fig. 5.12.

Find i(¢) by assuming circuit is initially relaxed.
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C
| "
+ Yo
v() @ VS R
- I
0 a b
Figure 5.11 Figure 5.12

SOLUTION
Applying KVL to the circuit represented by Fig. 5.11, we get

1 Vo
RI(s) + —1I(s) = —2(e™ — e™%)
Cs s
_°
= I(s) = —L—(e7os — ")
s+ RO
We know the transform pair,
Lo u(t)} = —
s+ta

and then using the time-shift property, we can find inverse of I(s).

That is, i(t) = %e—%cu(t)

t—t—a

_ (t—a)

= i) = 22 [ % u(t —a) e T u(t )]

5.5.7 Differentiation in the s domain
For a signal (), t > 0, we have

dX(s)
ds

L{—tz(t)} =
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Proof:
For a causal signal, x(t), the Laplace transform is given by

Lla(t)} = X (s) = / 2(t)e dt
0

Differentiating both the sides with respect to s, we get

dX(s) _ / 2 (t)(—te~t)dt
ds
0
N dX(s) _ / (—ta(t)] e dt
ds
0
Hence, L ta(t)} = d);is) or Lts(t)} = dji ()
In general, L{t"z(t)} = (—1)”d ;;Es)
DV 5.8
Find the Laplace transform of z1(t) = te™3u(t).
SOLUTION
We know that,
—at _ 1
e u(t)) =
Hence Lle tu(t)} = . j_ 3
Using the differentiation in s domain property,
—d 1
(o (0) = Xa(s) = 22 | 5]
_ 1
(s +3)?
5.5.8 Convolution
T Lla(t)} = X(s)
and LL{h(t)} = H(s)
then Llx(t) *h(t)} = X (s)H(s)

where * indicates the convolution operator.



346 | Network Theory

Proof:

o0

z(t) x h(t) = / xz(T)h(t — T)dT

—00

Since z(t) and h(t) are causal signals, the convolution in this case reduces to

z(t) x h(t) = /m(T)h(t —T7)dr
0

Hence, LLa(t) « h(t)} = / / 2()h(t — 7)dr | e dt
0 0

Interchanging the order of integrals, we get

o0 o¢]

LLa(t) « ht)} = / () / h(t — 7)etdt| dr
0 0

Using the change of variable A = ¢ — 7 in the inner integral, we get

LLa(t)  h(t)} = / p(r)e / h(\Ve d| dr
0 0
= X(s)H(s)

Please note that this theorem reduces the complexity of evaluating the convolution integral to
a simple multiplication.

EXAMPLE IeRY

Find the convolution of h(t) = e~* and f(t) = e™2.

SOLUTION

h(t) * f(t) =L {Hi(s)F(s)}
1

:il{(su) <si2>}

_ 1 -1
— gt
s+1+3—|—2

=et—e 2, t>0
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VI 5. 10
Find the convolution of two indentical rectangular pulses. Each rectangular pulse has unit ampli-

tude and duration equal to 27" seconds. Also, the pulse is centered att = T'.

SOLUTION
Let the pulse be as shown in Fig. 5.13.
From the Fig. 5.13, we can write *Y)

z(t) = u(t) — u(t — 27)

Taking Laplace transform, we get

i

0 T 2T

1 1
X - _ _ —2T's .
(s) s 86 Figure 5.13
1 _
— ;(1 e 2Ts)
Let y(t) = x(t) x z(t)
Then, Y (s)=X?(s
1— 872Ts 2
~ = ]
1 2 _ops 1 _yrs
= Y(S):Sﬁ—?e 2T +826 4T

Taking inverse Laplace transform, we get

Y(O)=x(1) #x(1)

y(t) =tu(t) — 2(t = 2T)u(t — 2T) + (t — AT )u(t — 4T)
=r(t) —2r(t—2T) 4+ r(t — 4T)
y(t) = =(t) x x(t)

0 T 2T
5.5.9 Initial-value theorem Figure 5.14
The initial-value theorem allows us to find the initial value z(0)
directly from its Laplace transform X (s).
If 2:(t) is a causal signal,
then, z(0) = lim sX(s) 5.9
§—00
Proof:
To prove this theorem, we use the time differentiation property.
@ {2 X(s) — z(0) / 4o st gy (5.10)
=s5X(s) —z(0) = [ —e .
dt dt
0

* The problems with x are better understood after the inverse Laplace transforms are studied.
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If we let s — oo, then the integral on the right side of equation (5.10) vanishes due to damping
factor, e ~5t.

Thus, SILIQO[SX(S) —z(0)] =0
= z(0) = 9li)ngo sX(s)

EXAMPLE EHR
Find the initial value of

SOLUTION

We know the transform pair:
s+b
Hence, inverse Laplace transform of F'(s) yields

f(t) = e tcos3t

Lle P cosat} =

Att =0, we get f(0) = 1.
This verifies the theorem.

5.5.10 Final-value theorem

The final-value theorem allows us to find the final value x(oco) directly from its Laplace transform
X(s).
If () is a causal signal,

then tlim z(t) = liIT(l) sX(s)
—00 S5—
Proof:
dz(t
The Laplace transform of m(t ) is given by

sX(s) —xz(0) = / dz(:) e Stdt
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Taking the limit s — 0 on both the sides, we get

lipfs X o) = (00 = fimy | =5

Since, liir(l)[sX(s) —2(0)] = lim[sX (s)] — z(0)
we get, z(o0) —z(0) = i%[sX(s) — z(0)]
[s X (s)

Hence, z(00) = lim[s X (s)]

This proves the final value theorem.

The final value theorem may be applied if, and only if, all the poles* of X (s) have a real part
that is negative.

The final value theorem is very useful since we can find 2:(co) from X (s). However, one
must be careful in using final value theorem since the function z(¢) may not have a final value

g . . a
as t — oo. For example, consider z(t) = sinat having X (s) = Tra Now we know
S a

tlim sin at does not exit. However, if we uncarefully use the final value theorem in this case, we
— 0O
would obtain: a

HmaX(s) = lms sz 0
Note that the actual function z(¢) does not have a limiting value as ¢ — oo. The final value
theorem has failed because the poles of X (s) lie on the jw axis. Therefore, we conclude that for
final value theorem to give a valid result, poles of X (s) should not lie to right side of the s-plane
or on the jw axis.

AWV 5.12
Find the final value of

10
X S =
(s) (s+1)2+107
. : : P(s) , :
Consider a function, X (s) = Q) The roots of the denomoniator polymial, Q(s) are called poles (x) and the

roots of the numerator polynomial, P(s) are called zeros (O).
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SOLUTION

lim z(t) = z(oc0)

t—o0

We know the Laplace transform pair

¢ [e_"‘t sin bt] =

Hence,

Thus,

s10

=lim[sX(s)] =lim ——————= =0

s—0 (S + ].)2 =+ 102

b

(s+a)?+0?
z(t) =L {X(s)}

» 10 L
£ {(54—1)24—102} =€ sin 10¢

This verifies the result obtained from final-value theorem.

5.5.11 Time periodicity 1@
Let us consider a function z(t) that is periodic as la
shown in Fig. 5.15. The function z(t) can be
represented as the sum of time-shifted functions | : : -y
as shown in Fig. 5.16. 0 T 2T 3T
X5(1) E
——— -
0 T 2T 3T
x(1) |
x3(1) :
a _d-a i
1 ! ! I i /\1 !

Figure 5.15 A periodic function

Figure 5.16 Decomposition of periodic function

Hence, z(t) = 21(t) + 2o(t) + 23(t) + - - -
=z1(t)+x1(t —T)u(t —T) 4+ z1(t — 2T )u(t —2T) + - -- (5.11)

where 21 (t) is the waveform described over the first period of x(¢). That is, 1 (¢) is the same as
the function z(t) gated* over the interval 0 < ¢ < 7.

* gating means the function () is multiplied by 1 over the interval 0 < ¢ < T" and elsewhere by 0.
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Taking the Laplace transform on both sides of equation (5.11) with the time-shift property
applied, we get

X(s)=X1(s) + X1(s)e T + Xy (s)e 2 + ...
= X(s)=X1(s)(1+e Tsge?Ts 4.0
1
But l+ata®+-=—0 la| <1
l1-a
1
Hence, we get X(s) = Xi(s) LeTS] (5.12)

In equation (5.12), X;(s) is the Laplace transform of z(t¢) defined over first period only.

Hence, we have shown that the Laplace transform of a periodic function is the Laplace transform
evaluated over its first period divided by 1 — e~ 7%,

EXAMPLE EAE]
Find the Laplace transform of the periodic signal z(¢) shown in Fig. 5.17.

. [\ [\ﬁwmc)
1 2 3 4 5

Figure 5.17

x(1)

SOLUTION
From Fig. 5.17, we find that 7" = 2 Seconds.

The signal z(t) considered over one period is donoted as x1(¢) and shown in Fig. 5.18(a).

xl(l) X,(0) g

! } | » !

0 1 2 0 1 2 0

\

Figure 5.18(a) Figure 5.18(b) Figure 5.18(c)
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The signal z; (¢) may be viewed as the multiplication of =4 (¢) and g(¢).

Thatis, x1(t) =za(t)g(t)
= [t + 1[u(t) — u(t —1)]

= z1(t) = —tu(t) + tu(t — 1) + u(t) —u(t — 1)
=—tu(t)+(t—1+Dut —1)+ut) —ult —1)
=—tu(t) + (- Du(t—1)+ult—1)+u(t) —u(t—1)

t) —tu(t) + (t — Du(t —1)
t)y—r(t)+rt-1)

Taking Laplace Transform, we get

1 1 1
Xi(s)=—— 5+ e °
1(8) s 52 + 826
_s—1+e?
)
X -1 -
Hence, X(s) = s) (s te)

1—e—T  52(1 —e—29)

5.6 Inverse Laplace transform

The inverse Laplace transform of X (s) is defined by an integral operation with respect to variable
s as follows:

o+joo
x(t):% / X (s)eftds (5.13)

o—joo

Since s is complex, the solution requries a knowledge of complex variables. In otherwords,
the evaluation of integral in equation (5.13) requires the use of contour integration in the complex
plane, which is very difficult. Hence, we will avoid using equation (5.13) to compute inverse
Laplace transform.

In many situations, the Laplace transform can be expressed in the form

P(s)
X(s) = (5.14)
=30
where P(s) = bps™ + bp_18™ L4+ 4+ bis+ by

Q(s) = a,5" + an_15" '+ -+ as + ag, a, #0

The function X (s) as defined by equation (5.14) is said to be rational function of s, since
it is a ratio of two polynomials. The denominator Q(s) can be factored into linear factors.
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P(s)
Q(s)

factor of terms whose numerators are constants and whose denominator corresponds to linear or
a combination of linear and repeated factors. This in turn allows us to relate such terms to their
corresponding inverse transform.

For performing partial fraction technique on X (s), the function X (s) has to meet the follow-
ing conditions:

A partial fraction expansion allows a strictly proper rational function to be expressed as a

(i) X (s) must be a proper fraction. That is, m < n. When X (s) is improper, we can use long
division to reduce it to proper fraction.

(ii) Q(s) should be in the factored form.

EXAMPLE [EeRE
Find the inverse Laplace transform of

254+ 4
X(s)= =
(5) s2+4s+3
SOLUTION
2s+4
X(8)=———7"—
() s2+4s5+3
o 2(8 + 2) o Kq n K>
s+ 1)(s+3) s+1 s+3
where, K= (s+1)X(s)]—_y
~ 2(s+2) _1q
o (s+3) |y
Kz = (s+3)X(s)|,__s
B 2(s+2) _1
B (8 + ]') s=—3 B
1 1
H X(s) =
ence, (s) S+1+S+3
1
We know that: Lle " u(t)} =
e know tha {e7u(t)} P
Therefore, x(t) = [e7t + e 3t u(t)
SNV 5.15
Find the inverse Laplace transform of
242545
X(s) s§° + 25 +
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SOLUTION
Ky Ko K3
Let X(s) =
¢ ) =3t sis T Grae
where K1 = (5+3)X(s)|,—_3
s2+2s+5
= = 2
(8 + 5)2 s=-—3
Ko == (s +5)2X(s)]
2700 astY 3 —
B d [s24+25s+5
ds s+3 5
s24+6s+1
= = =1
(s+3)? | 5
Ks=(s+5)"X(s)|_ .
242545
_ 8 + 25 + — 10
(s+3) |oo 5
2 1 1
Then X(s) = 0

s+3 s+5 (s+5)2
Taking inverse Laplace transform, we get

z(t) =2e 3 — e 5 — 10te ™, t>0
or x(t) = (2e73t —e=5t —10te %) u(t)

Reinforcement problems

R.P 5.1

Find the Laplace transform of: (a) cosh(at) (b) sinh(at)

SOLUTION
1
(a) COSh(at) = Q[eat + e—at]

We know the Laplace transform pair:

and P} = —



Applying linearity property, we get,
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1 1
P{cosh(at)} = 5&8{6‘”} + iée{e_at}
1 [ 1 1 ]
= -+
2|s—a s+a
s
T2 _ a2
: 1 at —at
(b) sinhat = 5[6 —e ¥
Applying linearity property,
1 1 1
P{sinh(at)} = = —
{sinh(at)} 2 L—a s—l—a]
a
T 52 _a2
R.P 52
Find the Laplace transform of f(¢) = cos(wt + 0).
SOLUTION
Given f(t) = cos(wt + 0)

= cos 6 coswt — sin 0 sin wt
Applying linearity property, we get,

L)} =F(s)
= cos O L{coswt} — sin @ L{sinwt}

S .
= CoS Gﬁ — sm@ﬁ
8% +w $% 4+ w
scosf —wsinf
82 4+ w?

R.P 5.3

Find the Laplace transform of each of the following functions:
(@) z(t) = t2 cos(2t + 30°)u(t)

(mw@y:mmﬂ_4%aw

d
@)m@)—5u<;>

) z(t) = 5e 2u(t)
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SOLUTION
(a) Let us first find the Laplace transform of cos(2t + 30°)u(t)

L{cos(2t + 30°)u(t)} = £L{cos 30° cos 2tu(t) — sin 30° sin 2tu(t)}
= cos 30°%{cos 2tu(t)} — sin 30°L{sin 2tu(t)}

[e] S . [e) 2
— COS 30 |:32 T 4:| — Sin 30 [M]
scos 30° — 2sin 30°

s2+4

The Laplace transform of z(t) is now found by using differentiation in s domain property.

i{t cos(2t + 30° )} [ie{COS (2t 4 30°)u(t )}]

scos 30° — 2sin 30°
s2+4

d
_ 4
ds?

|
e[
v

V3
T dsds | s2+4
oo | CR I
d \/g 1 V3 2
—613[(2(2+4) )—2 (25—1> (s* +4)
V3
?(—25) \égs -1 2.5\gg 852 (28 - 1)

= -2 +
(s2+4)°  (s2+4)°  (s2+4)° (s2+4)°
8 —124/35 — 652 + /352
(s +4)°

(b) z(t) = 2tu(t) — 4%5(1&)

LLa(t)} = X(s) = 28{tu(t)} — 458{15(1:)}
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d
We know that whenever a function f(t) is discontinuous at the origin, we have ¥ {dt f (t)}

= sF(s) — f(07). Applying this relation to the second term on the right side of the above
equation, we get

X(s) =25 —dfs x 1 6(07)]
=2 450
-2 s
(©) =(t) = 5u <;>
Using scaling property,
2f(ar)} = r ()
we get, Px(t)} = X(s) =5 x 1}3 éB{U(t)}LH@)

_d
s
) z(t) = 5e 2u(t)
We know the Laplace transform pair:
1
Lle u(t)) =
fetu(t)} = ——
Hence, Llz(t)} = X(s) = 5L {e—%tu(t)}
1 10
s+ 5 8 +

RP EH
Find the Laplace transform of the following functions:

(a) z(t) =tcosat

1. .
(b) z(t) = 552 Sin at sinh(at)
sin? wt
t

(©) z(t) =
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SOLUTION
(a) z(t) = tcosat

We know that L{tf(t)} = ——F( )

Let f(t) = cos at
= F(s)= e
Hence L{tcosat} = L{1f (1)} =~ [8 ia ]
52 —a?
(24 a?)?
(b) z(t) = % sin at sinh at
1

e sin at — ie*”’t sin at

T 2a% |2

at

= 412 [ “sinat — e~ sinat]
a

We know the shifting in s domain property:
L (1)} = F(5)]ymos0)
Applying this property along with linearity property, we get

£z(t)} = X(s)
% [L{e"sinat} — L{e “sinat}]

1 [ a a ]
da? | s? + a? s—s—a 52 + a? s—s+a

1 a a

C4da? [(s—a)?+a? (s+a)?+a?

S

" [(s—a)2+a?][(s + a)? + a?]

(©) z(t) = % sin? wt

We know that LIy =F(s)= [ f(t)e Stdt



Hence,

In the present case,

Il
—
=

S

(s)ds = zlggo f(z)dz
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lim [ln(w —j2w) —In(s — j2w) — 2Inz 4 2In s + In(z + j2w) — In(s + j2w)
=1l

T—00

2

1 <x2+4w2
— (T
4

1 s2 4+ 4w?
=—In|———
4 52
R.P 55

) -
Tr—00

52 —|—4w2]
nl|l =

—4

g2

Consider the pulse shown in Fig. R.P. 5.5, where f(t) = e for 0 < t < T. Find F(s) for the

pulse.
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0 T
Figure R.P. 5.5
SOLUTION
The discrete pulse f(t) could be imagined as the prod-
uct of signal z:(¢) and g(¢) as shown in Fig. R.P. 5.5(a) x()
and (b) respectively.
_ @ o2
That is, f(t) =2z(t)g(t) .
= 2[u(t) — u(t — T =
= e?u(t) — e*u(t — T) : -
= e?u(t) — 2T+ Dyt — T) 0 T
= e?u(t) — 2Tyt — T) 8@
1 2T ,—T's
Hence, <{f(t)} =F(s) = ponc i es i 5 ®) 1
1 e—T(s—Q)
Ts—2  s-2 > !
1— e—T(s—Z) 0 T

(s —2) Figure R.P. 5.5(a)
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5.6
Find the Laplace transform of f(¢) shown in Fig. R.P. 5.6.

fin)

sinsTt

Figure R.P. 5.6

SOLUTION
f(t) is a discrete pulse and can be expressed mathematically as:

x(1)
£(8) = 2(0)g(t |
= sinwt[u(t) — u(t — 1)] /\
= sinwtu(t) — sinwtu(t — 1) -t

)- S
= slnﬂ'tu(t; sin[w(t — 1+ 1)]u(t — 1) Og([) 1\/2 3

= f(t) =sinmtu(t) — sin[r(t — 1)] cos(t — 1)
—cos[m(t — 1)]sinu(t — 1)
= sin wtu(t) + sm[ (t—D]u(t—1)

671571' 1 1

H F(s)=¢ , , .
ence, F(s) =<£{f(t)} = 32+7r2 T A
™
=g pazite] Figure R.P. 5.6()

57

Determine the Laplace transform of f(¢) shown in Fig. R.P. 5.7.

A0

Figure R.P. 5.7
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SOLUTION
We can write, x(0) 5
54 ~—slope = 5
ft) ==(t)g(t)
5
— |3t] o - ute -2
1 >
5 5 |
= _ _ = — 0 1 2
= 2tu(t) 2tu(t 2) )
) 5)
5 )
= Stut)= 5 (t = 2)u(t - 2)= bu(t - 2) !
| !
51\ 51\ 4 5 _y ! >
Hence, Q{f(t)} = F(S) = 5 <52> —5 <32> (& 5—;6 s 0 1 2
5 Figure R.P. 5.7(q)
= —e 25 _25e729]
2s
58
Find the Laplace transform of f(¢) shown in Fig. R.P. 5.8.
f)
54
I I ' 1
5

Figure R.P. 5.8

SOLUTION

The equation of a straight line is y = mx + ¢, where m = slope of the line and ¢ = intercept on

y-axis.
-5
Hence, f(t) = ?t +5

When f(t) = —2, let us find ¢.
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_ x(0)
Thatis, —2= ;t +5 3
= t = 4.2 Seconds
Mathematically, . . 42
F(t) = z(t)g(t) , o o2 3Ny S
-5 T '
- [375 + 5] [u(t) — u(t — 4.2)]
5 8
= %tu(t) + gtu(t — 4.2) 4 5u(t) — Su(t — 4.2)
1
?tu(t) (t742+42) (t —4.2) !
0 12 3 47
+5u(t) — 5u(t —4.2)
-5
3 tu(t) + (t —4.2)u(t —4.2) + Tu(t — 4.2) Figure R.P. 5.8(q)
+5u(t) — 5u(t —4.2)
—5tu(t) (6~ 42)u(t — 42) + 2u(t — 42) + 5u(?)
Hence, F(s)=%{f(t)}
_ ;5 i —4.2s g —4.2s §
_382+3826 +se Jrs
_ —5+45e 425 4 6se” 25 4 155
N 3s2
59

If f(07) = —3 and 15u(t) — 46(t) = 8f(t) + 6f'(t), find f(t) (hint: by taking the Laplace
transform of the differential equation, solving for F'(s) and by inverting, find f(¢)).

SOLUTION
Given, 15u(t) — 46(t) = 8f(t) + 6f'(t)
Taking Laplace transform on both the sides, we get
15
— —4=8F(s) +6[sF(s) — f(07)]
15
— —4=8F(s) +6sF(s) + 18
S
15 -4
Therefore, F(s)(6s+8)=—18+ b ds
s
—18 15-4
=  F(s)= >

(65 +8) " 5(65+8)
. —22s+ 15 o K Ky

_7_74_7
4 s 4
63<s+3) 8—1-3
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The constants /; and K5 are found using the theory of partial fractions.

—22 15
K, = 372 — 1.875
6 (s + >
3 s=0
—22 1
K= —225+ 15 — _5.542
6s '
3
1.87 .542
Hence, F(s)= L85 _ 5574
S
s+ 5

3
Taking the inverse, we get  f(£) = [1.875 _ 5.542e%4t] u(t)

510

Find the inverse Laplace transform of the following functions:

s+1
F(s)= "~

@ F(s) s2 4+ 4s+13

3e”?

b) F(s) = ———

(b) F(s) s2 4+ 25+ 17

SOLUTION

s+1
F(s) = ———

@ )= G¥22+9
_(s+2)-1
 (54+2)24+9
- s+2 1
(5422432 (s+2)2432

s+ 2 1 3

T (5422432 3(s+2)2+32

The determination of the Laplace inverse makes use of the following two Laplace transform
pairs:

—_ . a
§€{€ bt Sin at} = m
_ s+b
ée{e bt COS at} = m
Hence, ft) =L YF(s)}

1
= e %t cos3t — ge_% sin 3t
3673

®) F(s) = s§2 4+ 25 4+ 17
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Let F(s)=e"X(s)
3 3
h = =

where X(S) 2+ 925+ 17 (s+1)2+42
) I
4| (s+1)2 442

= z(t) = e tsin4t

Since F(s)=e"%X(s)

we get, f)y==(t-1)

Therefore, ft)= Ze_(t_l) sinfd(t — 1), t>1

3

Laplace transform method for solving a set of differential equations:
1. Identify the circuit variables such as inductor currents and capacitor voltages.

2. Obtain the differential equations describing the circuit and keep a watch on the initial con-
ditions of the circuit variables.

3. Obtain the Laplace transform of the various differential equations.

4. Using Cramer’s rule or a similar technique, solve for one or more of the unknown variables,
obtaining the solution in s domain.

5. Find the inverse transform of the unknown variables and thus obtain the solution in the time
domain.

RAEE 5.11
Referring to the RL circuit of Fig. R.P. 5.11, (a) write a differential equation for the inductor
current ir,(t). (b) Find I, (s), the Laplace transform of iy, (¢). (c) Solve for iy, (t).

i (1) 10Q
=AM

Su(t-2) <f> SH

i, (07)=5mA

Figure R.P. 5.11
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SOLUTION
(a) Applying KVL clockwise, we get

.
10i1,(t) + 5% — Bu(t —2) =0

(b) Taking Laplace transform of the above equation, we get

5 o
1017, (s) + 5[sIg(s) —ir(07)] = g6*2&
5
*6728 + 57:[/(07)
- 1) = S5
e F4+5x107%s
s(s+2)
_ s [ K1 N Ko 5x 1073s
s s+2 s(s+2)
1 1
where K, = ==
s+2| g 2
1 1
K = = — —
27 s =9 2
1,1 1 5x1073
Hence, IL(s)—Ee L _s—|—2] 512

(c) Taking Inverse Laplace transform, we get

in(t) = = [u(t) - efztu(t)]tﬁti2 +5x 10 3¢ Hu(t)

N ==

[u(t —2) —e ?*u(t —2)] + 5 x 10~ %e~* u(t)

R.P 5.12
Obtain a single integrodifferential equation in terms of ¢ for the circuit of Fig. R.P. 5.12. Take
the Laplace transform, solve for I(s), and then find i (¢) by making use of inverse transform.

icdt)  0.1F 10
> 1l
[ VVVV—

)
_ ) 4wV

son () S

Figure R.P. 5.12
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SOLUTION
Applying KVL clockwise to the right-mesh, we get

o0

du(t) +ic + 10 / iodt + fic — 0.55(8)] = 0
0
Taking Laplace transform, we get
1 101,
4g+IC(S)+ :(8) +4Ic(s) —2=0
2s — 4
= Io(s) =
c®) = 5710
1.6
=04 —
s+ 2

Taking inverse Laplace transform, we get

ic(t) = 0.46(t) —1.6e2tu(t) Amps.
R 513

Refer the circuit shown in Fig. R.P. 5.13. Find ¢(0) and i(00) using initial and final value theorems.

R=1Q
AVAYAYAY, *
i(0M)=1A
v(H)=10V, =0 @ L=2H
Figure R.P. 5.13
SOLUTION
Applying KVL we get
di
i+ 2— =10
"
Taking Laplace transform, on both the sides, we get
10
I(s)+2[sl(s)—i(07)] = ,
10

= I(s) +2[sI(s) — 1] =

S

10
= I(s)[1+2s]=—+2
s
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10 2
= Is) = s(1+42s) * 1+2s
10+ 2s
—s(1+2s)
5+s

g

According to initial value theorem,

We know from fundamentals for an inductor, i(0") = i(0~) = i(0). Hence, i(0) found using
initial value theorem verifies the initial value of i(¢) given in the problem.
From final value theorem,

i(c0) = lim s1(s)

s—0
i S8 5 oA
Sﬁo( 1) 1/2

S S+§

R.P 5.14
Find i(¢) and v (t) for the circuit shown in Fig. R.P. 5.14 when v¢(0) = 10 V and ¢(0) = 0 A. The
input source is v; = 15u(t) V. Choose R so that the roots of the characteristic equation are real.

v, ()=15u(7) Ci’) @ §R

Figure R.P. 5.14



SOLUTION
Applying KVL clockwise, we get

L% +vo + Ri == ’Ui(t)

The differential equation describing the variable v¢ is

dve .
cvc _
a

The Laplace transform of equation (5.15) is
LlsI(s) —i(0) + Vo(s) + RI(s) = Vi(s)]
The Laplace transform of equation (5.16) is

ClsVe(s) — ve(0) = I(s)]
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(5.15)

(5.16)

(5.17)

(5.18)

Noting that i(0) = 0, substituting for C' and L and rearranging equation (5.17) and (5.18), we

get,
R+ sl1(s) + Vols) = Vi(s) = 22
~I(5) + oVols) =5

Putting equations (5.19) and (5.20) in matrix form, we get

R+s 1 1(s) 15
1 = S
—1 58 VC(S) 5

Solving for I(s) using Cramer’s rule, we get

5
I(s8) = ——+—
(5) s2+ Rs+2

(5.19)

(5.20)

(5.21)

The inverse Laplace transform of I(s) will depend on the value of R. The equation
s> + Rs + 2 = 0 is defined as the characteristic equation. For the roots of this equation to

be real, it is essential that b2 — 4ac > 0*.

This means that, R?—4x1x2 >0
= R>2V2

*The condition b2 — 4ac > 0 is with respect to algebraic equaion az? 4 bz + ¢ = 0.



370 | Network Theory

Let us choose the value of R as 3

5 5
Then I(s) = =
s24+3s+2  (s+1)(s+2)
Ki Ky
I(s) =
= (5) s+1 s+2
where K= o =5
s+2|__4
5
Ky = = -5
S+1s=2
5 5
H I(s) = —
enee, () s+1 s+2

Taking inverse Laplace transform, we get
i(t) = 5etu(t) —5e " 2tu(t)

Please note that ¢ = 0 gives i(0) = 0 and ¢ = oo gives i(c0) = 0.
Solving the matrix equation (5.21) for V- (), using Cramer’s rule, we get

Vo(s) 10s2 + 10Rs + 30
S) =
© s(s2 + Rs + 2)

Substituting the value of R, we get

~ 10(s* +3s +3)
Vols) = s(s+1)(s+2)

Using partial fraction expansion, we can write,

Vols) = % + sl—?l sl—f’Z
where, K1 = 15, Ko = —10, K3 =5
_ 15 —10 n )

S s+1 s42
Taking inverse Laplace transform, we get

Hence, Ve(s)

ve(t) = 15u(t) —10etu(t) + e 2tu(t)

Verification:
Putting t = 0, we get

ve(0)=15-104+5=10V
ve(0)=15-0+0=15V

This checks the validity of results obtained.
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R.P 5.15
For the circuit shown in Fig. R.P. 5.15, the steady state is reached with the 100 V source. Att = 0,

. . . . 1
switch K is opened. What is the current through the inductor at ¢ = 5 seconds ?

K _ t=0

0 /5

40Q

100V 75

§ 40Q

4H

NN D VAVAVAY

Figure R.P. 5.15

SOLUTION
At t = 07, the circuit is as shown in Fig. 5.15(a).

i2(01) =i3(07) =25 A

S5A
i(01)=2.5A
400 40Q
IOOVCfD § 400 40Q § @
(o]
4H
(o]
Figure R.P. 5.15(a) Figure R.P. 5.15(b)

For ¢t > 07, the circuit diagram is as shown in Fig. 5.15(b). Applying KVL clockwise to the
circuit, we get
di

80i(t) +4~ =0
it) +4-
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Taking Laplace transform, we get

80I(s) +4[sI(s)—i(07)] =0
= 80I(s) +4sl(s)=4x2.5
= [20 + s]I(s) =2.5
2.5
I(s) = s+20

Taking inverse Laplace transform, we get,
i(t) = 2.5e 20t
Att = 0.5 sec, we get

i(0.5) = 2.5e710 =1.135 x 1074 A

R.P 5.16

Refer the circuit shown in Fig. R.P. 5.16. Find:

(@) vo(t) fort >0
(b) i,(t) fort >0

(c) Does your solution for i,(t) make sense when ¢ = 07 Explain.

+
1,=3mA <f> ‘i{ 0ol L=2.5H §R=4k9
o)

i l()

— C=25nF

Figure R.P. 5.16

SOLUTION

I, =3mA G) 5{ : L §R

Figure R.P. 5.16(a)



KCL at node A: (for t > 0)

Taking Laplace transform,

Iy . Vvo(s) V:)(S)

Zde _ oV,
s sL + R te ()
Lic
Hence, Vo(s) = C

52 + i s+ i
RC LC
Substituting the values of I;., R, L, and C, we find that
120, 000 120, 000
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Vo(s)

Using partial fractions, we get

K, Koy
V. (s) =
(5) = <7200 T 57 8000

where K1 = 20, and Ko = —20

20 20
s+2000 s+ 8000

Hence, Vo(s) =

Taking inverse Laplace transform, we get
Vo (t) = 20€72000ty(t) — 208000ty (t)

dv,
dt

Hence I,(s) = C'[sVo(s) — v0(0)]

®) d(t)=C

T $2+10,000s + 16 x 105 (s + 2000)(s + 8000)

For t < 07, since the switch was in closed state, the circuit was not activated by the source.

This means that v,(0) = v,(07) = v,(0") = 0 and i,(07) =ir(07) = 0.

Then, I,(s) = CsVy(s)
~ 25x 1077 x 5 x 120,000
524 10,000s + 16 x 106
_ 3x 10735
(s +2000)(s + 8000)
K K,
= 572000 5+ 8000
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We find that, K1 = —1073, and Ko = 4 x 1073

—-1073 N 4 %103
s +2000 s+ 8000

Therefore, I,(s) =

Taking inverse Laplace transform, we get
io(t) = 478000ty (t) — e=2000ty ()mA
(©) ip(0T) =4—1=3mA

Yes. The initial inductor current is zero by hypothesis (ir,(07) = I1,(07) = 0). Also, the initial
resistor current is zero because v,(0") = v,(07) = 0. Thus at ¢ = 07, the source current
appears in the capacitor.

R.P 5.17
Refer the circuit shown in Fig. R.P. 5.17. The circuit parameters are R = 10k{2, L = 800 mH
and C = 100nF, if V;. = 70V, find:

(a) v,(t) fort >0
(b) io(t) fort >0

(c) Use initial and final value theorems to check the inital and final values of current and

voltage.
L
CPg oO—you0
=0 _—
i,(0)
+ +
Vdc <_> § R Vo= C
Figure R.P. 5.17
SOLUTION

Att =0, switch is open and at t = 0T, the switch is closed. Since at ¢t = 0, the circuit is not
energized by dc source, 7,(0~) = 0 and v,(0~) = 0. Then by the hypothesis, that the current in
an inductor and voltage across a capacitor cannot change instantaneously,

i0(07) =i,(07) =0 and  v,(07) = v,(07) =0



The KCL equation when the switch is closed (for ¢ > 07) is given by

t
dO 0
CU Yo o / —Vy)dr =0
0

dt R
p . t t
Vo 1
= Cdt+R+L/UOdT_L/VdCdT
dO o
= C’U % /UOdT— — Vet

0

Laplace transform of the above equation gives
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Vo(s) 1 ‘/0(3) _ 1 Vdc
ClsVils) = vo(0)] + ~% + =22 = =8
Since v,(0) is same as v,(0~), we get
Vo(s) | 1Vo(s) _ Vac
CsVy(s) + i T s~ Is2
Vdc
LC
V,(s) =
= (s) . ] N 1
rRC® T IC
Substituting the values of V., R, L, and C, we get
875 x 10°
Vo(s) = — 1
s [s2 4+ 1000s + 1250 x 10%]
875 x 10°
s(s—s1)(s — s2)
where s1,82 = —500 + V/25 x 10* — 1250 x 10*
= —500 £ 53500
1 6
Hence, Vo(s) = ,875 x 10 -
s(s +500) — 73500)(s + 500 + 73500)
Using partial fractions, we get
K Ko K3
Vo(s) = —
o(3) S + s+ 500 — 53500 + s+ 500 + 73500
875 x 10°
We find that Ki=———<=
c e ha IR TTET A
875 x 10°

Ko —
>~ (=500 + 43500)(j7000)
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= 5V/50 /171.87°
Vi(s) = L 5v/50 /171.87° N 5v/50 /—171.87°

s s+500—33500 s+ 500+ 53500

Taking inverse Laplace transform, we get

V(1) = [70 +5v/50 /171.87° ¢ (300335000t | 5. /50 /—171.87° & (F00+3500)t| (1)

In the present context,

m = 5v/50,0 = 171.87°
w = 3500 and a = 500

_ /b0 /171.87° vo0 /—=171.87°
This means that, ¢! SVS0 AT _87 + 5v50 7_ 87
s+ 500 — 53500 s+ 500 + 573500

= 2 x 55077 cos (3500t 4 171.87°)
= 10v/50e %% cos (3500t + 171.87°)

Hence, vo(t) = [70 4+ 10v/50e~5%% cos (3500t + 171.87°)] u(t)
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Vo dv,
b) i,(t)=—=+C
O nlt) = 2+ 0T

Taking Laplace transforms on both the sides, we get

N
| RC LC
Substituting the values of Vi, R, L, and C, we get

87.5(s + 1000)

I(s) = : :
s(s 4+ 500 — 53500)(s + 500 + 53500)
K K> K3
N ?+ s+ 500 — 53500 + s 4+ 500 + 33500
We find that,
Ky = 87.5 x 1000 _rmA
1250 x 104
Ky — 87.5(500 + 73500)
(—500 + 53500)(57000)
=12.5 /—106.26° mA
I(s) = 7 n 12.5 /—106.26° n 12.5 /106.26°

s s+500— 33500 s+ 500+ 53500

The inverse Laplace transform yields,

io(t) = [7 +12.5 /—106.26° ¢~ (00735000t 4 19 5 /106.26° ¢ (P00F73500)t] 4 (1)
= [7 4+ 2575 cos (3500t — 106.26°)| u(t)mA

Viie
© Vols) = e w—
s<52—|— <RC>S+LC)
From Final Value theorem: v,(c0) = tliglo Vo(t) = !Er(l) sVo(s) = % =70V

The same result may be obtained by putting ¢ = oo in the expression for v,(t).
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From initial value theorem :  v,(0) = lim sV(s)

Ve
¥
= lim LC
Sﬂoo}ﬁ/ SQ—I—L _{_i
RC LC
=0

This verifies our beginning analysis that v,(07) = v,(07) = 0. The same result may be
obtained by putting ¢ = 0 in the expression for v, (t).

1
Va, <+RC>
_L 2_|_i +L
"\ TRrRc® T Lc

From final value theorem :  1,(co) = lim sI,(s)

s—0

We know that, I,(s)

TR IO
1
_ Vae RC
L1
LC
Vel
R~ 10 x 10°

The same result may be obtained by putting ¢ = oo in the expression for i, ().

From initial value theorem :  i,(0) = lim sI,(s)

This agrees with our initial analysis that the initial current through the inductor is zero. The
same result can be obtained by putting ¢ = 0 in the expression for i,(t).
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R.P 5.18
Apply the initial and final value theorems to each of the functions given below:
s2 + 55+ 10 s? + 55+ 10
F(s) = ———— b) F(s)=—5———=
@ Fs) s+6 ) F(s) 5(s2+ 65 + 8)
SOLUTION

Since in F(s) referred in (a) and (b) are improper ! fractions, the corresponding time domain
counterparts, f(t) contain impulses.

Thus, neither the initial value theorem nor the final value theorems may be applied to these
transformed functions.

519

Find the inverse Laplace transform of F'(s) =

c+ jd c—jd
s+a—jw  s+a+jw

SOLUTION
Expressing ¢ + jd and ¢ — jd in the exponenetial from, we get,

36 —j6
P(s) = me . me '
sta—jw Ss+a+jw
where m=+/c2+d?and 0 = tan~! {d]
(&
Hence, ft) =L {F(s)}

= mejge_(“'_j“’)tu(t) + me_jge_(“ﬂ“’)tu(t)

_ me—atej(()ert)u(t) + me—ate—j(0+wt)u(t)

J(6+wt) —j(0+wt)
=2me ™ [e te ] u(t)

2
= 2me~* cos(0 + wt)u(t)

520

Find the initial and final values of f(t) when F'(s) =

60
s2—2s+1

SOLUTION
Initial value theorem

f(0) = lim sF(s)
. 60
= lim s

$—00 32—2s—|—1:

'If the degree of the numerator polynomial is greater than or equal to the degree of the denominator polynomial,
the fraction is said to be improper.



380 | Network Theory

Final value theorem:
The poles of F(s) are given by finding the roots of the denominator polynomial. That is,

s2-2s+1=0 = (s—12?=0 = s=1,1

Since both the poles of F'(s) lie to the right of the s plane, final value theorem cannot be used
to find f(00).

521

Find i(t) for the circuit of Fig.R.P. 5.21, when i1 (t) = 7e =% A for t > 0 and i(0) = 0. Also find

4H

i(t)

i,()=Te~0
Y0 Q) 5Q 30

Figure R.P. 5.21

SOLUTION
v 4H
Refer Fig. R.P. 5.21(a). T —
LU 6t —
KCL at node v: 5 +1="Te i(r)
di
Al =3i+4— ij(=Te™8 Q Q
S0, w1 7+ 7 1 ,28 Q) §5 §3
1 di
- i 4 g —6t
Hence, : [3z+ dt] +i="Te
4di 8. —6t
= s TR Te Figure R.P. 5.21(q)
di 35
= — 2= O
@

Taking Laplace transform of the differential equation, we get

[s1(s) —i(0)] +2I(s) = % 5 i 6

%

~ 1) = T 5610
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Using partial fraction expansion, we get

K, K>
I pu—
()= 2t 556

and find that K= @ and K9 = _—35
16 16
35 1 35 1

H I —_ — —_——

enee, ()= 16 [s+2] 16 [s+6]
35
= i(t) = 16 [e7%t — e~ %] u(t)

5.7 Circuit element models and initial conditions

In the analysis of a circuit, the Laplace transform can be carried one step further by transforming
the circuit itself rather than the differential equation. Earlier we have seen how to represent a
circuit in time domain by differential equations and then use Laplace transform to transform the
differential equations into algebraic equations. In this section, we will see how we can represent
a circuit in s domain using the Laplace transform and then analyze it using algebraic equations.
5.7.1 Resistor
The voltage-current relationship for a resistor R is given by Ohm’s law:

v(t) =i(t)R (5.22)

Taking Laplace transform on both the sides, we get
V(s)=1(s)R (5.23)

Fig. 5.19 (a) shows the representation of a resistor in time domain and Fig. 5.19(b) in fre-
quency domain using Laplace transform.

‘i(r) ¢ I(s)

+ +
v(t) R V() > R
Figure 5.19(a) Resistor represented in Figure 5.19(b) Resistor represented in the
time domain frequency domain using Laplace transform

The impedance of an element is defined as
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provided all initial conditions are zero. Please note that the impedance is a concept defined only
in frequency domain and not in time domain. In the case of a resistor, there is no initial condition
to be set to zero. Comparision of equations (5.22) and (5.23) reveals that, resistor R has same
representation in both time and frequency domains.

5.7.2 Capacitor
For a capacitor with capacitance C, the time-domain voltage-current relationship is

¢
1

v(t) = el /i('r)d’r + v(0) (5.24a)
0

The s domain characterization is obtained by taking the Laplace transform of the above equa-
tion. That is,

(s 4+ 20 (5.24b)

V) =5 :

To find the impedance of a capacitor, set the initial condition v(0) to zero. Then from equation
\%4 1
(5.24b), we get Z(s) = 7 ((8)) = s as the impedance of the capacitor. With the help of equation
s s
(5.24b), we can draw the frequency domain representation of a Capacitor and the same is shown
in Fig. 5.20(b). This equivalent circuit is drawn so that the KVL equation represented by equation
(5.24 b) is satisfied. Performing source transformation on the equivalent s domain circuit for a
capacitor which is shown in Fig. 5.20(b), we get an alternate frequency domain representation as

shown in Fig. 5.20(c).

o) + ‘
j I
¢ i(t) jf ) (s)
1
Cs +
t 1 V(s) 1
T C o0 &T VO Q) 20 cs=co)
8 o4 )\

() (b) ()

Figure 5.20(a) A capacitor represented in time domain
(b) A capacitor represented in the frequency domain
(c) Alternate frequency domain representation for a capacitor
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5.7.3 Inductor

For an inductor with inductance L, the time domain voltage-current relation is

di(t)
t)=1L 5.25
o(t) = L2 (525)

The Laplace transform of equation (5.25) yields,
V(s) = LsI(s) — Li(0) (5.26)

To find impedance of an inductor, set the initial condition 7(0) to zero. Then from equation
(5.26), we get

= Ls (5.27)

which represents the impedance of the inductor. Equation (5.26) is used to get the frequency
domain representation of an inductor and the same is shown in Fig. 5.21(b). The series connection
of elements corresponds to sum of the voltages in equation (5.26). Converting the voltage source
in Fig.5.21(b) into an equivalent current source, we get an alternate representation for the inductor
in frequency domain which is as shown in Fig. 5.21(c).

To find the frequency domain representation of a circuit, we replace the time domain repre-
sentation of each element in the circuit by its frequency domain representation.

* * 16s) T* I(s)
‘ i(r) +

+ Ls

v L .
Vi 0
) V(s) b v C‘) %)

L i(0)

v - !

(a) () ()

Figure 5.21(a) An inductor represented in time domain
(b) An inductor represented in the frequency domain
(c) An alternate frequency domain representation

To find the complete response of a circuit, we first get its frequency domain representation.
Next, using KV L or KCL, we find the variables of interest in s doamin. Finally, we use the
inverse Laplace transform to represent the variables of interest in time domain.
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EXAMPLE EsHle]
Determine the voltage v (t) and the current i (¢) for ¢ > 0 for the circuit shown in Fig. 5.22.

6Q i ic()

+
2A <1> 3Q 0.5F 5= v

P

Figure 5.22

SOLUTION
We shall analyze this circuit using nodal technique. Hence we represent the capacitor in frequency
domain by a parallel circuit since it is easier to account for current sources than voltage sources
while handling nodal equations.

The symbol for switch indicates that at ¢ = 0~ it is closed and at t = 0T, it is open. The
circuit at ¢ = 0~ is shown in Fig. 5.23(a). Let us assume that at £ = 0, the circuit is in steady
state. Under steady state condition, capacitor acts as on open circuit as shown in Fig. 5.23(a).

e 2x6 12 4
7/1(0 ) = = — = — . 5
643 9 3 60 i,(07)
4
vC(O_):§x3:4V +
2A 3Q v~ (07)
Hence, vc(0) =vc(07) =ve(07) =4V Q> f
Fig. 5.23(b) represents the frequency T

domain representation of the circuit

Fi 5.23
shown in Fig. 5.22. gure @

KCL at top node: 7 Vels)
—e ] ()
Vel(s s 2 ¢
C()+7VC(S):2+f , |+
3 2 s 2 3Q =—R1e0) Cva(0)=2
6 2 s ~
= Vel(s) = PR
s+ g I

Figure 5.23(b)
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Inverse Laplace transform yields

vo(t) = [6 - 26—%@ u(t)V

2
Also, Io(s) = VCQ(S) 2= %
p °T3
2
= ic(t) = —e 3 tu(t)A

SNVIu=g 5.17

Determine the current i, (t) for ¢ > 0 for the circuit shown in Fig. 5.24.

l iy (1)

4H

n +
v _ 0.05F == v(1)

8Q
Figure 5.24
SOLUTION
Att = 0, switchis closed and att = 07, it is open. Let 40
us assume that at £ = 0, the circuit is in steady state. In — 0—OAAANA—
steady state, capacitor is open and inductor is short. The
equivalent circuit at £ = 0~ is as shown in Fig. 5.25(a). 5, ‘ 1(07)
+
12 12V () V(00

L(07) = =1A -

ve(07)=1x8=8V
Therefore, ir,(0) =i (0%) =i (07) = 1A

ve(0) = vo(07) =ve(07) = 8V Figure 5.25(q)

For t > 07, the circuit in frequency domain is as shown in Fig. 5.25(b). We will use KVL
to find i7,(¢). Hence, we use series circuits to represent both the capacitor and inductor in the
frequency domain. These series circuits contain voltage sources rather than current sources. It
is easier to account for voltage sources than current sources when writing mesh equations. This
justifies the selection of series representation for both the capacitor and inductor.
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4Q

Applying KVL clockwise to the right

—O
mesh, we get iIL(S)
-8 20
?—}—?IL(S) —|—4SIL(S)—4+SIL(S):O 12<+> 450
8 20 s N\
+4:[+8+4S]IL(3) v0) 8V
s S s T s Li(0)
9 1 1 =4x1=4V
S I(s) = +s _ (s+D+
s2+2s+5 (s+1)2+4
= ] - - - 4= igure 5.25(b)
)= i T2 [(s—l— 1)2 x 22]
We know the Laplace transform pairs:
+a
£leeosht) =—1 2
{eeosbt) = e
b
—at . o
and §e{€ Slnbt} = m
1
Hence, ir(t) = [e‘t cos 2t + ie_t sin 2t| u(t)A
VIR 5.18
Find v, (t) of the circuit shown in Fig. 5.26.
e2tu(t) V

1F

A O
19§ Q) 2u(h) A §1H §1Q 0 (1)

O
Figure 5.26

SOLUTION

The unit step function wu(t) is defined as u(f)

. 1=0%
follows: \
1 t=of N e —
“(t)_{o, t<0" AN .,
0 »

Figure 5.27(a)
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Since the circuit has two independent sources with u(t) associated with them, the circuit is not
energized for ¢ < 0. Hence the initial current through the inductor is zero. That is, i,(0~) = 0.
Since current through an inductor cannot change instantaneously,

ir(0) =iL(0%) =iL(07) =0
Also, ve(0) = ve(0h) = ve(07) =0

The equivalent circuit for ¢ > 07 in frequency domain is as shown in Fig. 5.27(b).

-7 I~\\<—Supernode
{/ V.(s) s+2 N 10
——— C 2 AN o
I DRy AT *
s
? 2
10 ra s 1Q  V.(s)
o
Figure 5.27(b)
KCL at supernode:
Vi(s) = Va(s) n Va(s) 2
7 =
147 s s
s
1 1 1 2
= Vi(s) T + Va(s) [+2] ==z
14 - s s
S
s 2+s 2
= V; V- S
1(s) [s—i— 1] V(o) [ 2s ] s

The constraint equation:

Applying KVL to the path comprising of current source — voltage source — inductor,

we get, —Vi(s) — T + Va(s) =0




388 | Network Theory

Putting the above two equations in matrix form, we get

2
s 2+ s Vi(s) 4
s+1 2s _ s
-1

1 -1 Vals) s+ 2

Solving for V5(s) and then applying the principle of voltage division, we get

1 _ 2(3s246s+4)
Vols) = 3208 = S 9B + 35 + 2)

4
2 2 -
<s + s+3>

(s+2)(s + 0.5 — j0.646)(s + 0.5 + 50.646)

Using partial fractions, we can write

= Vo(s) =

K, Ky K3
Vi(s) =
o) =2t iroso 70.646 s+ 0.5+ j0.646
We find that K1 =0.5

Ko =0.316 /=37.76

Vi(s) = 0.5 N 0.316 /—37.76 N 0.316 /37.76
T s4+2  s+0.5—750.646 s+ 0.5+ j0.646

Hence,

_ 1
We know that, £ [ ] =e “u(t)

st+a
¢! m /0. L™ /—0
s+a—jw s+a+jw
= 2me~" cos(wt + 0)u(t)

Hence, Vo (t) = 0.5e 2t u(t) + 0.632e -5 cos [0.646t — 37.76°] u(t)

EXAMPLE EeRIR%

For the network shown in Fig. 5.28, find v,(t), t > 0, using mesh equations.

1
—F
2 2Q 1H
— L m—
1Q
2u(f) A<1> § 10 § 19 Yo®
Au(r)
o

Figure 5.28
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SOLUTION
The step function u(t) is defined as follows.
N -0+ u(t)
1, t>0 a
t — b) -
u(t) { 0, t<0" QR
1= of\
Since the circuit is not energized for t < 07, there -
are no initial conditions in the circuit. For ¢t > 0%, 0
the frequency domain equivalent circuit is shown Figure 5.29(c)
in Fig. 5.29(b). 5
s 2Q s
|| AV LIIIA o
+
1Q
2
o 1 1,(9) 1,(s) 1Q ( ) 1Q V,(s)
4
S _
O
Figure 5.29(b)

2
By inspection, we find that 1 (s) = —

s
KVL clockwise for mesh 2:

TR 1 [Da(s) ~ Ta(s)] + 2Da(s) 4+ 1 Ta(s) — Is(s)] = 0

= T D)+ Ta(s) [1 42+ 1] = Ty(s) = 0

Substituting the value of I;(s), we get

%4 + ATy(s) — Ty(s) = g
= ATy(s) — Iy(s) = g
KVL clockwise for mesh 3:
1 [I3<S> - IQ(S)] + 813(5) + 1]3(8) =0
= — Is(s) + I3(s) [s +2] =0

Putting the KVL equations for mesh 2 and mesh 3 in matrix form, we get

4 -1 Ix(s)

I
o wlo

-1 s+42 I5(s)
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Solving for I5(s), using Cramer’s rule, we get
1.5

I3(s) = ———
3(s) L
S| S -
4
1.5
= Vo(s) =1I3(s) x 1 = —
S <s + 4)
Using partial fractions, we can write
K K.
Vo(s) = — + 27
S 4 -
T
6 6
We find that, K = = and Ky = -
6 (1 1
Hence, Vo(s) =z |- ——=
[ s+ T
4
6 _T4
= vo(t) = = [1—.3 4]u(t)

EXAMPLE |ISWAN
Use mesh analysis to find v, (), t > 0 in the network shown in Fig. 5.30.

du(r)
S
IF n o 1Q
- I
+
t
WO f 1H 1Q VM
2
.
Figure 5.30

SOLUTION
The circuit is not energized for ¢ < 0~ because the independent current source is associated with

u(t). This means that there are no initial conditions in the circuit. The frequency domain circuit
fort > 0% is shown in Fig. 5.31.
By inspection we find that:

ne =2 n =

L=k =2 = 2D =h-> = 12<s>:;[13<8>—ﬂ

S
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KVL for mesh 3 gives 4

s [I3(s) — I2(s)] + 1 [13(3) - ﬂ @

+1 x I3(s) =0 1 @
= s [Ig(s) 1 <13(s) - 4)] 5 1Q I(s)

o (1) | —
A +
+ [13(3) - 8] + I3(s) =0 I(s) 1 @ s @ 1Q V.(s)
- I3(s) = M ’ <? -
M= s(s+4) °
and Vo(s) = 1[I5(s)] Figure 5.31

 —4(s—2)
 s(s+4)

By partial fractions, we can write

Ky Ky
Vo(s) = —
(5) s + s+4
We find that Ki=2, Ko =—-6
2 6
H Vo(s) = — —
ence, (s) s 514

Taking inverse Laplace transform, we get
vo(t) = 2u(t) —6e~*u(t)

EXAMPLE ¥4
Using the principle of superposition, find v, (¢) for ¢ > 0. Refer the circuit shown in Fig. 5.32.

1
—F
1H o 2
+
Au(t) 2u(t) 1Q 0,0
)
Figure 5.32

SOLUTION

Since both the independent sources are associated with w(¢), which is zero for
t < 07, the circuit will not have any initial conditions. The frequency domain circuit for t > 0
is shown in Fig. 5.33(a).
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20
sQ Q S
+
4 2 1Q V)
S N
, o

Figure 5.33(a)

As a first step, let us find the contribution to V,(s) due to voltage source alone. This needs the
deactivation of the current source.

Referring to Fig. 5.33(b), we find that s O Is) 19

4
I(s) = —5— 1 Y, ®
sH1+S+1
4

= Vo (s) =1(s)[1] =

Ee)
N

2 +25+2
Figure 5.33(b)
Next let us find the contribution to the output due to
current source alone. 2
Refer to Fig. 5.33(c). Using the principle of current 1Q 1) s
division,
2 X s 19 Y,
Il (S) — 5—2
s+1+=+1
s
2s .
Ve, =1 - Figure 5.33(c)
= V)= 1RG) = 5
Finally adding the two contributions, we get
Vo(8) = Vo, () + Vo, (s)
_ 4 n 2s . 2s+4
242542 $2425+2  s2425+2
I S <
Ts+1—41  s+1+41
We find that, K1 =2 /-45°
2 /—45° 2 /+45°
Hence, Vo(s) = V2 /45 + V2 [+45°

s+1—41  s+1+j1
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_ 0 /—0
We know that: @' mf — — ¢ = 2me”" cos(bt + 0)ul(t)
s+a—jb s+a+jb

Hence, Vo (t) = 2v/2e7t cos(t + 45°)u(t)

DV 522

(a) Convert the circuit in Fig. 5.34 to an appropriate s domain representation.

(b) Find the Thevein equivalent seen by 1{2 resistor.

(c) Analyze the simplified circuit to find an expression for i(¢).
ii(t)
s [Vio

3u()A <1> § o — omF

1mH

Figure 5.34

SOLUTION

(a) Since the independent current source has u(t) in it, the circuit is not activated for¢ < 0. In
otherwords, all the initial conditions are zero. Fig.5.35 (a) shows the s domain equivalent
circuit for t > 0.

a
i 1) 50 i 1(s)
500
L 2% o
3a Q) 1Q T 5
N
0.0015Q
b
Figure 5.35(a)

(b) Sine we are interested in the current in 12 using the Thevenin theorem, remove the 1£2
resistor from the circuit shown in Fig. 5.35(a). The resulting circuit thus obtained is shown
in Fig. 5.35(b).
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Zi(s) is found by deactivating the independent
current source. 50
500
Zt(s) = (5 + 00018)“7 +0Oa 500 Q
3 V() -
_ 25(;0 —+ 0.5s s G) _’ oh §
0.001s= + 5s + 500 0.001s Q
Referring to Fig. 5.35 (b),
3
Vi(s) = S [Z:(s)] Figure 5.35(b)
7.5 x 10° + 15005
— Volt Z(s)
s(s2 4+ 50005 + 5 x 105) —_—
| S| ~
The Thevenin equivalent circuit along with 12 i 1(s)
resistor is shown in Fig. 5.35 (c).
1% vio( F
I(s) = _Yls) © <‘> § e
Zt(S) + 1
7.5 x 10° + 1500s
= b
s(s2 4+ 5500s + 3 x 106) o
6
_ 7.5 x 10° 4+ 1500s Figure 5.35()
s(s+4886)(s + 614)

Using partial fractions, we get

ﬁ n 0.008 2.508
s s+ 4886 s+ 614

Taking inverse Laplace transforms, we get
i(t) = (2.5 4 0.008e 4886t _ 2 508e~014) u(t)A
Check:

i(0) = 2.5 + 0.008 — 2.508 = 0
and i(00) = 2.5.

These could be verified by evaluating (¢) at ¢ = 0 and ¢ = oo using the concepts explained in
Chapter 4.

VI 5.23
Refer the RLC circuit shown in Fig. 5.36. Find the complete response for v(t) if ¢ > 0T. Take

v(0) = 2V.
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=0
6Q2 1H
2cos 4V o F —I' v
Figure 5.36

SOLUTION
Since we wish to analyze the circuit given in Fig. 5.36 using KVL, we shall represent L and C' in
frequency domain using series circuits to accomodate the initial conditions. Accordingly, we get
the frequency domain circuit shown in Fig. 5.36 (a).

Applying KVL clockwise to the circuit shown in Fig. 5.36 (a), we get

—2s 9 2
52+16+<6+S+S>I(S)+8:0 6Q s
32 .
I =
= () (82 +6s+9)(s2 + 16) I(s)
Hence, V(s) = I(s) ) + 2 % T
’ a s| s 25 (f) V(s)

2 —288 s2+42
== 4 0o 2 ([t
s TSGR 10 0.2 l

Using partial fraction, we get

2 |K1 | Ko K K, Ki ] Figure 5.36(q)

Vi(s) = ot
(s) s_*{s +5+3+(s+3)2+s—j4+3+j4

Solving for K1, K9, K3, and K4, we get

— 988
K = —

YT (5 +3)2(s2 4 16) |,

—9
K= |28 1 gy
ds |s(s2+16)],_ 4
— 988

Ky= — > — 3.84

3 s(s24+16) | ,_ 4
Ky = —288 = 0.36 /—106.2

s 325+ gy ‘
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Therefore

2 2 2.2 3.84 0.36 /—106.2 0.36 /106.2
V(s)=-—--+ 5+ . + :
s s s+3 (s+3) s—j4 s+ j4

Taking inverse Laplace Transform we get,

v(t) = 2.2e73% 4 3.84te3* 4 0.72 cos(4t — 106.2°)

Verification:
Putting ¢t = 0 in the above equation

v(0) =2.24 04 0.72 cos(—106.2°)
=22-02=2V

(The same quantity is given in the problem)

5.8 Waveform synthesis

The three important singularity functions explained in section 5.3 are very useful as building
blocks in constructing other waveforms. In this section, we illustrate the concept of waveform
synthesis with a number of exmaples, and also determine expressions for these waveforms.

SNV 5.24

Express the voltage pulse shown in Fig.5.37 in terms of unit step function and then find V (s).

Also ﬁndi{dv(t)}.

dt

(1)

Y

0 1 2 3 4 5
Figure 5.37

SOLUTION
The pulse shown in Fig. 5.37 is the gate function. This function may be regarded as a step function
that switches on at ¢ = 2 secs and switches off at ¢ = 4 secs.
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V,(1)

0,(0)
54
+
i I > i i i I >
0 1 2 3 0 1 2 3 4 5
-5 T
Figure 5.37(a)
)
dt
Referring to Figs. 5.37 and 5.37 (a), we can write ST
v(t) = v1(t) + va(t)
= v(t) = bu(t — 2) — bu(t — 4) | , | ' 1
5 5 0 1 2 3 4 5
Hence, V(s)= e 2 — "¢ s
s s
5
b [6_23 _6—45] 5 +
s
Taking the derivative of v(t), we get Figure 5.37(0)

do(t)
e 5[6(t—2)—o6(t—4)]

du(t
Fig. 5.37(b) shows the graph of 355 )

We can obtain Fig. 5.37(b) directly from Fig. 5.36 by observing that at t = 2 seconds, there is
a sudden rise of 5V leading to 56(¢ — 2). Similarly, at ¢ = 4 seconds, a sudden fall of 5V leading
to —56(t — 4).

We know the Laplace trasnform pair

LLS(E—a)} = e LL6(t)}

— 670’8

Hence, £{ dv(?)

7 } -5 [6_23 —6_48]
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VIR 5.25
Express the current pulse in Fig.5.38 in terms of the unit step.
Find: (i) L {i(t)} (i) L{ [i(t)dt}.
i(t)
5
I f >
0 1 2 3 4
-5 +
Figure 5.38
SOLUTION
i) i(1) i, (1) +iy(0)
- =
3 5
I 1 f > ! i >
2 0 1 2 0 1 2
-5 +
-10 +
Figure 5.39(a)
i (0)+iy(1) i5(1) i(r)
5 5T 5
I Ll l ! l > I I >
0 1 0 1 2 3 4 0 1 2 3 4
-5 + I -5 +
Figure 5.39(b)

Referring to Figs. 5.39 (a) and (b), using the principle of synthesis, we can write

i(t) =11 (t) + i2(t) + i3(t)
= 5u(t) — 10u(t — 2) + bu(t — 4)



The Laplace transform of the above equation yields

Let f(t)=

then, f()= [ [Bu(t) — 10u(t — 2) + 5u(t — 4)]dt

(£) = 107 (t — 2) + 5r(t — 4)
(t) + f2(t) + f3(t)

:“ S{'\\%\U‘%\Cﬂ%
.
=
&
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The function fi(t) is a ramp of slope = 5 as shown in Fig. 5.39 (c). To this, if we add a ramp
of slope = —10, the effect of this addition is, we get a ramp of slope =5 —10 = —5 for ¢t > 2 secs

till we encounter the next ramp. At ¢ = 4 seconds, if we add a ramp with a

slope of +5, the net

slope beyond ¢ = 4 seconds is —5 + 5 = 0. Thus figure f(¢) is drawn as shown in Fig. 5.39 (d).

Fi® 0 FHO+H0)

N slope =5 slope = -5

Figure 5.39(c)

L{f(1)}=F(s)
=L{5r(t) — 10r(t — 2) + 5r(t — 4)}

5 10 ,, 5
@t e’
5
= g [1—2e7% 47



400 | Network Theory

FO+50) 130
+ slope =5
——t+— - —t—t—t—+— -
0 1 2 3 AN 0 1 2 3 4 5 6
S0
e e R
0 1 2 3 4
Figure 5.39(d)

SNV 5.26

Express the sawtooth function in terms of singularity functions. Then find £{v(t)}.

v(1r)

5
t 1
ol
Figure 5.40

SOLUTION
There are three methods to solve this problem.
Method 1:
The function vy (t) is a ramp function of slope = +5. This slope +5 should continue till ¢ = 1
second. Hence at ¢ = 1 second, a ramp of slope ¢ = —5 is added to v;(¢). The graph of

v1(t) + v2(t) is shown in Fig. 5.41(a). Next, to v1(t) + va(t), a step of —5V is added at ¢t = 1
second.

Hence, v(t) = vi(t) + va(t) + v3(t)
=5r(t) = 5r(t — 1) — 5u(t — 1)
V(s) =L{I(0) = o — et = 2o
5
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v, () V,(1) ,(D+0,(1)
o)
54 QQ)// _|_ — 5L
¥
et R N et
0 1 2 I\ g, 2 0 1 2
2
o\
51 i
Figure 5.41(a)
1 (H+0,(1) V5(7) V1 (D+0,()+05(7)
5+ + 5 = 57T
1 1 ——t
0 1 2 0 1 2 0 1 2
-5 +
Figure 5.41(b)

Method 2:

This method involves graphical manipulation.

V(D) V(1) V(1) =V,(2) V,(1)
o
ST &) X 5 = 5T
§Q
et 5 1 1
0 1 2 1 2 0 1 2

Figure 5.41(c)
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The equation of a straight line passing through the origin is y = mx, where m = slope of the
line. This allows us to write v1(¢) = 5¢. From Fig. 5.41(c), we can write

v(t) = vy (t)va(t)
=5t [u(t) —u(t —1)]
= 5tu(t) — Stu(t — 1)
=5tu(t) —5(t — 1+ Du(t —1)
=5tu(t) = 5(t — Du(t — 1) — bu(t — 1)
=5r(t) = 5r(t—1) —bu(t — 1)

5
Hence, V(s)=— [1—e* —se”]
s
Method 3:
0, (O=5(1) O, (t)=u(t+1) V(1) =V, (D, (1)
54 X — 5+
1
l 1 0 =1 =1
0 1 2 1 2 0 1 2
Figure 5.41(d)

This method also involves graphical manipulation. We observe from Fig. 5.41(d) that v(t) is a
multiplication of a ramp function and a unit step function.

Thus, v(t) = vy (t)va(t)
=5r(t) [u(—t+ 1)]

V;3(0) V(1) V(1)
+ =
1 1
I —1 —1 —1
0 1 2 0 1 2 0 1 2
-1 L

Figure 5.41(e)
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From Fig. 5.41(e), we can write

va(t) = v3(t) + va(t)

= va(t) =1—wu(t—1)
= u(—t+1)=1-u(t—1)
Hence, v(t) =5r(t)[1 —u(t —1)]
=5r(t) — 5r(t)u(t — 1)
We know that, r(t) = tu(t)
Hence, v(t) = 5r(t) — btu(t)u(t — 1)
=5r(t) = 5(t — 1+ Du(t)u(t — 1)
=5r(t) = 5(t — Du(t)u(t — 1) — Su(t)u(t — 1)
Please note that, u(¢)u(t — 1) = u(t — 1) [Refer Fig. 5.41(f)]
u(t) u(t-1) u(t) u(t-1)
X =
1 1+ 14
P Y
Figure 5.41()
Thus, v(t) =5r(t) = 5(t — 1)u(t — 1) — bu(t — 1)
=5r(t) —br(t—1) —bu(t—1)
Hence, V(s) = % [1 —e”® _Se_s]

VIS 5.27
Given the signal

3, t<0
z(t) = -2, 0<t<1
o2t — 4, t>1

Express z(t) in terms of singularity functions. Also find ¥{xz(t)}.

SOLUTION
The signal z(¢) may be viewed as follows:
(i) in the interval, ¢t < 0, z(¢) may be regarded as 3u(—t)
(ii) in the interval, 0 < t < 1, z(¢t) may be viewed as —2[u(t) — u(t — 1)] and
(iii) fort > 1, z:(t) may be viewed as (2t — 4)u(t — 1)



404 | Network Theory

Thus, z(t) =3u(—t) — 2[u(t) —u(t—1)] + (2t —4)u(t — 1)
= z(t) =3[1 —u(t)] —2u(t) + 2u(t — 1) + 2tu(t — 1) — 4u(t — 1)
=3 —bu(t) —2u(t—1)+2(t -1+ 1)u(t—1)
=3—5u(t) —2u(t—1)+2(t — Du(t — 1) + 2u(t — 1)
=3 —5u(t) +2r(t—1)

L{z(t)} cannot be found because x(t) contains a constant 3 for —oo < ¢ < 0 (a noncausal
signal).

EXAMPLE W4

Express f(t) in terms of singularity functions and then find F'(s).

fin

Figure 5.42
SOLUTION
To find f(¢) for0 <t < 2:
Equation of the straight line 1 is
Y=y y2—y fo)

Tr— 21 To — 21
0.3)
straight line 1

S/

Here, y is f(¢) and z is t.
Hence,

(3.0)

[\)
=
—~

~
N~—

|

(=}

I
|
=2
~
[
w
|
T

straight line 2

2.-3)

-
—
~
N~—

I
w

|
w
~

Figure 5.43
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To find f(¢) for2 <t < 3:

Here,
f(t)+3_0+3
t—2  3-2
= f(t)+3=3t—6
= ft)=3t—9
Hence
3-3t, 0<t<?2
f®)=14 3t—-9, 2<t<3
0, otherwise

The above equation may also be written as :
F@)=B=3tu(t) —u(t—2)]+ 3t =9 [ut —2) —u(t—3)]
=3u(t) —3u(t —2) — 3tu (t) + 3tu (t — 2) + 3tu (t — 2)
—3tu (t —3) —9u (t — 2) + 9u (t — 3)
F(t)=3u(t) —12u(t —2) — 3tu (t) + 6tu (t — 2) — 3tu (t — 3) + Yu (t — 3)

=
=3u(t)—12u(t—2) = 3tu(t) + 6 (t —2+2)u (t — 2)
—3(t—34+3)u(t—3)+9u(t—23)
=3u(t)—12u(t —2) = 3tu(t) + 6 (t —2) u (t — 2)
+12u(t —2) =3t —3)u(t—3) —9u(t —3) +9u (t — 3)
Ff@)=3u(t) —3tu(t)+6(t—2)u(t—2)—3({t—3)u(t—3)
Hence, F(s)=<{f ()}
3 3 6 —2s 3 —3s
=T TeEe T T

EXAMPLE P4
Express the function f(t) shown in Fig. 5.44 using singularity functions and then find F'(s)

S0

Figure 5.44
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SOLUTION
Equation of the straight line shown in Fig. 5.45(a) is fif)
H@)+1  —2+1
t—1  2-1 | 1 -t
= fit) +1=—t+1 CO L &
= - —+-1
= fi(t) t i
The above equation is for the values ¢ lying between 1 and 2. 42 /
This could be expressed, by writing straight lin(ez,_Z)
ft)y=rH@1)g)
Figure 5.45(a)
fi@®
| | -y

0 TP

T! fi(0=-t

+-2
g

1+
.

0 1 2
Figure 5.45(b)

= fO)=—tlu(t-1)—u(t-2)]

=—(t—-1+Du(t—1)+{t—-2+2)u(t—2)
=—(t-Nut-1)—u(t—-1)+{t—-2)u(t—2)+2u(t—2)
=—r({t—1)—u(t—1)+r(t—2)+2u(t—2)

Hence, F(s)=¢{f @)}
1 —s 1 —s 1 —2s 2 —2s
— e T g e
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EXAMPLE SESlS
Find the Laplace transform of the function f(¢) shown in Fig. 5.46.

S

Figure 5.46

SOLUTION
Method 1:

J4®

T /\ _
N VAR

f0)

ARV,

Figure 5.47(a)

We can write, ft)=fa(t)+ fa(t)

=sinwtu (t) +sinw (t — 1) u(t —1)
m ™
H = = -
ence, F(s)=¢L{f ()} 824_72—1—82_’_#26
™

e

s2 4+ xw2
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Method 2 :

Figure 5.47(b)

Graphically, we can manipulate f(¢) as
ft)=fc(t)g(t)
=sin7t[u(t) —u(t —1)]
= sinwtu (t) — sinwtu (t — 1)
=sinwtu (t) —sinwt (t — 1+ 1) [u(t — 1)]
=sinwtu(t) —sin(w (t —1)+7)u(t —1)
=sinntu (t) +sinw (t — 1) u(t —1)

o S

Hence, F(s)=£{f()} = $2 1 2 T2 T2 e
™ —s
= P [1 +e ]

EXAMPLE e¥)l

Find the Laplace transform of the signal x(¢) shown in Fig. 5.48.
x(1)

+1+
AN

Figure 5.48



Laplace Transform | 409

SOLUTION

+1-

Figure 5.49

Mathematically, we can write z(t) as

z(t)=za(t) —zp(t)
=sinm(t—1u(t—1)—sinw (t —3)u(t—3)

_ B ™ —s i —3s
Hence, Lz (t))=X(s) = 242t T e et
™ _ -3
“Epame e

A\ 532
Refer the waveform shown in Fig. 5.50. The equation for the waveform is sin ¢ from 0 to 7w, — sin ¢

1
from 7 to 27. Show that the Lapalce transform of this waveform is F' (s) = 1 coth <%) .
s
J
! 1 1 !
0 T 2r 3n

Figure 5.50
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SOLUTION
f(t) is a periodic waveform with a period " = 7 seconds. Let fi(¢) be the waveform f(t)
described over only one period. The Laplace transform of f(¢) and f;(¢) are related as

Iy (s)
F(s)= T
Let us now proceed to find F} (s). From Fig. 5.51 (b), we can write
At)=Fa@®)+ fs () 5o
=sintu(t) +sin(t —m)u(t —m)
1 1 1L
F — —TS
= 1(5) s2+1+32—|—16
(1+e7™) 1
T2 +1 0 T 2n 3n
Iy (s) £ (s) .
Hence, F(s)= TP e — o Figure 5.51(a)
(1+e™)
= F(s)=
(5) (82 + 1) (1 o 6—71'5)
ws/2 —ms/2 +1 -+
1 e G +26 ]
= 2 Ts/2 —ms/2 4
s« +1 67742 [e / —26 / ] 0 T : m &TC
s -1 I
1 cosh <?> £
= F(s)= B

T gun (%)
2

1 TS 14+ |
= coth (—) I
241 2 !
-y
0 n 2n\/3n

SNV 5.33 Figure 5.51(b)

Find the Laplace transform of the pulse shown in Fig. 5.52.
S0

V°"—\
| | » !

I I T =

0 1 2 3

Figure 5.52
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SOLUTION

We can describe Fig. 5.52 mathematically as

Vo, O0<t<?2
f(t)_{ Vot +3V,, 2<t<3

The expression for f(t) for 2 < t < 3 is obtianed as follows :
Equation of a straight line between two points is given by

Y-y Y2yl

r — I ro — I
In the present context, y = f(t),z =t, (z1,y1) = (2, V,) and (z2,y2) = (3,0)
Hence, ft) = Vo = 0=Y
t—2 3—2
=

F(t)=—Vot+3V,

The time domain expression for f(¢) between t = 0 and 3 could be written using graphical
manipulation as

fF)=Volu(t) —u(t—2)]+ Vot +3Vo] [u(t — 2) —u(t - 3)]

The first term on the right-side of the above equation defines f(¢) for 0 < ¢t < 2 and the
second term on the right-side defines f(t) for 2 < ¢t < 3.

F(t)=Vou(t)— Vou(t —2)— Votu (t —2) + Votu (t — 3) + 3Vou (t —2) — 3Vou (t — 3)
=Vou(t) = Vou(t—2) =V, (t —24+2)u(t—2)
+Vo(t=3+3)u(t—3)+3Vou(t—2) —3V,u(t—3)

=Vou(t) = Vou(t—2)—Vo(t —2)u(t—2) = 2Vou(t —2) + V, (t = 3)u(t — 3)
+3Vou (t — 3) + 3Vou (t — 2) — 3Vou (t — 3)

=Vou(t) = Vo(t=2)u(t—2)+V,(t—3)u(t—3)
=  f@t)=Vou(t) = Vor(t—2)+ Vor(t—3)

Hence,

F(s)=£{f (1)}
_Yo Vo

—2s ‘0 —3s
e + —e
s 52 52

SNV 5.34

Consider a staircase waveform which extends to infinity and at ¢ = nty jumps to the value n + 1,

being a superposition of unit step functions. Determine the Laplace transform of this waveform.
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SOLUTION
We can write,

F@)=u(t)+u(t—1to) +u(t—2t)+-
1

F(s)=L{f () =+ e7'0 7207 4.

— } [1 + e*tOS + 6721505 4. ]
Let ¢ %05 =

then F(s) =

®w | =8 »

[1—|—£C—|—LL‘2—|—"']
From Binomial theorem, we have

l-—az) ' =1+az4+22+-.

1
Hence, F(S) = ﬁ
S — T
B 1
~ 5(1 —etos)

NI 5.35

f) I
54 1
4 4
3 -+
2 4
1
0 ; f ; f 1
Iy 2ty 31, 4y St

Figure 5.53

(a) Find the Laplace transform of the staircase waveform shown in Fig. 5.54. (b) If this voltage
were applied to an RL series circuit with R = 1Q2 and L = 1H, find the current i(¢).

(1)

4

0 1 2 3 4

Figure 5.54

SOLUTION

(a) We can express mathematically, the voltage waveform shown in Fig. 5.54 as,

L,

v(t) =

O = W N

1<t<?2
2<t<3
3<t<4
4<t<h
elsewhere
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or v(t)=u(t—1)—u(t—2)]+2[u(t—2)—u(t—3)

+3u(t—3)—u(t—4)]+4ut—4) —u(t—05)]
=u(t—1)+u({t—2)+u(t—3)+ut—4) —4u(t—5)

Taking the Laplace transform, we get
1
V(S) —_ = [e—s + e—2s + e—3s + e—4s _48—53]
s

(b) Assuming all initial conditions to be zero, the time domian circuit shown in Fig. 5.55 gets
transformed to a circuit as shown in Fig. 5.56.

1Q s Q
R=1Q L=1H
v ; @ \ w”( 5 @ \

Figure 5.55 Time Domain Circuit

Figure 5.56 Frequency Domain Circuit
From Fig. 5.56, we can write

I(S)_V(S)
s+1
1 1 1 1 4
= T - - s - 2s - —3s - —4s —5s
() s(s—i—l)6 +s(s—i—1)e s(s—i—l)e +s(s—i—1)e s(s—i—l)e
1 1 1 1 1 1
I = — -S - — —2s _ —3s
= 1(s) [(s s—|—1>€ +(s s—i—l)e +<s s—i—l)e

1 1 1 1
Y 6—45 4 == 6—55
s s+1 s s+1
Taking the inverse Laplace transform, we get

i(t) = [u (t) — e tu (t)]t—nﬁ—l + [u (t) — e tu (t)]t—>t—2 + [u (t) —t

—e u (t)]t—>t—3
+ [u (t) — e tu (t)]t—>t—4 —4 [u (t) —etu (t)]t_)t_5
=it)=[1—-e tV]ut-1)+1-e ED]u(t—2)+[1—e ED]u(t-3)
+1—e D] u(t—4)—4[1-e ED]u(t->5)
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EXAMPLE

5.36

Network Theory

A voltage pulse of 10 V magnitude and 5 u sec duration is applied to the RC' network shown in
Fig. 5.57. Find the current i(¢) if R = 10Q2 and C = 0.05uF.

v(?)

R
A
10V
a— S1US —p (1) Cf) @ = ¢
>
Figure 5.57
SOLUTION
V() Vy(1) Y@
10 10+ — 10
> > >
Sus to=5us
Figure 5.58(a)
Mathematically, we can express v(t) as follows : R
v(t) = vi(t) — va(t) AN

Hence,

= 10u(t) — 10u(t — to)

V(s)=£{v(t)}
_ 10

_ _—tos
O —e)

Assuming all initial conditions to be zero, the Laplace
transformed network is as shown in Fig. 5.58(b).

1(s)

V(s)
1

R+ —
+ Cs

10 (1 —e %)

1
R+ —
s[ —l—Cs]

“Q @

Figure 5.58(b)
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10C's tos
“):s(Rcs+1)(" )
0 1w

R 1
s+ RC
_ 10 1 B 1 o—tos
R N 1 R 1
S —_— S —_
RC RC
Taking inverse Laplace transform yields
10 - 10 =
i(t) = —eRCu(t) — —eRCu(t)
R t—t—to
10 - 10 ==t
:jeRéu(t)—Ee o u(t—to)

-t )
i(t) =e05x10 %y (t) —e 05x10°% g (t—5x1079)

V=, 537
Find the Laplace transform of the waveform shown in Fig. 5.59.

v ()

3__
2__ S
1__
I >
0 1 2
Figure 5.59
SOLUTION
3t, 0<t<1
“(t)_{ 2, 1<t<2
or v(t)=3t[u(t) —u(t—1)]+2[u(t—-1)—u(t—2)]

= 3tu (t
= 3tu (t
= 3tu (t

Btu(t—1)+2u(t—1) —2u(t—2)
t—1+Du(t—1)+2u(t—1)—2u(t—2)

)_
)—3
)=3(t—1Nu(t—1)—3u(t—1)+2u(t—1)—2u(t—2)
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v(t)=3tu(t) -3t —-Du(t—1)—u(t—1)—2u(t—2)
=3r(t)—=3r(t—1)—u(t—1)—2u(t—2)

Hence, V(s)=<L{v ()}
3 3 . 1 _, 2 _,
2Tt T T

5.9 The System function

The system function or transfer function of a linear time-invariant system is defined as the ratio
of Laplace transform of the output to Laplace transform of the input under the assumption that all
initial conditions are zero.

Hence, for relaxed LTI system, the response Y'(s) to an input X (s) is H(s) X (s), where H (s)
is the system function. The system function H (s) may be found in several ways:

1. For a system defined by a linear differential equation, by taking Laplace transform of the

differential equation and then finding the ratio X (S) .
S
2. From the Laplace transform of impulse response h(t).

3. From the s domain model of a physical system like an electrical system.

SNV 5.38
The output y(t) of an LTI system is found to be e~3*u(¢) when the input (t) is 0.5u(t).

(a) Find the impulse response h(t) of the system.

(b) Find the output when the input is z(t) = e~ ‘u(t).

SOLUTION
(a) Taking Laplace transforms of z(t) and y(t), we get

V()= g X () = 2
_Y(s)_ 25
Hence H(s)= X(s) 513
2(s+3)—6 6
= H(s)= 613 2 543

Taking inverse Laplace transform, we get

h(t) = 26 (t) —6e 3tu (t)



(b)

Thus,

where

Therefore,

1
X(s):s+1
Y (s) =X (s) H (s)
_ 2s
s+ 1)(s+3)
Ky Ky
s+ 1 s+3
2s
K1 = s+3|__;
— 25 —
2 s+1 32_3_3
-1 3
(8)_54-1 s+3

Taking inverse Laplace transform of Y'(s), we get

or

SNV 5.39

y(t) = e +3e7 1 >0

y(t) = (—e_t + 36_3t)

sut)

Laplace Transform | 417

Determine the output v(t) for the circuit shown in Fig. 5.60.

SOLUTION

V(=2 e, 120 Cf) =

R=1Q
—AAMM—

Figure 5.60

The transformed network of Fig. 5.60 with the assumption that all initial conditions are zero is

shown in Fig. 5.61(a).
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1
V(s) = ;I(s) R=1Q
AVAVAVAY, o
1| Vi(s) i
= 1 2 (4 11
1+ Vo= 2= _> @ =+
V(s) 1 -
H P pu—
= () =35 ~ 541 °
Figure 5.61(a)

The inverse Laplace transform of H (s) is called the impulse response of the circuit and is

denoted by h(t). h(t) =e tu(t)

I method :

From Convolution theorem, we have,

v(t)=h

—~

£) % v, ()

h(t)vs(t —7)dr

e Tu(r) x 2"y (t — 1) dr

= 2¢~* 7u (r)u(t—7)dr
0

Let us compute the product u (7) u (t — 7) for different values of 7

1, 7<0
v()=1 0, r>0

wlt—1)= 1, t—7>0 or 7<t

10, t—7<0 or 7>t

1, O0<7<t, t>0
Hence, u(r)u(t —7) :{ 0 otherwise
u(T) u(t—1) u(t)u(t—m)
1 X 1 = 1
0 - 0 ‘ T 3 : =T

Figure 5.61(b)
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t

Therefore, v(t) = 2e_t/d7' =2te™", t>0
0
= 2te " tu (t)
IT method :
In the frequency domain, convolution operation is transformed into a multiplicative operation.
That is, Vi (s)=H (s) Vs (s)
1 2
= X
(s+1)  (s+1)
B 2
(s+1)

Inverse Laplace transform yields,
v(t) = 2te"tu(t)Volts

Reinforcement problems

R.P 522
Vo - - .
(a) Find H (s) = v (<s)> for the circuit shown in Fig. R.P. 5.22. (b) Determine v,(¢) when the
i\S
intital current in the inductor is zero.
100Q2 3mH
+
150Q
<+> V(1)
V(=100 u)V (
2mH
Figure R.P.5.22

SOLUTION
The Laplace transformed network with all initial conditions set to zero is shown in Fig. R.P.

5.22(a).
Vo (s) =1(s) [150 +2 x 10 5]
B Vi (s) [150 + 2 x 107 35]
© 100 + 3 x 10735 4+ 150 + 2 x 1035

Vo(s) 1.5x10°+ 2s
~ Vi(s) 2.5x105+5s
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(b) Vo (s)=H (s)V;(s) 100Q  3x103%Q
1.5 x 105 +2s 100
T 25105 +5s s

40 [s+0.75 x 10°] vis)=20

s[s+0.5 x 10°] 2x1073%,Q

Ky n Ky
S s+ 0.5 x 105

Figure R.P. 5.22(a)

. _40[s+0.75 x 10°] | 60
where T T s 105x 109 |
40 [s 4 0.75 x 10°
oL ) = —20
5 s=—0.5x105
2
Hence, Vo (s) = 60 0

s s+0.5x10°

Taking inverse Laplace transform, we get

Vo (t) = [60 —20e~0-5%105¢] 4 () Volts

RP WA
Refer the circuit shown in Fig. R.P. 5.23. The switch closes at t = 0. Determine the voltage v (¢)

after the switch closes.
t=0

o—
2Q 2Q

— IF

~ ()

Figure R.P. 5.23

SOLUTION
The switch is open at t = 0~ and closed at t = 0. Let us assume that at t = 0, the circuit is in
steady state. The circuit at £ = 0~ is shown in Fig. R.P. 5.23(a).
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2Q 2Q

i(07)

" C) O+
v(07)

O -

Figure R.P. 5.23(a)

Referring to Fig. R.P. 5.23(a), we get

s

v(07) =0

From switching principles, we know that the current through an inductor and the voltage
across a capacitor cannot change instantaneously. Therefore,

i(0)=1i(07)=i(07) =2A
and v(0) =v(0%) =v (07) =0V
We shall solve this probelm using nodal technique. Hence, in the frequency domain, we will

use the parallel models for the capacitor and inductor because the parallel models contain current
sources rather than voltage sources. The frequency domain circuit is shown in Fig. R.P. 5.23(b).

2Q V(S)
—O0—O0—AAMW

O ¢

“ | oo

Figure R.P.5.23(b)
KCL at node V (s) :
Vis)
S V4 \%4 2
s Vi), gs)+—:0
2 s 1 s
s
1 4 2
= V(s)[++s:|:—
2 s s s
s+2+42s%] 2
= Vv ==
(5) [ 2s ] s
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B 4
2824 5+2
2
s24+0.5s+1

= V (s)

2
52 +0.5s + (0.25)% — (0.25)% + 1
2
(s +0.25)% + (0.96824)*
_ 2 0.96824
0.96824 "~ (s 4 0.25)” 4 (0.96824)*
0.96824
(s +0.25)% + (0.96824)°

= 2.066 x

We know that,
éeil {M‘W} = eibt sin at u (t)

v (t) = 2.066e 225 sin (0.96824t) u (t) Volts

Hence,

R.P 5.24

Find the impulse response of the circuit shown in Fig. R.P. 5.24.

IH | V(O _
—TTT VW
2Q

V(1) (f) % 40 <¢> 2F == v, (1)

Figure R.P. 5.24

SOLUTION
The frequency domain representation of the circuit is shown in Fig. R.P. 5.24(a) by assuming that
all initial conditions to be zero.
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+
Vi(s) Cf) %Vg(s) <¢> % = V(s

Figure R.P. 5.24(a)

KCL at node a:
W - 1Vg (s) + V”'l(s) =0
2s
= V‘I(S);W’(S)+V"'(8);%(S)+23%(s)=0
> Vals) [+ 5+ 25| = Walo) [+ 3] =0
= Va(s)[1+2s] =V (s) =0
KCL at node b:
Vi (s) = Vi (s) +W>(3)_VG(S) —0
s 2
. vao) [+ [1 4 5] = B
N —1/;(5)_1_(22—}:95)%(5):%;8)
= = sVa(s) + (24 5) Vi (s) = 2Vi (s)

Putting the above nodal equations in matrix form, we get

LG = L]

Solving, we get

_ 2V; ()
‘/:1'(8)_24—5—1—45—{—232—3
N Va(s) 1
Vi (s) (s+1)2

Given v (t)=06() = Vi(s)=1
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Va 1
Hence, (5) = 5
1 (s+1)
1
= Va (3) = )
(s+1)

Taking inverse Laplace transform, we get

Ve (t) = h (t) = te tu (t)

R.P 5.25

Find the convolution of h (t) = t and f (t) = e~ for t > 0, using the inverse transform of

SOLUTION 1
h(t)«f(t)=<«£"{H(s)F(s)}
where H(s)=¢{h(t)} = s%
1
F(s)=L{f () = ——
1
Hence, H (S) 3 (S) = m
B K
S S s+«
Solving the partial fractions yields
1 1 1
Kl = "o K2 = a, K3 = @
-1 /1 1 /1 1 1
Hence, H(s)F(s)zaQ<S)—|—a<82>+a2<s+a>
= h(t)* f (1) =L {H (s) F (s)}
_ _;u ) + étu (1) + oot (1)

1t 1
:[_a2+a—|—a2e t]u(t)

526

Consider a pulse of amplitude 5V for a duration of 4 seconds with its starting point £ = 0. Find
the convolution of this pulse with itself and draw the convolution x (t) * x () versus time.
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x(1)

0 4

Figure R.P. 5.26(a)

SOLUTION y(O=x(1)xx(1)
z(t) =5u(t) —5u(t —4)
= X (s) = ? — §e_4s
s s
Let y(t)=a(t)*z(t) .

Taking Laplace transform, we get

Y (s) =X (s) X (s)
20 50 4 25 g
=22 2¢

Figure R.P. 5.26(b)

S
Taking inverse Laplace transform, we get

y(t)=25tu(t) —50(t —4)u(t —4)+25(t—8)u(t —8)

S S

Hence, y(t) = 25r(t) —507(t —4) 4+ 25r(t —8)
527
r—1_—at
Show that gl B e Tl K
(r—1)! (s+a)
SOLUTION
Let f@)=1
1
then F(s)=-
s
d"F(s) (=1)"n!
Thus, don —  and
’nF
We know that, L{f )} = (=" d y 758)
S

With f(t) = 1, we get
iy = v | S

n!
- gn+1
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Putting n =7 — 1, we get

- 1!
=D
and ég{trflefat} _ ((:;i;i
Therefore, & f{l)!ﬂ‘g {t“le*at} = G fa)T
R.P 5.28
Tests conducted on a certain network revealed that the current was i(t) = —2e~* + 43¢ when a

unit step voltage was suddenly applied to the input terminals of the network at ¢ = 0. What voltage
must be applied to get an output current of i(¢) = 2! if the network remains unchanged?

SOLUTION
Given, i(t) = —2e7t + 4e3 t > 0 when v(t) = u(t)
-2 4
H I(s) = ——
enee, () s+1+s+3
1
and Vis)=-

Laplace transform of the output
System function = H(s) = P utpu

Laplace transform of the input
1(s)

V(s)

o 2s(s—1)

T (s+1)(s+3)

= H(s) =

We have to find v(t) when i(t) = 2¢ .

2 I
First we will find V' (s) when I(s) = 1 using the relation H (s) = (s) .
S

Hence, Vi(s)= I (s)

_ s+ 1
2s(s —1)
(s+1)(s+3)
_ (s+3)
S os(s—1)
K, K,
:?—Fs—l
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Using partial fractions, we find that K; = —3 and Ky =4

— 4
Hence, V (s) = j +

s s—1

= v (t) = —3u (t) + 4etu (t) Volts

AN 529
Find the Laplace transform of the periodic waveform shown in Fig. R.P. 5.29.

fn)

Figure R.P. 5.29

SOLUTION
The Laplace transform of a periodic waveform is found
using the relation

fi®
Fi(s)
Fs)=1— -7
1
where Fy(s) = £ {fi(t)} = Laplace transform of f(t)
over 0 < t < T. Where T' = fundamental period of o7 I I I | 1!
f(t) a 2a 3a 4a
Referring to Fig. R.P. 5.29(a) we can write: Figure R.P. 5.29(a)
t
-, O<t<a
a
i) = 1, a<t<3a

-1
—t+4, 3a<t<da
a

= A=t (- )] + ot — ) u (e~ 30)

N [_it+4] [ (t — 3a) — u (t — 4a)]

zétu(t)—%tu(t—a)—i-u(t—a)—u(t—3a)—étu(t—3a)

1
+—tu (t —4a) + 4u (t — 3a) — 4u (t — 4a)
a
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= fl(t)z2tu(t)—é(t—a+a)u(t—a)+u(t—a)—u(t—Sa)

1
1(t—3a+3a)u(t—3a)—l—f(t—4a—i—4a)u(t—4a)
a

a

+4u (t — 3a) — 4u (t — 4a)
zétu(t)—%(t—a)u(t—a)—u(t—a)+u(t—a)—u(t—3a)
—%(t—3a)u(t—3a)—3u(t—3a)—|—2(t—4a)u(t—4a)+4u(t—4a)

+4u (t — 3a) — 4u (t — 4a)
1

:atu(t)—é(t—a)u(t—a) Lt 3a)u(t—3a) + 1

a a

(t —4a)u(t — 4a)

1 1 1 1
=rt)=—Zr(t—a)—=r(t-3 —r(t—4
L - tra—a - Lra-s0 4 L - a0
Hence, Fi(s)=<%{f1(t)}
1 ]- —as 1 —3as 1 —4as
T a2 a2t as2t + as2®
1 —as —3as —4as
e a82 (]_ — € — € + e )

Alternate method for finding Fi (s):
From Figs. R.P. 5.29(b), (c), (d), we can write

fi(t)=fa®)+ fe(t) + fc (t) + fp (1)

= Ltu(t) (1~ a)ult—a) ~ - (t—3a)u (i~ 3a)

a

fA(t) fB(I) fA(t)+fB(t)

\

Figure R.P. 5.29(b)
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TAO+f 50 fc® A+ 5O+ (1)

Figure R.P. 5.29(c)

fA(t) +f3(t) +fc(t) fD(t)

&
1+ + 1+ o//
&
I I I } . | !
0 a 2a 3a 3a 4a S5a
-1
-y
Figure R.P. 5.29(d)
Hence, F(s) = P {fi(®)}
_ 1 1 as 1 —3as —4as
 as? asQe as © + as €
Finally, F(s)=¢{f ()}
. Fi(s)
S l—eT
where T = 4a . .
1 1 —e @5 _g—3as —4as
F(sy= L { e i)
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R.P 5.30
Find the Laplace transform of the function f(¢) shown in Fig. R.P. 5.30.
f)
I l I I >
0 1 2 3 4
Figure R.P. 5.30
SOLUTION

Let f(t) = x(t) + u(t), where z(t) is a periodic triangular wave and is as shown in Fig. R.P.
5.30(a).

x(?) x,(0)
2+ 2+
1+ 1+
I | I f > I | !
0 1 2 3 4 0 1 2
Figure R.P.5.30(c) Figure R.P.5.30(b)

Let z1(t) be (t) within its first period as shown in Fig. R.P.5.30(b).
Referring to Fig. R.P. 5.30(b), we can write

o[ 2 0<t<l
T = V42t 1<t <2

= zr(t)=2t[u(t) —u(—1]+ @4 —-2t)[ut—1)—u(t—2)]
=2tu(t)—2tu(t—1)+4u(t—1) —du(t —2) — 2tu (t — 1) + 2tu (t — 2)
=2u(t)—2(t—1+Du(t—1)+4u(t—1) —du(t —2)
2t -1+ Du(t—1)+20t—-2+2) u(t—2)
=2tu(t) —2(t—1Du(t—1)—2u(t—1)+4u(t—1)—4u(t —2)
2@t—Du(t—1)—2u(t—-1)+2(t—-2)u(t—2)+4u(t—2)
() =2tu(t) =4t —-Dut—-1)+2(t-2)u(t—2)
z1(t)=2r(t) —4r(t—1)+2r(t — 2)

v
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Hence, X1 (s) =L{x (1)}
2 4 —s 2 —2s
e et T
2 —s —2s
=2 (1 —2e " +e )
2
=5 1-e)

Since z(t) is periodic,

X1 (s)
1—e5T

X (s)=<L{z ()} =

where T' = 2 seconds
2

2(1—e*
Hence, X (s) = 82E1_Z_2‘)‘;)
We know that, f(t) = z(t) + u(t)

Applying linearity property,

F(s)=X(s)+U/(s)
2(1-e)? 1

T s(1—e2) ' s

R.P 5.31

Find f(t) using convolution integral for the function,

4s
PO=tr e+
SOLUTION
Let F (s) = Fi(s) F5(s)
where Fi(s) = - i S s A0 =de ()
Fy(s) = ﬁ = fo(t) = cos2tu (1)

Ft) =L [F1(s) Fa (s)]

=/f1<A>f2<t—A>dA
0
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We know that u(r)u(t—71)= { (1)’ ?)tie71—rvv<isi, t>0
¢
Hence, f@)= /cos 2Mde” N )
0

t

=4et / e* cos 2\ d)\

0
Using the standard integral formula
/ e cos br dr = a2€7—i;b2 (acosbz + bsin bx)
€>\ k
we get t) = 4e™? cos 2\ + 2sin 2\ ]
: P =1t [ ).

4
= ge*f " (cos2t + 2sin 2t — 1)]

4 8 4
:gcos2t+gsin2t— ge_t, t>0

4 8 4
ft)= 7 cos 2t + R sin 2t — 56_t:| u (t)

R.P 5.32
If h(t) = 2e=3u(t) and 2(t) = u(t) — 6(t). Find y(t) = h(t) = z(t) by (a) using convolution in
the time-domain (b) Finding H (s) and X (s) and then obtaining @ ! [H(s)X(s)]

SOLUTION

Given h(t) = 2 3tu(t)
and (1) = u(t) — 6(t)
(a) y (t) =z (t)* h(t)
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1, 0<A<t, t>0

We know that, w(t — A)u(\) = { 0. otherwise

The second integral on the right-hand side is evaluated using the sifting property for an im-
pulse function.

t

Hence, y(t) = /26_3t63)\d/\ —2e73(E=A) (t— Moo
0
311
= y (t) = 273 [] — 2e 3t (t)
3 1o
2 3¢ 3¢
:g(l—e ) —2e u ()

Since ¢ > 0, we associate u(t) in the first component on the right hand side of y(t).

Then, y(t)= % (1- e u (t) — 2e™u (t)

(b) Verification :
2
= X(s)==—1
(5) = g0 X (5) = -
= Y (s) =X (s) H (s)
2(1-ys)
s(s+3)
Ky, K
s s+3
Using partial fractions, we find that
2 -8
Ki=-, Ko=—
1 3’ 2 3
2 (1 8 1
H Y —Z2(Z)_Z
enee, () =3 <s> 3 <s+3)
2 8
= y(t) = U (t) — gefg’tu (t)

3

5.33

When an impulse 6(¢) V is applied to a certain network, the ouput voltage is v,(t) = 4u(t) —
4u(t — 2) V. Find and sketch v,(t) if the imput voltage is 2u (¢t — 1) V.
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SOLUTION
When v;(t) = 6(t), it is given that v, (t) = 4u(t) — du(t — 2).
From this data, we can find the transfer function H (s) as follows:
£L{v, (1)}
H(s)=—F5—+=
L{vi (1)}
C L{du(t) —du(t—2)}
2{5(1))

_4' _ ,—2s
—g[l e ]

The transfer function H (s) can be used to find v, (¢) when v;(t) = 2u(¢t—1) V. This procedure

is as follows:

= Vo (s) =Vi(s) H (s)
:gef.s |:4_4 25:|
fé —5 8 3s
—526 —8—26

Taking inverse Laplace transform, we get
vo(t) =8t —1)u(t—1)—8(t—3)u(t—3)
=8r(t—1) —8r(t —3)
The corresponding wave form for v,(t) is sketched in Fig. R.P. 5.33

V()

16 +— 6//00
a®
=

1 =

0 1 2 3

Figure R.P. 5.33

R.P 5.34
Refer the two circuits shown in Fig. R.P. 5.34(a) and (b). Given that v;(t) = sin 103 and

va(t) = e 1900 fort > 0and ¢ = 1 uF.
(a) Show that it is possible to have i1 (t) = i2(t) for all ¢ > 0.
(b) Determine the required values of R and L for the condition in part (a) to hold good.
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Figure R.P. 5. 34 (a) Figure R.P.5.34 (b)

SOLUTION
Referring Fig. R.P. 5.34(a) we can write in Laplace domain

R+ —
+C’.s

Similarly, referring Fig. R.P. 5.34(b), we can write in Laplace domain

Va(s
I(s) = 2l )1
L+ —
bt Cs
i1(t) = i2(t) means that I1(s) = Ix(s)
. i3 103
Also, Vi(s) =L {sin10°t} = ———
52 4 (103)
1
_ {10008 _
Hence, the condition 17 (s) = I5(s) gives,
10° 11 1
24106 106 s+ 10 10°
S I Y
103 1

= g
106

R <s + 1;6) (s2+106)  L(s+10%) <s2 + L)

If the above equation is satisfied, then it is possible to have i1 (t) = i2(t). For this to happen,
it is required that

R 106 106
— =1 — =10® and 10°=—
108~ R an L

The above conditions give L = 1H and R = 103
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R.P 5.35
For the circuit shown in Fig. R.P. 5.35 has zero initial conditions. At ¢ = 0, the switch K is
closed. Find the value of R such that the response v(t) = 0.5 sin v/2t volts. Take the excitation
asi(t) = te V2t A,

o — (1)
+
R
O
K
1H L1
2
o —
Figure R.P.5.35
SOLUTION
Given i(t) = te~ V2
Taking Laplace transform of i(¢) gives
1
I(s) = —————
Laplace transform of the response v(t) = 0.5 sin v/2t is
1 2
V=L 2
2 |s2+2
v
Hence, Z(s) = 7 ((j))
1 2)?
= 7M (5.29)
V2 s242
For the circuit shown in Fig. R.P. 5.35 we can write
Z(s)=R 1
(s) =R+ —
2 s
2s
= Z(s) =R+ (5.30)
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Equating equations 5.29 and 5.30, we get

i(8+‘/§)2—R 2s

V2 os2+2 +32—|—2
1 2
= (82+2)R—2s:—(s+\/§>
V2
52 4 2s 4 2
= —_— S —_—
V2 V2
. . 1
Equating the like powers of s, we get R = EQ

Exercise Problems

EP KA
Find the Laplace transform of the following functions :

(@) fi1(t) = sin(wt + 0)

(b) fot) = sin?t

© f(t) = ziag [sinh(at) — sin(at)]

ssinf + wcosO 2 1

Ans: Fj(s) = 52 1 o2 , F2(s) = s(2+4) F3(s) = (s2 —a?) (52 + a?)

E.P 52

In the network shown in Fig. E.P. 5.2, the switch K is moved from position a to position b at

t = 0, a steady state having previously been established at position a. Solve for i(t), using the
Laplace transformation method.

ad K R,

Figure E.P. 5.2

\ <

RaA+R
Ans: i (t) = 5° e” T Tu(t)
A
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E.P 5.3
Find ¢ (t) and i2(t) for ¢t > 0 for the circuit shown in Fig. E.P. 5.3 using Laplace transform.

2kQ 3kQ
i\ i WVZM

12-6 u(t) 2mH 2mH

Figure E.P. 5.3
Ans: 41 (t) = |:2.46_5X105t + 0.6~ 6Xx5x10% 3] u (t) mA
in (t) = [1.2e—ﬁx5xl05t - 1.2e—5xl05t] u (t) mA

E.P 5.4
Using Laplace transform technique, find () when i; = 0.1e~* A for the circuit shown in E.P.

5.4 when b = 10°. Assume steady state conditions at t = 0.

1 mH =0
30
o V0
=0 —
i)
I = 0.1uF 83—0 Q 10V
Figure E.P. 5.4

1 27 17
Ans: i(t) = |:30€_bt + —6bt _ e_IObt] u(t) A

40° 24
55

The current source shown in Fig. E.P. 5.5 is i(¢) = tu(t)u A. Find v,(t) when the initial value of

U, 1S Zero.

+

i(’)CfD —— IuF Uo(t)§ 1k

Figure E.P. 5.5

Ans: vy (t) =t —10"3 (1 —e—103t) mv, t >0
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E.P 5.6
Find the inverse Laplace transform of the following F'(s):
8s—3 4s?
F = b) F =
(2) (s) 52 4+4s+13 () (s) (s + 3)2

Ans: (a) f(t) = 10.2e~2! cos (3t + 38.3°) u (¢)
(b) f (t) = [4e3t —24te™ 53" 4 18t~ 3] u (t)

57

Using convolution integral, find f(¢) if

Ans: f(t)=2[1—e " u(t)

58

Refer the network shown in Fig. E.P. 5.8. Assume the network is in steady state for t < 0.

Determine the current ¢(¢) for ¢ > 0.
=0

20 i(1) ; ,

12v — 0.1F 1Q

Figure E.P. 5.8

Ans: i(t) =4.22e " tcos (3t —18.4°) u (t) A

59

Find v,(t) in the circuit shown in Fig. E.P. 5.9.

Figure E.P. 5.9

Ans: v, (t) = [4—8.93e7 373t 4 4.93e7 02" |y (t) V
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E.P 5.10

Find v,(t) for ¢t > 0. Refer the circuit shown in Fig. E.P. 5.10.

| =

4u(t)V V(1) 1Q 1H

Figure E.P. 5.10
4 _
Ans: v, (t) = 3 + 2.556T1t cos (v17t + 10.1°>] u (t)

I 5

For the circuit shown in E.P. 5.11.
Find: (a) H (s) = (b) h(t)
(c) Step response (d) The response when v;(t) = 8 cos 2t V

Figure E.P. 5.11

2
s+4
(b) h(t) =2e *u(t)
©) vo(t)=05(1—e*)u(t)V
(d) vo(t) =1.5[e * 4 cos2t + 0.5sin2t| u (t) V

Ans: (a) H(s) =

E.P 5.12

Refer the circuit shown in Fig. E.P. 5.12. The switch is closed at t = 0
Find : (a)i1(t) and (b)i2(t)
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=0
10Q2
SendVAVAVAY
il(t)i 10Q iz(t)i 10Q
100V ——
oH 1H
Figure E.P. 5.12
Ans: (a) i1 (t) = [3.33 —1.67e 634 —1.67e23:66%] 4 (¢)
(b) iz (t) = [3.33 4 1.22e7 634 — 4.55e23:66¢] 4 ()
EP 5.13
Find the Laplace transform of the waveform shown in Fig. E.P. 5.13.
S
A
1 I >
0 1 2
Figure E.P. 5.13
Al—e™) A _,,
Ans: F (s) = — a2 T °
EP 5.14
Find the Laplace transform of the periodic waveform shown in Fig. E.P. 5.14.
f0
2__
t f !
0 2 4 6
Figure E.P. 5.14
1 1 ., 2 ., 1
Ans F(S): 872—?6 S—ge 8 m
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E.P 5.15
Find the Laplace transform of the waveform shown in Fig. E.P. 5.15
J
2__
1 1 I ks
0 1 2 3
Figure E.P. 5.15
2 2 2 1
Ans: F(s)=|—-—+—+ e °| ———
s (s) s2 + s + 52° 1—e—s
E.P 5.16

Obtain the Laplace transform of the f(¢) shown in Fig. E.P. 5.16.
fo

Figure E.P. 5.16

1
Ans: F(s)=-[5—3e"° +3e % —5e %]
s
E.P 5.17
Obtain the Laplace transform of the unit impulses shown in Fig. E.P. 5.17
x(1)
T
| | | | 1 1 1
0 1 2 3 4 5
Figure E.P. 5.17
1
Ans: X(s) =

1—e—s
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S 5.18
Refer the circuit shown in Fig. E.P. 5.18. Let i(0) = 1A, v,(0) = 2V and v,(t) = de~2u(t)V.
Find v,(t) for ¢t > 0.
2i
i ‘ +
v (=4 ¢ u(?) 1H IF == Y,
Figure E.P. 5.18
Ans: v, (t) = —[2+ 4.33¢7 0% + 1.33e72!] u (t) volts
S 5.19
Find i(t) in the circuit shown in Fig. E.P. 5.19. Assume that the circuit is initially relaxed.
i(t)
—>
1H
+
u(?) 1e L
20 [ F == v
Figure E.P. 5.19

Ans: i(t) =[0.5—0.5e % —te ]| u(t)

= 5.20
Refer the circuit shown in Fig. E.P. 5.20. Assume zero initial conditions. Use convolution theorem

to find 4(t).

V(1) L=1H R=10Q
Area =1 0000 ——"VWW—
1 +
2 v + ; R
| > -
0 1 2

Figure E.P. 5.20

(t—2) o—5(t-2)

t
Ans: i(t) = 56_5t E—
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E.P 521
There is no energy stored in the circuit shown in Fig. E.P. 5.21 at the time when the switch is
opened. Show that

I
Va(s) = L)
Cy |s%+ 0} s+ !
' Ly LGy
Rl
AV
=0
5&) + +
i(0 Q) C, ==v, L,
O - —_
Figure E.P. 5.21
E.P 522
Refer the circuit shown in Fig. E.P. 5.22. If i5(t) = 6u(t)mA, find va(t).
1.6kQ

=0
+
i (H=6u()mA Cf) 58 == 02uF V(1) o 200mH
o)

Figure E.P. 5.22
Ans: vz (t) = 10e~4090 cos (3000t —90°) u (t) V

E.P 5.23
Find V,(s) and v,(t) in the circuit shown in Fig. E.P. 5.23 if the initial energy is zero and the
switch is closed at £ = 0

=0
150092 0.1H
O— W~ —T——0
+
30V
= 02uF V()
O

Figure E.P. 5.23

Ans: v, (t) = [30 —60e 5000t 4 30e~10000t] 4 ()
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E.P 5.24
The initial energy in the circuit in Fig. E.P. 5.24 is zero.
(a) Find V,(s).
(b) Use the initial and final value theorems to find v,(0") and v,(c0).

(c) Do the values obtained in part (b) agree with known circuit behaviour? Explain.
(d) Find v,(t).

025,
/\
il
\/
10Q 20H
AT

+
_ + +
V(=600 u()V (_) YV, == 0.1F v, (0= 1400

Figure E.P. 5.24

—21 x 1035 + 4200
s(s? 4+ 8s+ 25)
() v, (0T) =0, v, (c0) =168V
(¢ YES
(@) v, (t) = [168 4 7225.95e~* cos (3t + 91.33°)] u (t) V

525

Find the initial and final value of H (s) =
Ans: 1,2

Ans: (a) V,(s) =

s +2546
s(s+1)2(s+3)

S 5.26
Verify final value theorem and initial value theorem for the function,
f(t) =2+ e 3tcos2t

E.P 5.27
Using the convolution theorem, find the Laplace inverse of the following functions:
1 s
N () — ) F(s) — ) () —

Ans: (i) f(t)=1—e7t
(i) f(t) = te?t
(iii) f(t) = et + 272t —2et
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E.P 5.28
In the circuit shown in Fig. E.P. 5.28, find the voltage across the resistance vy (t) using convolution
integral. Given that v,(t) = e 2! and RC = 1 second.
C

V(1) G) R VR0

Figure E.P. 5.28
Ans: vg(t) =2e 2 —e7t, t>0

E.P 529
Find the inverse Laplace transform of the following functions:
3s 1 s°+3

(iii)

®

(s241)(s2+4) (@) (s+1)(s+2)2
Ans: (i) cost —cos 2t

(i) et —e 2(1 + 1)

(2425 +2)(s+2)

7
(iii) Ee_% —2.5¢ tcost+ 0.5e tsint

E.P 5.30
In the circuit shown in Fig. E.P. 5.30, switch K is open for a long time so that steady state is

reached and at ¢ = 0, switch is closed. Determine the current i(¢) in 10 ohm resistor.
K
10Q

10Q2

20V == M

Figure E.P.5.30

Ans: Current in each 10 Q resistor = 2u(t) —e 5
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E.P 5.31
Synthesize the wave form shown in Fig. E.P. 5.31 using ramp function and obtain the Laplace

transform of f(¢).
f

Figure E.P.5.31
5 —s —2s
Ans: F(s) = —[1—2e7° +e "
s

E.P 5.32
Find the Laplace transform of the voltage wave form as shown in Fig. E.P. 5.32.

(1)
2 i .

Il
U
1 1.

I
52 3
Figure E.P.5.32
2
Ans: V(s) = =[1—-38e °+5e 1% —6e7 25+ 6e3°
52

E.P 5.33
Find the Laplace transform of the perodic wave forms shown in Figs. E.P. 5.33(a) and (b).

f0)

L
| o
T
B
[\S)
<
\
(@)}
<
oo
'

Figure E.P.5.33(a)



448 | Network Theory

fn)

+2

Figure E.P.5.33(b)

L . 1 1 2 1 ., 1 5 2 4 1 4
Ans: (i) F(s)_l_e_%Lz_sze s+876 s_ge s—l-?e s_?e s
1 2 4e° 2
.o F - - |z _ “ —2s
i F(s) 1—e 2 [s s + s© ]
E.P 5.34

For the circuit shown in Fig. E.P. 5.34, find the current transients in both the loops using Laplace

transformation method.

K
5Q 1H 1H

() S S

Figure E.P.5.34

12 5

Ans: i1(t) = T2 ?e_zt — e~ %t Ampere, t >0
2 5

i2(t) = - + ?e_” —e %" Ampere, t >0

535

Find the Laplace transform of the saw tooth wave as shown in Fig. E.P. 5.35.

fin)

0 ‘ T 2T 3T
Figure E.P. 5.35
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V(1 —eTs —Tse 7T5)

Ans: F(s) = Ts2(1 —e—T%)

S 5.36
For the circuit shown in Fig. E.P. 5.36 switch K is closed at ¢ = 0. Determine the current i(¢) for
t>0.

K
7o

10Q
50sin 25 ¢ G) @

5H
Figure E.P. 5.36

5 . 5 )
Ans: i(t) =0.35Te %t — _—— It __ = ___~325¢

25 + 52 25 — 52

S 537
For the circuit shown in Fig. E.P. 5.37, determine the source current when the switch K is closed

att = 0. Assume zero initial conditions.

K
:< 5Q

10e™ —_—1F 10Q

Figure E.P. 5.37

Ans: i(t) = 2.57e~t —0.57e~0-3t Amperes, t >0






Two Port Networks

7.1 Introduction

A pair of terminals through which a current may enter or leave a network is known as a port.
A port is an access to the network and consists of a pair of terminals; the current entering one
terminal leaves through the other terminal so that the net current entering the port equals zero.
There are several reasons why we should study two-ports and the parameters that describe them.
For example, most circuits have two ports. We may apply an input signal in one port and obtain
an output signal from the other port. The parameters of a two-port network completely describes
its behaviour in terms of the voltage and current at each port. Thus, knowing the parameters of a
two port network permits us to describe its operation when it is connected into a larger network.
Two-port networks are also important in modeling electronic devices and system components.
For example, in electronics, two-port networks are employed to model transistors and Op-amps.
Other examples of electrical components modeled by two-ports are transformers and transmission
lines.

Four popular types of two-ports param-

. . . I I
eters are exa'unlned here: 1glp§dance, admit- 1 2
tance, hybrid, and transmission. We show a4 O—— | L Oc
the usefulness of each set of parameters, + +
Input L output
demonstrate how they are related to each port Vi Circuit > port
other. = _
. O———— ———0d
Fig. 7.1 represents a two-port network. »

A four terminal network is called a two-port L
network when the current entering one ter-
minal of a pair exits the other terminal in
the pair. For example, I; enters terminal a and exits terminal b of the input terminal pair a-b.

Figure 7.1 A two-port network

We assume that there are no independent sources or nonzero initial conditions within the linear
two-port network.



496 | Network Theory

7.2 Admittance parameters

The network shown in Fig. 7.2 is assumed to be linear
and contains no independent sources. Hence, princi-
ple of superposition can be applied to determine the
current I;, which can be written as the sum of two
components, one due to V7 and the other due to V.
Using this principle, we can write

It =y Vi +y12Ve

where y11 and y2 are the constants of proportionality
with units of Siemens.
In a similar way, we can write

I, I,
a O———— — oc
+ +
Linear
\s network Va
bo— L S
- —_—
I I

Figure 7.2 A linear two-port network

Iy =y21Vi+y22Va

Hence, the two equations that describe the two-port network are

ILi =yuVi+yi2Va
I, =y21Vi+y22Vs

Putting the above equations in matrix form, we get

I |
M
Here the constants of proportionality y11, Y12, ¥Y21
and yoo are called y parameters for a network. If
these parameters y11, y12, y21 and y2o are known,
then the input/output operation of the two-port is
completely defined.
From equations (7.1) and (7.2), we can determine
y parameters. We obtain y1; and y; by connecting
a current source Iy to port 1 and short-circuiting port
2 as shown in Fig. 7.3, finding V; and I, and then
calculating,

yYu
Y21

I,

yi1 = o
Vi Va=0

Yi2
Y22

Ya1

(7.1)
(7.2)

Vi
Vo
I,
—
L
+ Y= v,
I, \f .
1

Figure 7.3 Determination of y11 and y12

I

Vilv,=o

Since y1; is the admittance at the input measured in siemens with the output short-circuited,
it is called short-circuit input admittance. Similarly, y»; is called the short-circuit transfer admit-

tance.
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Similarly, we obtain y;2 and y2o by connecting a current source Iy to port 2 and short-
circuiting port 1 as in Fig. 7.4, finding I; and V5, and then calculating,

L D
Y12 v, Vio Y22 v, vico

y12 is called the short-circuit trans-
fer admittance and y9s is called the short- i» 41_2
circuit output admittance. Collectively the + I O
y parameters are referred to as short-circuit Yio= v, "
admittance parameters. V=0 I V2 I

Please note that y;5 = y2; only when Y= V_zz -
there are no dependent sources or Op-amps

within the two-port network. , o
Figure 7.4 Determination of y12 and y22

EXAMPLE Al
Determine the admittance parameters of the T network shown in Fig. 7.5.
L, 4w 20 2
+ O AAAAY VVVV O+
Vi 2Q Va
- o o-
Figure 7.5
SOLUTION

To find y1; and y21, we have to short the output terminals and connect a current source I to the
input terminals. The circuit so obtained is shown in Fig. 7.6(a).

I Vi V; _>Il 4Q 2Q 4—12
' 2x2 " 5 —OAAAA— ¥
4+ 312 +
I 1
Hence, Yii = = 7S Il<1> V] 20 V2=0
VvV, Vo—g ©

Using the principle of current division,

I _11X2_Il
2T 949 T 9 Figure 7.6(a)
1V,
I, = | r
- e[
I -1
H -2 =T
ence, ya =gl =
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To find y12 and y22, we have to short-circuit the input terminals and connect a current source
I, to the output terminals. The circuit so obtained is shown in Fig. 7.6(b).

L= V2
2_2+4x2 L
442 L 4Q 20 -
AAA S
OV, AAA'A% °
24
3 V=0 § 20 v, <1> I,
3V,
10 -
I, 3 ©
H = — = —
ence, Y22 Valvi_o 108 Figure 7.6(0)
Employing the principle of current division, we have
I, x 2
1 =2 X
2+4
21
= T EAL
ERER T
I -1
H = — -8
ence, V12 Valy_,~ 10
It may be noted that, y12 = yo1. Thus, in matrix form we have
I=YV
1 -1
I - — Vv
N 1] 5 10 !
-1 3
I — = A%
: 10 10 :

EXAMPLE ¥4

Find the y parameters of the two-port network shown in Fig. 7.7. Then determine the current in a

42 load, that is connected to the output port when a 2A source is applied at the input port.

I I
1 2Q 2
o AVAVAVAY; O
+ +
vy § 1Q § 30V,
o o

Figure 7.7
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SOLUTION
To find y1; and y2;, short-circuit the output terminals and connect a current source I; to the input
terminals. The resulting circuit diagram is shown in Fig. 7.8(a).

I — ViV
PTI0)RO T ITx2 . .
1+2 L 20 -
3 o AAAN— +
= 11:§V1 +

I 3
Hence, yi1 = = = =S 5 (1) Vi § 1Q §3Q V,=0
Vily,—o 2

Using the principle of current division,

Figure 7.8(a)

I 1
1, = 1 X
1+2
= I —EI
2—31
113
—Ih=-(=-V
= 2 3{2 1]
I -1
H == =_"8§
ence, Ya1 Vl B

To find y12 and y99, short the input terminals and connect a current source Iy to the output
terminals. The resulting circuit diagram is shown in Fig. 7.8(b).

27 2030 L 2Q -
_Vy 5V, 7
T 2x3 7 6
2+3 V=0 10 30V, Cf) L
I, 5
Y22 Valy,_o 6 o
. . .. Figure 7.8(b)
Employing the current division principle,
IQ X 3
I, =
T 243
3
= -, =-1
1=
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3 [5Vy
= -—Li=-|—)=
1 5{ 6 ]
= op—_
1= 2 2
-I; -1
H = — — __§
ence, Yi2 V2 Vi B

Therefore, the equations that describe the two-port network are

3

1
L =-V;—=-V 7.3
1=3V1i-35V2 (7.3)
1 5
ILh=—-—2-V;+-V 7.4
2 s Y1+ eV (7.4)
Putting the above equations (7.3) and
(7.4) in matrix form, we get L 2Q
3 -1 '| v I +
5 5 1 _ 1
-1 5 Vs I, 2A Cf) v §1Q
2 6
Referring to Fig. 7.8(c), we find that o
Il = 2A and V2 = —412 .
Substituting I; = 2A in equation (7.3), Figure 7.8(c)
we get
3 1
2=-V; - -V 7.5
V1~ 5V (7.5)
Multiplying equation (7.4) by —4, we get
2
—4I, =2V — EOVQ
20
= Vy, =2V, — EVQ
20
= 0:2V1—<6+1)V2
-1 13

Putting equations (7.5) and (7.6) in matrix form, we get
e A\ 2

1By, 0
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It may be noted that the above equations are simply the nodal equations for the circuit shown
in Fig. 7.8(c). Solving these equations, we get

3
V2:§V

~1 -3
d hence, I,=—Vy,=""A
an ence 2 4 2 ]

EXAMPLE
Refer the network shown in the Fig. 7.9 containing a current-controlled current source. For this

network, find the y parameters.

I I
1 20 2
o ANV o)
+ +
v, § 20 § 20 <¢> 3, V,
O O
Figure 7.9

SOLUTION

To find y;1 and yo; short the output terminals and connect a current source I; to the input
terminals. The resulting circuit diagram is as shown in Fig. 7.10(a) and it is further reduced
to Fig. 7.10(b).

I I
1 2Q A -
O NV t +
+ —
I3

LCf) v, §2g §zg <¢ 31, [v,=0

Figure 7.10(a)

(o2

Vi
hi=5%7
2+2
= ILL=V,
I
Hence, yi1 = L =18
Vilv,=o

Figure 7.10(b)
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Applying KCL at node A gives (Referring to Fig. 7.10(a)).

I3 + I, =3I
A%
= 71 + 12 = 311
A%
= 71 +I, =3V,
5V1
= — =1
5 2
I 5
Hence, yo1 = V721 = §S

To find y22 and yi2, short the input terminals and connect a current source Iy at the output
terminals. The resulting circuit diagram is shown in Fig. 7.10(c) and further reduced to Fig.
7.10(d).

|
1 2Q

- AN

I ORI OF

o
U

+ otm

Figure 7.10(c)

Vv
L=-T = —72
A\
~ “h=g
I -1
H =_— =_—_"§
ence, Y12 v, B
Applying KCL at node B gives
2Q B I,
Ve V AAAY t f
I = 2 + 2 + 30

2 2

But I, = _;[2 11 20 <¢> 31, v, <1> 1,

Hence, Lh=—+—-3— _
2 2 2 o
= L 0.59 —=
Y2 = o =—0. -
Valv,=o

Figure 7.10(d)
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EXAMPLE @

Find the y parameters for the two-port network shown in Fig. 7.11.

L P @ 1Q L
o VY VY o)
" +
\4 log v
1 1Q ‘ 2V1 7 2
O

Figure 7.11

To find y11 and y2; short-circuit the output terminals as shown in Fig. 7.12(a). Also connect a
current source I; to the input terminals.
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output terminals. The resulting circuit diagram is shown in Fig. 7.12(b).

| Network Theory

e
—

Figure 7.12(a)

KCL at node V7:
I Vi V-V,
1= 1 1
2
= 3V, -2V, =1,
KCL at node 'V :
V.-V V,—
“ Ly Va0 oy 2o
1
2
= 2V, —2V1+V,+2V; =0
= V,.=0

Making use of equation (7.8) in (7.7), we get

3vi=1
I
Hence, Vil = w0 — 39
Vl V2=0
Since V, = 0,1 =0,
I
= = = =0S
y21 Vi _

.7

(7.8)

To find y99 and y;2 short-circuit the input terminals and connect a current source I to the
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L -— v 1Q L
+ Q———mmmMm A AVVW—T—"VWW\ O
1o *
2
1
—Q I
P LR R OF
-0 o
Figure 7.12(b)
KCL at node Vo:
Vs V-V,
Tt =k
2
= 3Vo—V,=1, (7.9)
KCL at node V
V,-Vy V,-0 B
1 1 +0=0
2
= 3V,—Vsy=0
or V,=-Vy (7.10)
Substituting equation (7.10) in (7.9), we get
1
3V2 — §V2 =1
8
= -Vy=1
3 V2 2
I 8
Hence, Voo = 72 = §S
1
We have, V,= ng (7.11)
Also, ILi+Is=0
= Il = —13
-V
=2 =-2V, (7.12)
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Making use of equation (7.12) in (7.11), we get

I, 1
v
2 37
I; -2
Hence, = — — _~29g
Y12 v, vio 3

EXAMPLE S

Find the y parameters for the resistive network shown in Fig. 7.13.

1

:

VE
1

Figure 7.13

SOLUTION
Converting the voltage source into an equivalent current source, we get the circuit diagram shown
in Fig. 7.14(a).

To find y11 and yo1, the output terminals of Fig. 7.14(a) are shorted and connect a current
source I; to the input terminals. This results in a circuit diagram as shown in Fig. 7.14(b).

1Q
AVAYAYAY 10
I 3V,
1 b 3V
o—= @ ——o L : I,
+ + ol | -
Ty, +
v, 20 20V,
_ _ I, Cf) v, 20 20 V,=0
O 0]
— _
Figure 7.14(0) Figure 7.14(b)
KCL at node V7:
Vi V-V,
e TR

2 1
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Since Vo = 0, we get

Vv
71 +Vi=I+3V;
-3
= Il — 7V1
I -3
H = = = _°§
ence, Yi1 V1 Varod 9
KCL at node 'V 5:
VvV Vo, -V
5 F3Vit =T

Since Vo = 0, we get
0+3Vi—-Vi =1

= 12_2'1
H € y —71 —28
€1nc
21 v

To find y2; and y2o, the input terminals of Fig. 7.14(a) are shorted and connect a current
source I to the output terminals. This results in a circuit diagram as shown in Fig. 7.14(c).

1Q
ANV
3V,=0
L /\ 1,
E—— -
- O
* N T

V,=0 20 20V, Cf) I,

..”,

Figure 7.14(c)

1Q
= I AYAVAAY, 1
1 2
+ o—= o o ~— o5
Vl=0 V2 +
V= § 20 § 20V, Cf) I

- °

Figure 7.14(d)
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KCL at node Vy:

Vy V-0
22 -1
2 T 2
3
= V=1
5 V2 2
I 3
Hence, Yoo = V—Z = 58
KCL at node Vi:
Vi Vi—-V,
I, =— =0
L 1
Since V1 = 0, we get
I, =-V,
H L 18
ence = = —
) Y12 Vs,

EXAMPLE e
The network of Fig. 7.15 contains both a dependent current source and a dependent voltage

source. Find the y parameters.

v
L 10 ! L
J—— -
o AMA—E D o
+ +
v, § 10 <f 2v, § 19V,
o o

Figure 7.15

SOLUTION
While finding y parameters, we make use of KCL equations. Hence, it is preferable to have current
sources rather than voltage sources. This prompts us to convert the dependent voltage source into
an equivalent current source and results in a circuit diagram as shown in Fig. 7.16(a).

To find y11 and y91, refer the circuit diagram as shown in Fig. 7.16(b).

KCL at node V:

Vi V-V
T1+%2+2V1:2V2+11
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1Q
NV
2V
—»Il /\1 L
-
(e, —> O
+ N +
v, 10 <1 2v, eV,
o 0]
Figure 7.16(a)
1Q
AAAA%
I 2V, I
— \Y V, -2
o ! P 2 =S
. A v

)
<
)

)
\_/
_<

S

o
o'

Figure 7.16(b)
Since Vo = 0, we get

Vi+Vi+2V =1

= 4V =1
H b s
eIlce7 Y11 = Vl =
KCL at node V: VeV
A%
2y 22 Tl oovi+ 1
1 1
Since Vo = 0, we get
-Vi1=2V1 +1,
= — 3V1 = IQ
I
Hence, Vo1 = —2 — 3§
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To find y25 and y9, refer the circuit diagram shown in Fig. 7.16(c).
KCL at node V:

A% Vi-V
%4‘%%‘2\71 =2Vy+1;
Since V; = 0, we get
-V =2Vy+1;
= —-3Va =1,
I
Hence, Yi2 = L =—-3S
Vs V1=0
1Q
NVVV
2V.=0
L A\ /\1 A\ 412_
I 2
—0 O
+ < +
V,=0 §IQ <1> v, 10 § v, (1) I,
L o o
Figure 7.16(c)
KCL at node V:
A% V-V
222 Tl oV 41,
1 1
Since V; = 0, we get
Vo+Vy=0+1
= — 2V2 = IQ
I
Hence, Voo = —2 — 929
Vs V1=0

7.3 Impedance parameters

Let us assume the two port network shown in Fig. 7.17 is a

linear network that contains no independent sources. Then i

using superposition theorem, we can write the input and out- S—

put voltages as the sum of two components, one due to I; Two port

and other due to Io: Vi network
Vi =zl + z2ly O—

Vo = 29111 + 2221
Figure 7.17
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Putting the above equations in matrix from, we get

|: : :| |: , ., :| |: : :|
V2 Z21 722 12
The z parameters are defined as follows:

Vo
VA = —
21 I,

Vo
VA = —
22 I,

Vi
VA = —
11 I,

Vi
VA = —
12 I,

I>=0 I,=0 I>=0 I,=0

In the preceeding equations, letting I; or Is = 0 is equivalent to open-circuiting the input or
output port. Hence, the z parameters are called open-circuit impedance parameters. z1; is defined
as the open-circuit input impedance, z2o is called the open-circuit output impedance, and z15 and
Z91 are called the open-circuit transfer impedances.

If z12 = z21, the network is said to be reciprocal network. Also, if all the z-parameter are

identical, then it is called a symmetrical network.

EXAMPLE ¥4
Refer the circuit shown in Fig. 7.18. Find the z parameters of this circuit. Then compute the

current in a 4€) load if a 24 E V source is connected at the input port.

I, 12Q 3Q L,
(O A VAVAVAY, AVAYAYAY, ‘o)
+ +
602
V1 V2
O O
Figure 7.18

SOLUTION
To find z1; and z2;, the output terminals are open circuited. Also connect a voltage source V; to

the input terminals. This gives a circuit diagram as shown in Fig. 7.19(a).

L 12Q 3Q 1,=0
AAYAAY AAAY o}
+ +
Vi § 6Q v,
o

Figure 7.19(a)
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Applying KVL to the left-mesh, we get

1211 + 6I; =V

= Vi =181
A%
Hence, Z11 = 1 = 180
I I>=0

Applying KVL to the right-mesh, we get

-Vy+3x0+6I;=0

= Vo =61
A%

Hence, Z9] = 1—2 = 602
1

To find z95 and z;9, the input terminals are open circuited. Also connect a voltage source Vo
to the output terminals. This results in a network as shown in Fig. 7.19(b).

I,=0 120 3Q I,
o AVAYAVAY, ANNVN—O0——
+ +
+
A\
v, 6Q <_> 2
C )

Figure 7.19(b)

Applying KVL to the left-mesh, we get
Vi =12x 0+ 6l

= Vi =61,
vV
Hence, Zip = —+ — 60
I I,=0
Applying KVL to the right-mesh, we get
—Vy+3I,+6I,=0
= Vo =9I,
A\Y
Hence, Zog = -2 =90
L 1,0
The equations for the two-port network are, therefore

Vo =611 + 91y (7.14)
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The terminal voltages for the network shown in Fig. 7.19(c) are

Vi=24/0° (7.15)
Vy = —4I, (7.16)

+
V,=240°v { _

Figure 7.19(c)

Combining equations (7.15) and (7.16) with equations (7.13) and (7.14) yields
24 /0° = 18I + 61,

0=6I; + 131
Solving, we get I, =-0.73 /0° A
V=, 7.8
Determine the z parameters for the two port network shown in Fig. 7.20.
11 R2 R3 IZ
o VN A AAA e o)
+ +
Vl Rl I3Vl V2
o o
Figure 7.20

SOLUTION
To find z1; and z2;, the output terminals are open-circuited and a voltage source is connected to

the input terminals. The resulting circuit is shown in Fig. 7.21(a).

I, R, Ry 1,=0
— -
—f AVAYAYAY, NV o]
+
+
V1 <_> @ § R, @ <¢ BV1 V2
—O0 (o]

Figure 7.21(a)
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By inspection, we find that Is = fV;
Applying KVL to mesh 1, we get

R (I —1I3) =V,

= R111 — R113 = V1
= RiI; — RV =V,
= (1+Rp) V=L
Vv R
Hence, 711 = L L

Ly, 1+6R
Applying KVL to the path V1 — Ry — Rs — Vg, we get

—Vi+ Rol3 — R3ls + Vo =0
Since I = 0 and I3 = BV, we get

—Vi+ RV —0+Vy=0

= V2:V1(1—ﬂR2)
RiI
= (1-BRy) —L
( ﬁ2)1+,8R1
Y Ri(1—BR
Hence, 221:—2 _M

L, 1+BR

The circuit used for finding z;2 and z29 is shown in Fig. 7.21(b).

I,=0 R, Ry I,
—_— a ——
o AAYAAY A O
+ +
+
Vi R, I BV L AL
(o, O

Figure 7.21(b)

By inspection, we find that

IQ — Ig = ﬁVl and V1 = IgRl

4

I, - I3 =3 (I3R)
Is (14 BR1) =1

4



Applying KVL to the path R3 — Ro — R; — Vo, we get
R3Iy + (Ro+ R1)I3 — Va2 =0
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2
= Rh+(Ro+Ri)—F5 =V
slo + (2 1) 1+ 8, 2
Ry + Ry
= L | R3+——|=V
2{ 3 1+5R1] 2
Vv
Hence, Zogy = —2
I 1,=0
Ry+ R
_ R 2 + Iy
1+ 08R;
Applying KCL at node a, we get
BV1+1I3=1
\4!
= A% — =1
BVi1+ R 2
= Vi |8+ ! I
1 i
A\ 1
= Z12 = E = 1
11_0 + -
B 7
1+ B8Ry
EXAMPLE
Construct a circuit that realizes the following z parameters.
y 12 4
4 8
SOLUTION
Comparing z with = [ Zn 2 ], we get
Z31 Z32

z11 = 129, 210 = 291 = 400, 799 = 802

Let us consider a T network as shown in Fig. 7.22(a). Our objective is to fit in the values of

R, Ry and R3 for the given z.
Applying KVL to the input loop, we get
Vi=RiIi+Rs(I) +Io)
= (R + R3)I1 + R3I,
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Comparing the preceeding equation with L R, R, I,
o NVVV AVAVAAY, '}
Vi =z111 + z12lp * *
we get Vi I+, l §R3 A2}
z11 = R1 + Rz = 12Q) E) ;
Z19 = R3 = 41)
Figure 7.22(a)

= Ry =12 — R3 =80
Applying KVL to the output loop, we get

Vi = Roly + Rz (I + 1)

= Vo= R3I; + (Ra+ R3) I»
Comparing the immediate preceeding
. . I R,=8Q R,=4Q I
equation with 1 1 2 2
o——= AMAMV—TANMA——0
+
Vo =z911; + 2200 "
v, Ry=4Q v,
we get
Zo1 = R3 =40 o O
z22 = Ro + R3 = 80 Figure 7.22(b)

= Ry =8 — Rz = 4Q)
Hence, the network to meet the given z parameter set is shown in Fig. 7.22(b).

EXAMPLE Al

Ifz = [ ;18 :1))8 ] Q) for the two-port network, calculate the average power delivered to 50€2

resistor.

Il
20—

Two port

network 500

100/0° V
RMS

Figure 7.23
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SOLUTION
We are given z1; = 40 z12 = 100 297 = 202 290 = 3002

Since z12 # Zo1, this is not a reciprocal network. Hence, it cannot be represented only by
passive elements. We shall draw a network to satisfy the following two KVL equations:

Vi1 =40I; + 101,
Vo =201 + 3015

One possible way of representing a network that is non-reciprocal is as shown in Fig. 7.24(a).

Figure 7.24(a)

Now connecting the source and the load to the two-port network, we get the network as shown
in Fig. 7.24(b).

IZ
e
5
100/0°V Vv, 50Q
RMS

Figure 7.24(b)

KVL for mesh 1:

60I; + 10I> = 100

= 61, +1I, =10
KVL for mesh 2:
80I, + 20I; =0
= I, +1; =0
= I, = —4I,
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Solving the above mesh equations, we get

=241, + 1, =10
= —23I, =10
—10
L =—
- 2793

Power supplied to the load = L’k

100
= 232 Y

=945 W
EXAMPLE AR

4
Refer the network shown in Fig. 7.25. Find the z parameters for the network. Take o = 3

I, 4Q
—_—

o AAYA'A%

+

Vl

o

Figure 7.25

SOLUTION

To find z1; and z2;, open-circuit the output terminals as shown in Fig. 7.26(a). Also connect a
voltage source V7 to the input terminals.

1, 40 2Q 1,=0

Figure 7.26(a)
Applying KVL around the path V1 — 4€) — 2Q — 3(), we get

41, + 513 =V, (7.17)

A\
Also, Vy =313, so I3 = ?2 (7.18)
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KCL at node b leads to
I, —aVy —1I3=0 (7.19)

Substituting equation (7.18) in (7.19), we get

v 1
IlzaVQ—{—?Q: {014‘3] Vo

4 1
S e Y
[3+3] 2
V,
I,

_ 34

Hence, Z9] = 5
I,=0

Substituting equation (7.18) in (7.17), we get

v
Vi =4I + 5?2
5 3 Vo 3
=4I + g <11 X 5) (Since I—f - 5)
\Y%
Therefore, Z11 = I—l = 502
1

To obtain zy2 and z15, open-circuit the input terminals as shown in Fig. 7.26(b). Also, connect
a voltage source V5 to the output terminals.

I,=0 4Q 2Q I

— -——
f AAAY AR o—

+

+
\2 <¢> v, (L 30 (1 )V,
5 -
Figure 7.26(b)

KVL for the mesh on the left:
V45814 -3 =0 (7.20)
KVL for the mesh on the right:

V43I, —3I, =0 (7.21)
AISO, I4 = OzVQ (7.22)
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Substituting equation (7.22) in (7.21), we get
Vo +3aVy —3I, =0

= V, (1 + 30[) =3I
Hence, Z99 = & = 3
12 I, =0 1+ 3«
1+3(2) °
3
Substituting equation (7.22) in (7.20), we get
Vi+5aVy =3I,
3
Substituting Vo = 512’ we get
3
V1 + S <5 X I2> = 312
A\Y
Hence, Z19 = 1
I I,=0
=3 -3
4
=3-3-=-1Q
3
Finally, in the matrix form, we can write
Z11 219 5 —1
Z = =[5 3
Z21 222 3 5

Please note that z12 # z21, since a dependent source is present in the circuit.

VK=, 7.12
Find the Thevenin equivalent circuit with respect to port 2 of the circuit in Fig. 7.27 in terms of z

parameters.

Z1p 2
v, ZL§V2

Yoyt “opy

(o]
I

Figure 7.27
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SOLUTION
The two port network is defined by

Vi =211 + z121o;

Vo = z9111 + z221y;

here, Vi =V, - Z I
and VQ = ILZL = *IQZL

To find Thevenin equivalent circuit as seen
from the output terminals, we have to remove
the load resistance Rj,. The resulting circuit
diagram is shown in Fig. 7.28(a).

Figure 7.28(a)
Vi= V2|12:0

= Z2111 (723)
With Iy = 0, we get

Vi=zul
Vi V- I,Z,

= 11
Z11 Z11

Solving for I, we get

v
I =—~24— 7.24
! z11 + Z, ( )

Substituting equation (7.24) into equation (7.23), we get

ZQqu

V, = 29
' z11 + 24,

To find Z;, let us deactivate all the indepen-
dent sources and then connect a voltage source
V5 across the output terminals as shown in Fig.
7.28(b).

Zt: V2

—_— ; where Vg = z9111+2z991s
L lv,=o
g

B Z71, Iy
‘We know that Vi =1z111i + z12l V=

Substituting, V1 = —I;Z, in the preceed-
ing equation, we get

(o X

—IlZg =z1111 + z121o Figure 7.28(b)

—z191
SOIVng’ Il = ﬁ
g
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We know that, z,
Vo =2zo11i +Zp21> by
—z1215
=Z91 | ————| + 2zl
o | | e .
Vs 221212
Thus, Ty = —= = et B
P 2 e+ 2, >
The Thevenin equivalent circuit with respect to the output termi- Figure 7.28(c)

nals along with load impedance Z7, is as shown in Fig. 7.28(c).

SNV /.13

(a) Find the z parameters for the two-port network shown in Fig. 7.29.
(b) Find V(t) for t > 0 where vy(t) = 50u(t)V.

I co T oot T T T T ! I
1Q 1 i 1H 1H 2
—-—
AN TTTT——0
+ +

v, §IQ

Fa"
U

+ :
v, (1) C_} v, ! = IF

(o)

Figure 7.29

SOLUTION
The Laplace transformed network with all initial conditions set to zero is as shown in Fig. 7.30(a).

1Q I_1> : N \)
+ I

(0]

+ | 1 |
I{g(s) <_> A\ — - !

______________________

Two port network

Figure 7.30(a)
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(a) To find z1; and z21, open-circuit the output terminals and then connect a voltage source
'V across the input terminals as shown in Fig. 7.30(b).

Applying KVL to the left mesh, we get

1
V1:<S+)Il
S

Vi
Hence, 711 = —
I I,=0
1 s2+1
= S —|— _——= 5 +
S S
1
AISO, Vg = :[1,
s
VvV 1
Hence, Z91 = 22 ==
11 I=0 S

To find z2; and z29, open-circuit the input terminals and then connect a voltage source Vo
across the output terminals as shown in Fig. 7.30(c).

I, s . L=0
— -
— YT ——0
+
\V4 11
1 —_ T VZ
o)
Figure 7.30(b) Figure 7.30(c)

Applying KVL to the right mesh, we get

1
V2 = |:8 + S:| IQ
Vs 52 +1
= Z9o9 = T =
2 |1,=0 $
1
Also, Vi=-I
S
A%t 1
= Zio = T, = -
2 =0 9
Summarizing,
241 1
Z11 212 5 3
‘- 1 241
Z21 222 =
S S
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(b)
L
~
+
Z;,  Ipp
v, |:| Zy
Z )
Figure 7.30(d)
Refer the two port network shown in Fig. 7.30(d).
Vi =V, -1iZ;, = zi1I1 + z121
= Vg = (le + Zg) I, +z1015
-V
= Vg = (211 + Zy) I1 + 212 [Z 2] (7.25)
L
and Vo = 29111 + 220l
A%
= Vo =2zl — 22272
L
1
- I =— [1 n ZQQ] Vs (7.26)
Z21 Zy,

Substituting equation (7.26) in equation (7.25) and simplifying, we get

Vo, Z21Z], 7.27)

79 (Z1, + z22) (211 + Zy) — 212221

Substituting for Z7,, Z, and z-parameters, we get

1
Va(s) _ s
Vy(s) <32—|—1 +1> (32—|—1 +1> _%
s s
B s
C(24s+1)% -1
N V2(S) - 1
Vy(s) s34+ 2s2+3s+2
B 1
S (s+ 1) (s2+s5+2)
Hence, Va(s) = GTD) (52 1Y) (7.28)



The equation s + s + 2 = 0 gives

This means that,

Given

Hence,

Two Port Networks | 525

By performing partial fraction expansion, we get

Hence,

1, V7
— 440
51,2 9 J B
V,(s
Va(s) = ; i%) Y
vg(t) = 50u(t)
50
Vg(s):?
50
Va(s) = ; v ; v
K1 | K K3 K}
=—+ + +
5 s+1 _|_1 ﬁ _|_1_+_ ﬂ
FTo Ty Ty
Ki=25 Ky=-25 K3=09.45/90°
25 25 9.45 /90° 9.45 /-90°
Vy(s) = — — +
5 8+1 +1_ ﬂ +1+ ﬂ
ST Ty STy

Taking inverse Laplace transform of the above equation, we get

Vo(t) = [25 — 25e " + 18.9¢ % cos(1.32t + 90°)] u(t)V

Verification:

V5(0) = 25 — 25 + 18.9cos 90 = 0
Vi(00) =25+ 0+ 0 = 25V

Please note that at ¢ = oo, the circuit diagram of Fig. (7.29) looks as shown in Fig. 7.30(e).

50

Hence, V3(o0) = Vi (o0) =25V

o iy(o0)

(o]

O

(o]

vV, S 10

AA'AY

Figure 7.30(e)
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VIR, 7.14
The following measurements were made on a resistive two-port network:
Measurement 1: With port 2 open and 100V applied to port 1, the port 1 current is 1.125A and
port 2 voltage is 104 V.

Measurement 2: With port 1 open and 50V applied to port 2, the port 2 current is 0.3A, and the
port 1 voltage is 30 V.

Find the maximum power that can be delivered by this two-port network to a resistive load at
port 2 when port 1 is driven by an ideal voltage source of 100 Vdc.

SOLUTION
Vi 100
= — = —— = 88.89Q2
ML, 1125
104
Zo1 = E = L = 92.440Q
L [, 1125
Vi 0
= — = — = 10012
T L, 03
Vo, 50
= —= = — =166.67Q
2T, 03
We know from the previous example 7.12 that,
Z12Z21
Zy =129 — ————
t=ZR T Z,
92.44 x 100
=166.67 — —————
88.89 + 0
= 166.67 — 103.99
= 62.68(2
For maximum power transfer, ARSI

= 62.68(2 (For resistive load)
_ 2V
YTz Zy
92.44 x 100
T 888940
=104V
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The Thevenin equivalent circuit with respect 62.630
to the output terminals with load resistance is as AVAYAAY, O—
shown in Fig. 7.31. *

2 +
Prax =L R, 104V C_) @ § Z,=R,=62.68Q

104 1°
- [62.68 X 2] x 62.68

=43.14' W

o—

Figure 7.31

EXAMPLE A

Refer the network shown in Fig. 7.32(a). Find the impedance parameters of the network.

2V,
<>
2L
L 20 . L
2Q
—_— N\ -

(e T - O
© AYAYA'AY < AYAVA'AY 0
+
v, Vi 20 v,
(o, 0]
Figure 7.32(a)

SOLUTION

|
=AM <> AAAA o
+ +
+
v, @ V2 20 @ Va
O O

Figure 7.32(b)
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Referring to Fig. 7.32(b), we can write

V3 = 2(11 —i—Ig)

KVL for mesh I
211 + 21 4+ 2 (Il + IQ) =V,
= 41, + 41, =V,

KVL for mesh 2:

2 (12 — 2V3) +2 (Il + 12) =V,
= 212—4><2<Il+12)+2(11—|—12):V2
= 2, —6(I; + I) = Vo
= —6I; —4I, =V,

A% 41, + 41
zy = L 2t g
L fr,—0 L I,=0
\% —6I; — 41
gy = V2| _ZOhi—dbl o
I I.=0 I I=0
\% 41, 4+ 41
g = 1 - 2tdl — 40
I, I;=0 I, 1,=0
A% —6I; — 41
gy — V2| _ZOhi—dbl g
I, 1,=0 I 1,=0

EXAMPLE [WAlle)

Is it possible to find z parameters for any two port network ? Explain.
SOLUTION

It should be noted that for some two-port networks, the z parameters do not exist because they
cannot be described by the equations:

Vi =Tz +1bzo } (7.29)

Vo = 11291 + Iz2z92

As an example, let us consider an ideal transformer as shown in Fig. 7.33.
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7.4 z and y parameters by matrix partitioning

For z parameters, the mesh equations are
Vi=znh + 2zl + -+ 71,1,
Vo =zo111 + 29215 + -+ + 22,1,

0= znlll + Zn212 + -+ ZnnIn

By matrix partitioning, the above equations can be written as

1
V1 Z;p 1 ' — 7y, 11
1
Vz 1 Iy : - Iy 12
e o G BE e T L1 |-
0 = 731 Iy | T I3y 13
1
_ — -, - - _
1
__0_ __znl Zp :_ znn_ _In_
Vl 1 I1
1
N Vz M I' N Iz
017 e ro| |k
1
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The above equation can be simplified as (exact analysis not required)
V]_ o 1 Il
Y eare [}

M — NQ'P gives z parameters.
Similarly for y parameters,

............................

| O B _ynl yn2 [ ynn_‘ _Vn_
1, | [V, |
| \Y
2l [M NJ|--~
0|= vV,
P Q
| O] |V, ]
L | _ 1 Vi
N [12]_[M N Q P][V2]

M—-NQ P gives y parameters.

VIS, 7.17
Find y and z parameters for the resistive network shown in Fig. 7.34(a). Verify the result by using
Y — A transformation.

1Q 3 1Q
o AVAVAYAY, AVAVAYAY, o
1o
I 20 I 2 I
o o

Figure 7.34(a)

SOLUTION
For the loops indicated, the equations in matrix form,
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ma [W]{[8 o] ar] e 01 [ 1]}

N 1.8571 0.2857 | 2]
0.2857 0.4285 |
gl 06 —-04
Y=2 = | _04 25
Verification
Z3
1 o= AN, AMN—> 02
Zl\\\ //ZZ
1o M o2
Figure 7.34(b)
Refer Fig 7.34(b), converting T of 1, 1°, 2 into equation, %U
I1x14+1x2+1x2
7, = x1+1x2+1x2 5
1
Zo=25
5
J3 = —
L)
1 .
5 X = 5 Figure 7.34(c)
Z, =—2-2
Therefore, - 5.5 11
3 B 2 13
Y11 = 5 Yi2 =Y21 = 5 Yo2 = 5

The values with transformed circuit is shown in Fig 7.34(c).

EXAMPLE AL
Find y and z parameters for the network shown in Fig.7.35 which contains a current controlled

source.
I] IZ
2Q
— -
o— 1 AMAA—2 °
+ +
Vv, 10 20 3,V
o >

Figure 7.35
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SOLUTION
Atnode 1,
1.5V; - 0.5Vy =14

At node 2,
—0.5Vi+Vy =1, — 3

In matrix form,

15 —05][Vvi] [1 0L
05 1 Vol | 3 1|5
= Vi]_[ 15 0571 0]
Vv, | T | —05 1 -3 1 I
[-04 0471
“|-32 12| L
[ 0.4 0.4
Therefore, [z] = | —3.2 1.2 ]

R

7.5 Hybrid parameters

The z and y parameters of a two-port network do not always exist. Hence, we define a third set
of parameters known as hybrid parameters. In the pair of equations that define these parameters,
V1 and I, are the dependent variables. Hence, the two-port equations in terms of the hybrid
parameters are

Vi=hnl +hpVo (7.30)
I> = ho1I; + hooVo (7.31)

Vi hip hyo I
I hoy  hoo Vo
These parameters are particularly important in transistor circuit analysis. These parameters
are obtained via the following equations:

or in matrix form,

\4!
hip = —
V2=0 Va

I
hy = —

I;=0 L

I
hgy = —
V=0 Va

I,=0

The parameters hy1, hio, hyy and hay represent the short-circuit input impedance, the open-
circuit reverse voltage gain, the short-circuit forward current gain, and the open-circuit output
admittance respectively. Because of this mix of parameters, they are called hybrid parameters.
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DOV 7.19
Refer the network shown in Fig. 7.36(a). For this network, determine the h parameters.

al;
L R, Re I
— -
o AAYAA% AAYAAY o}
+ +
Vi Rp v,
(o, O

Figure 7.36(a)

SOLUTION
To find hj; and hy; short-circuit the output terminals so that Vo = (. Also connect a current
source I; to the input port as in Fig. 7.36(b).

ozIl

/\

—

<
I R R. L I,
le A X ¢ —_— | -—
O AVAYAYAY; AVAVAVAY, 5
+ +

Figure 7.36(b)
Applying KCL at node x:
Vo Vie—0
I +— I)=0
1+ R + Ro +aly

1 1

= La—-1=-V, | — 4+ —
o= 1=V |+ o]

1—a)L1RgR

N V. — (1—-a)liRpRc

Rp + Rco
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Vi

I Va=0
Vz + IlRA

L Va=0

(1 — Oz)IlRBRC
= + Rul
(Rg + Ro) I A

(1 —a)RpRc
— L YRBRC L p
Rp + R¢ A

Hence, hy; =

KCL at node y:

ali + I, +13=0
V,—0
Re
1 [(1 —a)IlRBRC] —0

= alj + I + —
TR R Rg + Re

= ol + 1y + =0

I,

Hence, hyy = —
I

Vo=0
(1 — Oz)RB
Rp + Re
- (aRc + RB)
N Rp+ R¢
To find hyy and hi5 open-circuit the input port so that I; = 0. Also, connect a voltage source
V5 between the output terminals as shown in Fig. 7.36(c).

al,

P

—

N
I,=0 I
1 R, y Rc R 2
o—\WWW VWV O
+ +

Figure 7.36(c)

KCL at node y:
Vi Vi-Ve

I, =0
Ro Re + aly
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Since I = 0, we get

Vi Vi Vo
Ry  Rc Re
1 1 \%
Vi|l—+—=—| = ~2
Rp  Rc Re
A% R
= h12 = 21 = B
Vo 1,=0 Rp + RC

Applying KVL to the output mesh, we get
—Vo+ R (al; + 1) + RpIa =0

Since I} = 0, we get
Rcls + Rl = Vo
I, 1
= hoy = — =
27 Vali,_y Rc+Rp

EXAMPLE 8
Find the hybrid parameters for the two-port network shown in Fig. 7.37(a).

Figure 7.37(a)

SOLUTION
To find h;; and hy;, short-circuit the output port and connect a current source I; to the input port

as shown in Fig. 7.37(b).

I 1
2Q 4Q 2
e atlff——
—O0—"\VW—T AV
+ +
I, G) \A 8Q V,=0

Figure 7.37(b)
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Referring to Fig. 7.37(b), we find that

V=1, 20 + (8Q/]49)]
=1; x 4.67
Vi

— = 4.67Q
I 67

Va=0

Hence, h;; =

By using the principle of current division, we find that

_Il X 8 B 21

T 8+4 3!
1 —2
Hence, h21:—2 = —
L |v,—o 3

To obtain hjs and hss, open-circuit the input port and connect a voltage source Vo to the

output port as in Fig. 7.37(c).

I=0
Using the principle of voltage division, — 20 4Q <I—2
o AYAVA'AY NVVN—O
8 2 + +
Vi=—Vy3=-V,
844 3 v 4
1 8Q v,
I h Vi 2 _
ence =— ==
) 12 V2 3 B _
Also, Vo= (8 +4)I, o o
=121, Figure 7.37(c)
I, 1
= hoyy = — = —S
27 Vol 12

EXAMPLE ¥4l

Determine the h parameters of the circuit shown in Fig. 7.38(a).

| 1
1 12Q 2
—_— -
o NV '}
+ +
\A 12Q 12 Vv,
O O

Figure 7.38(a)
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SOLUTION
Performing A to Y transformation, the network shown in Fig. 7.38(a) takes the form as shown in
Fig. 7.38(b). Please note that since all the resistors are of same value, Ry = gRA'

Figure 7.38(b)

To find hy; and hy;, short-circuit the output port and connect a current source I; to the input

port as in Fig. 7.38(c).
Vi =1, [4Q + (4Q]|4Q)]

=61
A%
Hence, h;; = -1 = 612
L V=0
Using the principle of current division,
I
I, = 4
T 4+y4
I
= —12 = 51
I -1
Hence, hy = 2 =

To find hyo and hss, open-circuit the input port
and connect a voltage source V5 to the output port

Il IZ
—_— 4Q 4Q -
—O0— A\ VWV NV
+
Il<1> v §4Q
Figure 7.38(c)
L=0 40 4Q
NV
o—AWVWY

as shown in Fig. 7.38(d). o O
Using the principle of voltage division, we get Figure 7.38(d)
Vs
V= 4
T
Vi 1
= hio = — =-
12= 57 Loy 2
Also, Vs, = [4 + 4] x Iy =8Iy
Iy 1
= hoo = ]
2=y, Ly 8
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EXAMPLE %
Determine the Thevenin equivalent circuit at the output of the circuit in Fig. 7.39(a).

7 Il Iz
4 —_— —~—
— A —O0— ——o
+ +
h h
T 11 12
A v, \D
- h21 h22 _
C O

Figure 7.39(a)

SOLUTION
To find Z;, deactivate the voltage source V,, and apply a 1 V voltage source at the output port, as
shown in Fig. 7.39(b).

I2
-
+
h12
+
V=0 A\ C) v
h,, B

Figure 7.39(b)

The two-port circuit is described using h parameters by the following equations:

Vi=hnl +hpVy (7.32)
I> = hy1I; + h Vo (7.33)

ButVo=1Vand V; = -1, 7,
Substituting these in equations (7.32) and (7.33), we get

—11Zy =hI; +hyo
~ —hp

- Zy+hn
I, = hy1I; + hos (7.35)

_ I, (7.34)
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Substituting equation (7.34) into equation (7.35), we get

ho1hyo
Ip = hyy — —2102
2T+ Zg
_ hi1hgs — hothis +hyo Z,
hyy + Z.(/
Vy 1 hi + 72
Therefore, Zi=—=—= g
"" I, I, hyihy —hphy + hyy Z,

To get V;, we find open circuit voltage Vo with Iy = 0. To find V,, refer the Fig. 7.39(c).

L,=0
e
——o
+
h12
V2
h22 -
| I
Figure 7.39(c)
At the input port, we can write
—Vy+11Z;+V1=0
= Vi=V,-1Z, (7.36)

Substituting equation (7.36) into equation (7.32), we get
Vy —iZy =hili + hioVo
= Vy=(h11 +Z,) I + h12Vy (7.37)
and substituting Is = 0 in equation (7.33), we get
0 =ho1I; +hpV,

—hys
Vv 7.38
hyy 2 (7.38)

Finally substituting equation (7.38) in (7.37), we get

= I, =

—h
Vy = (hi1 + Zy) < h;Q V2> +h2Vy >

Vghgl 4

= Vo=V, =
7 "7 highg; — hy hyy — Zghao

Hence, the Thevenin equivalent circuit as seen from the .
. . e Figure 7.39(d)
output terminals is as shown in Fig. 7.39(d).
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DNV, 7.23

Find the input impedance of the network shown in Fig. 7.40.

I, I,
J— -—
oO— L O0—
+ h;; =3kQ + ilL

h, =107
Vi, Zn v, §ZL=75kQ
h,, = 200
- h,, = 10°S -
o— o
Figure 7.40

SOLUTION
For the two-port network, we can write
Vi =hy1I} + h;pVy
I> = hy1I; +hy Vo
But V2 :ILZL = —IQZL
where Z5, =75k
Substituting the value of V5 in equation (7.40), we get

Iy = ho1I1 — hoolsZy,

> 7 1+ Zrhy
Substituting equation (7.42) in equation (7.41), we get
—Zrho1
V, = rhoily
1+ Zrhy
Substituting equation (7.43) in equation (7.39), we get
hioZpho I
Vi=hpj ) - ——
1 = 5 Z1has
A%
Hence in = -t
I
“h Zrhighg
=hy -
1+ Zrho
:3><103—75X103X10_5X200

1475 %103 x 106

= 2.86k(2

(7.39)
(7.40)
(7.41)

(7.42)

(7.43)
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EXAMPLE V%

Vv
Find the voltage gain, 72 for the network shown in Fig. 7.41.

I2

—-—

—O—
h,, = 2kQ *
I = 10

v, Z, =50kQ
h,, =100
h,, = 10738
Figure 7.41

SOLUTION
For the two-port network we can write,

Vi=hij1I; +hsVse, here V;= Vg — Zgll
I = hg1I; +hooVy, here Vo= -Z;1

Hence, ‘/g - Zgh =hi1I; + h1oVy
= ‘/;} = (hll + Zg) I, + hixVy
V, —h1sV
N 1, = Vo~ heVy
hiy; + Zg
-V
Also, I, = 2 — hgI; + hg Vo
Zy,
-Vy Vy — h12V2]
ZL 21 |: h11 T+ Zg 22V 2

From the above equation, we find that

vy o —ho1 Z7,
Vo (hiZy) (1+hxZr) — hisha Zp,

—100 x 50 x 103
(2% 103 +1 x 103) (1 4 105 x 50 x 103) — (10—% x 100 x 50 x 103)

= —1250
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DNV /.25

The following dc measurements were done on the resistive network shown in Fig. 7.42(a).

Measurement 1 Measurement 2

V=20V V=35V
I, =0.8A II1=1A
V=0V Vy =15V

I,=-04A I,=0A

Find the value of R, for maximum power transfer.

- I
¥4 g—2OQ 1
—AAM—Oo——

+

Two port

+ resistive
Vg_SOV (_) Vi network

o

Figure 7.42(a)
SOLUTION
For the two-port network shown in Fig. 7.41, we can write:

Vi =hiI1 + h;pVy
Io =hyI) + haVo

From measurement 1:

Vv 2
hy; = -+ =0 959
I |y,.0 0.8
| 0.4
by = 3| =gy =05
1lvy=0

From measurement 2:

Vi=hul; +hipVo

= 35=25x14+hiy x 15
10
hi, =— =0.67
= 12=7¢
Then, Io = ho1I; + hyy Vo
= 0=hy; x 1+ hyy x 15
—h 0.5
hyy = —— = == = 0.033 S

15 15
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For example (7.22),
V, — Vgh21
L=
hiohy1 —hi1hoy — Z hoo
B 50 x (—0.5)
~0.67 x (—0.5) — 25 x 0.033 — 20 x 0.033
—25
7, — h].]_ + Zg
"7 hythgy — hyohy + hay Z,
B 25420
25 % 0.033 — 0.67 x (—0.5) + 0.033 x 20
_ B _umao
1.82

For maximum power transfer, Z;, = Z; = 24.72 ) (Please note that, Zy, is purely resistive).
The Thevenin equivalent circuit as seen from the output terminals along with Z;, is shown in
Fig. 7.42(b).

Z,=24.72Q
Prax = I x 24.72
13.74 2
= [} X 24.72 i
24.72 1 24.72 y=13.74V <> ; 7, 22470
13.74)? T t
= & = 1.9 Watts
4 x 24.72
Figure 7.42(b)

EXAMPLE ¥4
Determine the hybird parameters for the network shown in Fig. 7.43.

ol
S
LR ' -
o WwW | N
JjocC

o !
o

Figure 7.43
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SOLUTION
To find hy; and hy;, short-circuit the output terminals so that Vo = 0. Also connect a current
source I; to the input port as shown in Fig. 7.44(a).

al,
/\
—
\/
I1 I2
—_— R1 —
———O0—\WW 1 o—,
+ 3 +
11+12¢ _1
J(OC
V, A%
| 1 2
1@ §
- _

Figure 7.44(aq)

Applying KVL to the mesh on the right side, we get

1
Ry |I I —— |ad I,|=0
2[1-1— 2]+ij[a1+ 2]

o 1
= Ro+—|1 Ro+—|12=0
L we R LRl
= [Ol -+ ]u}RQC] I, =- [1 —|—]L¢JCR2] I,
— [+ jwRsC]
= Lh=—————1
27 1+ jwRsC
I
Hence, hy; = 2
I V=0
_ | + jwCRy
|14 jwRyC

Applying KVL to the mesh on the left side, we get

Vi=Ri1; + Ry [Il + 12]
— [Ry + Ro]T; + Rol

R (Oé +]CUCR2)
= |R1+ Ry — I
[ 1+ 2 14 jwRyC 1
A%
Hence, hi; = 2
I Va=0
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Rs (a+ jwRs ()
14 jwRC

o Ri+ Ry (1 — a) + jwR1 R C

N 1+ jwReC

=R+ Ry —

To find hss and his, open-circuit the input terminals so that I; = 0. Also connect a voltage
source V2 to the output port as shown in Fig. 7.44(b). The dependent current source is open,
because I1 = 0.

Vi=DLR, —©
\% 1,=0 |
T e
1

i
+
Hence, hlg = Vig o V1 § R2 <_> V2
_ JwCRy -
" 1+ jwCR, o
I — Vs _ jwCVo —
Ry + L 1+ ijRQ -
2+ =
jwC Figure 7.44(b)
B jwC
L—o 1+ jwCRy

Vi

o

I,

= hyy = —
22 Vs

7.6 Transmission parameters
The transmission parameters are defined by the equations:

V, =AV; - Bl
I, =CV,-DI,

I 1 - 12
— —
O— —O
+ . +
Linear
v, two - port )
network

Figure 7.45 Terminal variables used to define the ABCD Parameters
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Putting the above equations in matrix form we get
Vi| | A B Vo
I, | |C D -1

Please note that in computing the transmission parameters, —I» is used rather than I, because
the current is considered to be leaving the network as shown in Fig. 7.45.

These parameters are very useful in the analysis of circuits in cascade like transmission lines
and cables. For this reason they are called Transmission Parameters. They are also known as
ABCD parameters. The parameters are determined via the following equations:

Vs I.=0

\Y I I
B= — C= D= —

A | TV, |
T21ve=0 2{1,=0 12 |v,=0

A, B, C and D represent the open-circuit voltage ratio, the negative short-circuit transfer
impedance, the open-circuit transfer admittance, and the negative short-circuit current ratio,
respectively. When the two-port network does not contain dependent sources, the following rela-

tion holds good.
AD - BC=1

VIR, 7.27
Determine the transmission parameters in the s domain for the network shown in Fig. 7.46.

1 I
N A
+ +
\ ——IF v,
o o

Figure 7.46

SOLUTION
The s domain equivalent circuit with the assumption that all the initial conditions are zero is
shown in Fig. 7.47(a).

Figure 7.47(a)
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To find the parameters A and C, open-circuit the output port and connect a voltage source V;
at the input port. The same is shown in Fig. 7.47(b).

Vi sV L Dy
L=—"7="—" ———O0—AAVW AN o
1+ = s+ + +
s
1 v( (™ 11
Then Vo = ;Il 1\ T3 v,
1 SV1 V1 - -
= V - - O
27 5 +1 s+1 e o
Vv
= A=_1 =s+1
Valn,-0
1 L
AISO, Vg = *Il -
SI +
= C=_- =s
Va0 v,
To find the parameters B and D, short-circuit -
the output port and connect a voltage source V to o
the input port as shown in Fig. 7.47(c). Figure 7.47(c)
The total impedance as seen by the source V7 is
-x1
Z=1+7
-+1
S
_ I s+2
s+1 s+1
Vi Vi (8 + 1)
LL=—5=——-— 7.44
7z (s +2) (7.44)
Using the principle of current division, we have
1
n(l)
4p:13 — 11 (7.45)
41 s+
S
I
Hence, D= — =s+1
—Ip Va=0
From equation (7.44) and (7.45), we can write
Vi (S + 1)
“IL(s+1l)=——-+=
2t D) =700
-V
Hence, B= ! =s5+2
I V=0
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Verification

We know that for a two port network without any dependent sources,
AD-BC=1
(s+1)(s+1)—s(s+2)=1

VIR 7.28
Determine the ABCD parameters for the two port network shown in Fig. 7.48.

Figure 7.48

SOLUTION

To find the parameters A and C, open-circuit the output port as shown in Fig. 7.49(a) and connect
a voltage source V to the input port.

Applying KVL to the output mesh, we get
R, R
—Vo+mlij+0x Re+I1R4 =0 -

= Vo=I(m+ Ry)

Honce, C— 1 ! v @ § .
ence, = — = — 1 B
Vol,og m+ 1Ry T V2

Applying KVL to the input mesh, we get _E; 5
Vi=1 (RA + RB) Figure 7.49(a)
\4 R
Hence, A= Vil _RatRp
Val,—o m+Ra

To find the parameters B and D, short-ciruit the output port and connect a voltage source V;
to the input port as shown in Fig. 7.49(b).
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v § " V.m0

Figure 7.49(b)

Applying KVL to the right-mesh, we get

ml; + Reln+ Rp(I1 +13) =0

= (m+RB)11:—(RC+RB)12

—(Rc + Rp)
= L =——-1
' Tm+ Ry
Hence, D= I—l = 7(1%0 + Rtp)
I V=0 (m + RB)

Applying KVL to the left-mesh, we get

—-Vi+Rali+ Rp(I1 +12) =0

= Vi=(Ra+ Rp)1i + Rply

= (Ra+ Rp) [Mb] + Rpls

[RCRA + RcRp + RgRy — mRB]
S I,
m-+ Rp

_ Vi
—I Va=0

_ RcRas+ RcRp+ RpRy —mRp

o m+ Rp

Hence, B

EXAMPLE V2%
The following direct-current measurements were done on a two port network:

Port 1 open  Port 1 Short-circuited
Vi=1mV I, =-05uA
V2:1OV 12:8OMA

I, =200 pA V=5V

Calculate the transmission parameters for the two port network.
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SOLUTION
For the two port network, we can write

V;=AV, - Bl
I, =CV;-DI
From I; =0 (port 1 open): 1x 1072 = A x 10 — B x 200 x 1076
From V; =0 (Port 1 short): 0=Ax5—Bx80x107°

Solving simultaneously yields,

A=—-4x10"%B = —-250Q
FromI; = 0: 0=C x 10 — D x (200 x 10~°)
From V; = 0: —05x107°=Cx5—-D x80x107°

Solving simultaneously yields,

C=-5x10""S, D=-0.025

In summary, A=-4x10""
B = —-25Q
C=-5x10"8
D =-0.025

EXAMPLE sl

Find the transmission parameters for the network shown in Fig. 7.50.

1 1

I, 15kQ - .
O— AN
+ +
vV, 107V, <J_r> <¢> 401, §40k£2 v,
o o

Figure 7.50

SOLUTION

To find the parameters A and C, open the output port and connect a voltage source V; to the input
port as shown in Fig. 7.51(a).
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I 15kQ 0 <2?
O NV 0
+ +
+
v, C_) v, 1073V, <f> <¢ 40T, §40k9 \2
o— —0

Figure 7.51(a)
Applying KVL to the input loop, we get

Vi =1.5x 10°T; +107%V;
Also KCL at node a gives

Vo
401 + —2 _ =
0L+ o< 108 =

160 x 103
Substituting the value of I in the preceeding loop equation, we get

= I, = —6.25 x 1075V,

Vi=15x 10 (-6.25 x 10 °V3) + 10>V,

= Vi =-9.375 x 107°Vy + 1073V,
= —8.375 x 1073V,
Vv
Hence, A= 1 — -8.375x 103
Vs I,=0
Also, C=— =—6.25 x 10
Vs I>=0

To find the parameters B and D, refer the circuit shown in Fig. 7.51(b).

L 15kQ b 4_12
—_— )

O NV

+

(O R S T

o !

Figure 7.51(b)
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Applying KCL at node b, we find

40I; +0=1,
= I, =40L
-1 -1
Hence, D=2 = —
Iy |v,—o 40

Applying KVL to the input loop, we get

V1 =1.5x 10311
I,

Vi=15x10%x —=
1 10

Hence,
L lyv,=o

EXAMPLE SY

Find the Thevenin equivalent circuit as seen from the output port using the transmission parame-

ters for the network shown in Fig. 7.52.

L=
—-—
——o0
+
Two - port
network
\F
A,B,C,D
| -
Figure 7.52
SOLUTION
For the two-port network, we can write
V,=AV; - Bl

I, =CVy; - DI,

(7.46)
(7.47)
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Il IZ = 0
—_— ——
o ——o0
+ +
7 Two - port
€ network
v, V=V,
Ve A,B,C,D
o 5
Figure 7.53(a)
Refer the network shown in Fig. 7.53(a) to find V;.
At the input port,
Vo—11Z, =V, (7.48)
Also, I,=0 (7.49)
Making use of equations (7.48) and (7.49) in equations (7.46) and (7.47) we get,
Vo —11Z4, = AV, (7.50)
and Il = CV2 (7.51)

Making use of equation (7.51) in (7.50), we get

V, — CVyZ, = AV,
Vg

V :Vzi
- 2= T Ay Cg,

To find R;, deactivate the voltage source V;; and then connect a voltage source Vo = 1V at
the output port. The resulting circuit diagram is shown in Fig. 7.53(b).

Zg I, L

] —» -+ )

o— Fo— O
* Two - port +

network
V,=0 i
g . v
A,B,C,D

o 0 °

1 2

Figure 7.53(b)
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Referring Fig. 7.53(b), we can write
Vi=-1Z,
Substituting the value of V' in equation (7.46), we get

—1,Z,= AV, — B,

—A B
= I =—Vao+ =1
1 Z, 2t 2 2
Equating equations (7.47) and (7.52) results
—A B
CV; —-DIh=—Vy+ —1
2 2 Z, 2+ Z, 2
—A B
Vo|C+—|=|D+—|1
ozl
B
v, Ptz
Hence Zy = 2= 9
L A
C+ -
Zy
_B+DZ,
- A+CZ,

(7.52)

Z

~

Figure 7.54

Hence, the Thevenin equivalent circuit as seen from the output port is as shown in Fig. 7.54.

EXAMPLE ¥

For the network shown in Fig. 7.55(a), find R, for maximum power transfer and the maximum

power transferred.

I2
—-—
A=4
20Q
B=20Q
C=04S
100V
D=3

Figure 7.55(a)

o Q!
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SOLUTION
From the previous example 7.31,

, _B+DZ,  20+3x20 _ 20+60
"TA+CZ, 4+04x20  4+8
v, 100 100

vV, = - — — —8.33V
"TA+CZ, 4+04x20 12

=6.67Q2

For maximum power transfer,

Ry, = Z; = 6.672 (purely resistive)
Hence, the Thevenin equivalent circuit as seen from
output terminals along with Ry is as shown in

Fig. 7.55(b). s <+> @
V=8.33V t
8.33 ’ -

5T oo 02A
(PL)max = I? x 6.67
= (0.624)% x 6.67
= 2.6Watts

EXAMPLE SR

Refer the bridge circuit shown in Fig. 7.56. Find the transmission parameters.

Figure 7.55(b)

3Q
—— AVWW—/————
R 3Q oN )
o AVAYAAY; ANNW———0
+ +
V1 3Q V2
O O
Figure 7.56

SOLUTION
Performing A to Y transformation, as shown in Fig. 7.57(a) the network reduces to the form as
shown in Fig. 7.57(b). Please note that, when all resistors are of equal value,

1
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3Q
Il T ~- 7 - I
— 3Q ' 3Q 2
o A ——— AN ——— 5
+ 1 3 2 +
\ 3Q v,
O O
Figure 7.57(a)
I] 1Q 1Q 12
A VAVAYAY NVVV e}
+ +
1Q
v \Z
3Q
(o, O

Figure 7.57(b)

To find the parameters A and D, open the output port and connect a voltage source V; at the
input port as shown is Fig. 7.57(c).

Applying KVL to the input loop we get

I +4I =V,
= V;=5I
A% I
Also, I, = 2 o Cc=L =
4 Valt,—o

AISO, = V1 = 511 = ZVQ

V1
H A. = -
ence, V2

I>=0

1 Figure 7.57(c)

To find the parameters B and D, refer the circuit shown in Fig. 7.57(d).



11 X 4 4
-1, = -1
T 441 5!
I
Hence D=1 = >
Ip|y,—o 4

Applying KVL to the input loop, we get
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Hence,

Figure 7.57(d)
—V1+1X11+4X(Il+12):0
5
Substituting I; = —ZIQ in the preceeding equation, we get
5 5
-Vi—--L+4|—-L+1L) =
1= + ( 12 + 2> 0
5
-V, —112—512—%412:0
4V, = -9I,
Vv
B= 1 ~Jq
I, 4

Verification:

For a two port network which does not contain any dependent sources, we have

AD -BC=1

9 25 9
X — =
4 16

5 1
X___ =
4 4 16

> | Ot

7.7 Relations between two-port parameters

If all the two-port parameters for a network exist, it is possible to relate one set of parameters to

another, since these parameters interrelate the variables V1,11, Vo and Iy. To begin with let us

first derive the relation between the z parameters and y parameters.
The matrix equation for the z parameters is

=

Similarly, the equation for y parameters is

|:V1:|_{Z11 212][11
Vo | | 221 22 I
V =1zI1 (7.53)
[11]_[)’11 Y12]{V1
IL | [y y2 Vo
I—yV (7.54)
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Substituting equation (7.54) into equation (7.53), we get

V =zyV
~1_ adj(y)
H e 1 =
ence, z=Yy Ay
where AY =YY — YuYi

This means that we can obtain z matrix by inverting y matrix. It is quite possible that a

two-port network has a y matrix or a z matrix, but not both.

Next let us proceed to find z parameters in terms of ABCD parameters.

The ABCD parameters of a two-port network are defined by

V; =AV; - BI,
I, =CV,-DI,

N Vo — é (I, DL,)
N Vo= Shit oh
V1:A<2+DCIQ) _BIL
= % + <ACP - B> I

Comparing equations (7.56) and (7.55) with
Vi =zl + 212D
Vo =zo111 + 220

respectively, we find that

_ _A __AD-BC 1
11—C 12 — C 21—C

Next, let us derive the relation between hybrid parameters and z parameters.

Vi=zuli + z120
Vo = z9111 + 222l

From equation (7.58), we can write

_2211 + E

I, = 1
Z22 Z22

Substituting this value of I in equation (7.57), we get

—z11y
Vi=zuli +zp2 [ +
Z22
Z11222 — Z12Z2]
EESET
Z2

Z22:6

V2:|
Z22

z12Va

Z22

(7.55)

(7.56)

(7.57)
(7.58)

(7.59a)

(7.59b)
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Comparing equations (7.59b) and (7.59a) with

Vi=hy;I; +h;pVy

Iy = ho1Ii +hoy Vo
_ ZuZp — Zi2Z1 _ Az

we get, hj=—""—""=—=
Z22 Zoo
Z12 Z21 1
hip = — hy; = hoy = —
7992 Z22 Z22
where Az = 711299 — Z12Z21

Finally, let us derive the relationship between y parameters and ABCD parameters.

L =yuVi+y2Vo (7.60)
I =y21 Vi +y2V, (7.61)

From equation (7.61), we can write

Vi=— ==V
yo1 Y21
— 1
= 2y, o, (7.62)
Y1 Ya1

Substituting equation (7.62) in equation (7.60), we get
I, = —Yy11Y22
Y21

_A
v, + Y, (7.63)
yo1 Yya1

Vo +y12Vae + &12
ya1

Comparing equations (7.62) and (7.63) with the following equations,

Vi =AV, - Bl
I, =CV,y, - DI,
— -1 —A —
A — Y22 B— - C— y D= yi1
Y21 Y21 Ya1 Y1
where Ay = y11y22 — Y12¥21

we get

Table 7.1 lists all the conversion formulae that relate one set of two-port parameters to another.

Please note that Az, Ay, Ah, and AT, refer to the determinants of the matrices for z, y, hybrid,
and ABCD parameters respectively.
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Table 7.1 Parameter relationships

zZ y T
2 2 Y2 Y12 A AT [ Ah hip 7
. e Ay Ay C C hyy  hay
z ” Y21 Yu 1 D —hoy 1
21 Z22 — - = —
Ay Ay C C L hyy  hoo |
Z99 —Z192 D —AT i L —h22 ]
y Az Az {y“ y”] B B hi;  hy
—72 1 L Ya1 Y22 J —1 A @ &
Az Az B B L hir hyp
zn Az R A B —Ah  —hy
T Zo1  Z21 y21 ya1 hy; ho;
1 =z Ay  -y11 —hyp -1
- f22 C D -
Zo1 2921 y21 ya1 hy; hy;
Az 719 1 —Yi2 B AT
—  — — = [ hip hyp -|
h Z92 Z22 yu yi1 D D
— 1 A 1
g =Y RN L hy1 hoy J
Z22 Z29 yiu yiu D D

Az = 711222 — 212221, Ay = y11y22 — Y12¥21, Ah = hy1hgy —hiohy, AT = AD — BC

EXAMPLE

7.34

Determine the y parameters for a two-port network if the z parameters are

SOLUTION

|

10 5
5 9

Az=10x9—-5x5=065

yi1 =

Yi2 =

y21 =

yo2 =

Zyo
Az

—Z12

Az

—Z21

Az
z11
Az

9
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Following are the hybrid parameters for a network:

hi; hps 15 2
hyy hyy | |3 6

Determine the y parameters for the network.

SOLUTION

Reinforcement problems

R.P 7.1

Ah=5x6-3x2=24

=— =-S5
yu iy 5
—h22 —6
= —S
Y12 hi 5
h21 . 3
yo1 = hos 5S
_Ah_ 2
Yoo = h 5

The network of Fig. R.P. 7.1 contains both a dependent current source and a dependent voltage

source. Determine y and z parameters.

I
—

(e,
+

I,

1Q
—WW—<>

Vv, §IQ <1 2V,

+O

SOLUTION

Figure R.P. 7.1

From the figure, the node equations are

At node a,

\4
Il_V1—2V2—<12—2>

2
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At node b,

v
V1:V2—2V1—<12—22)

Simplifying, the nodal equations, we get
3
L+I,=V, —§V2
3
I, =-3V; + §V2

In matrix form,

1 1)) L s rw
[0 1]_12__ 4 3 [V2]
L 2 3
_ L] [1 1]‘1{1 _2][V1]
12___01 [_3 3} Vy
2
[ 4 —3]
Therefore, y=1 _3 % J
3 _
RSN U B
SR E i Y

7.2

Compute y parameters for the network shown in Fig. R.P. 7.2.

IF
Il
1 Il
I 1o I
1 3 2
- 1 3 1Q 2 <
+ O AVAYAYAY, AVAYAYAY, O +
V Q 1 \G)
! ! 7 Q 10
-0 o-

Figure R.P. 7.2
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SOLUTION
The circuit shall be transformed into s-domain and then we shall use the matrix partitioning
method to solve the problem. From Fig 7.2, Node equations in matrix form,

—2|[v;] [P Q][

Il s+3 -5 E
Lil -5 s+2ial[Vyl=l -]V,
e .:___ - _____.:___ _———f -
Ol =2 =11 s5||V3] IMIN|[|V
L | _ B -1 Vi ]
[12]— P-QN M] [VZ

R.P 7.3
Determine for the circuit shown in Fig. R.P. 7.3(a): (a) Y1, Yo, Y3 and g,,, in terms of y parameters.

(b) Repeat the problem if the current source is connected across Y3 with the arrow pointing to the
left.

Il )
—_— 2 —-—
+ O Y O +
Vi Y, Y, <¢> guV1 ¥,
~ o o -
Figure R.P. 7.3(a)
SOLUTION
(a) Refering Fig. R.P. 7.3(a), the node equations are:
Atnode 1
L=Y1V,+ (Vi - V)Y
— V(Y1 +Y3) - Y3V, (7.64)
At node 2

I, =9, Vi+ VaYo+ (Vo — V)Y3
= (gm - }/?))Vl + (YQ + YE’))VQ (7.65)
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Then from equations (7.64) and (7.65),

yu=Y1+Y3 yi2=-Y3
Yo1 =9gm — Y3; Yy =Yo+Y;3

Solving,

Y3=-yi12; Yi=yu+y
YYo=y +y12; gm =Yyo21 —Yy12

(b) Making the changes as given in the problem, we get the circuit shown in Fig R.P. 7.3(b).

& V1
AN

y N L

—_— e
;0 Y, o+
v h Y, V2
-0 O —

Figure R.P. 7.3(b)

Node equations : At node 1
L=Y1V,+ (Vi - V3)Y3—g,V,
— (Yl + YE’» - gm,)vl - YéVZ (766)
At node 2,
I, =VyYo + (Vo — V)Y3 4+ g, V1
= (gm — Y3)V1 + V(Y2 4 Y3) (7.67)
From equations (7.66) and (7.67),
yu=Y1+Ys—gn; yi2=-Y3
Yo1=¢gm — Y3, yu=Yo+Y;3
Solving,
Y3=—-y12; Yo=yo Yy
I9m = Y21 — Y12

Yl =Yu _}/Z’)+g7n
=Yyi11 +Yyi2+Yy21 — Y12 =Y11 — Y21
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Complete the table given as part of Fig. R.P. 7.4. Also find the values for y parameters.

I Ip Table
— ——
Slno Vi Vo L I
linear 1 50 100 —1 27
Vi passive V2 2 100 50 7 24
network
3 200 0O — —
4 — — 20 0
Figure R.P. 7.4 5 — — 10 30
SOLUTION
From article 7.2,
[11]:[}’11 Y12][V1]
I Y21 Y22 Vs
Substituting the values from rows 1 and 2,
—1 7 o Yi1 Y12 50 100
27 24 B Y21 Y22 100 50
Post multiplying by [V]~1,
yii yiz | [ -1 7 50 100 17"
yo1 yoo | | 27 24 100 50
[ 01 —0.06
1014 02
For row 3: L] [ 01 —0067][ 200 20
L | |04 02 || o 28
For row 4:
'vi] [01 —006]'[20] [ 14084
Vo | T [o14 02 0 | T | —98.59
For row 5:
vi] [o01 —006] '[10] [ 1338
Vo | T o014 02 |30 | T [ 56.338
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R.P 7.5

Find the condition on a and b for reciprocity for the network shown in Fig. R.P. 7.5.

1Q
ro—<>——WW o+

bl
— C O_
Figure R.P. 7.5
SOLUTION
The loop equations are
Vi —aVy=3(1; + 1I3) (7.68)
Vo= (Io —I3) — bl (7.69)
Is=Vy— (V1 —aVy)
=(1+a)V2-Vi (1.70)

Substituting equation (7.70) in equations (7.68) and (7.69),

Vi—aVy =3I + 3(1 + a)VQ -3V

= 4Vy = (3 +4a)Vq + 314 (7.71)
V2 :IQ — [(1 +a)V2 —Vl] —bIl
= ~Vi+(2+a)Vy=-0I;1+1I (7.72)

Putting equations (7.71) and (7.72) in matrix form and solving
Vil [ 4 —B+4a)] '[ 3 0][L
Vo | | -1 2+a -b 1 I
_ l 2+a 3+4a 3 0 I
A 1 4 —b 1 I,
. l M 3+ 4a Il
T A|3-4 N I,

3+4a=3—-4b
Therefore, a=-b

For reciprocity,



R.P 7.6
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For what value of « is the circuit reciprocal? Also find h parameters.

1 0.5V b
o— > \/l\g/)\/\ =5
T N T
1Q
Vi V2
aly
o o
Figure R.P. 7.6

SOLUTION
The node equations are

V1 — O.5V1 — 11 - V2
Vo= (I +12)2 + aly

05 077 1
0 -2 24+a —1
_i -2 0 1 1
A 0 05 2+a —1
[ 22
:[2+a 05J (A=-1)
5 .
For reciprocity,
his = —hy;
24a
= 2=
2
= —4=2+4a; a=2
2 2
Therefore h [ 2 05 ]



568 | Network Theory

R.P 7.7

Find y;2 and yo; for the network shown in Fig. R.P. 7.7 for n = 10. What is the value of n for the

network to be reciprocal?

I
—1> 5Q 50Q 42
+0 AVAVAVAV s A VAVAVAY O +
Vi 0.01V, <+> nly <$> 0q V2
-0 o -
Figure R.P. 7.7
SOLUTION
Equations for I and I are
Vi1 —-0.01V,
h=——"
=0.2V1 — 0.002V;
Vo V3 —0.01V,
I = 22, o 2270V V2
2= 59 Tt 50

Substituting the value of I} from equation (7.73) in equation (7.74), we get
Vi V3 -0.01Vy
I, = 2V —0.002 —+ —
2 =n(0.2V1 —0.00 V2)+20—|— 20

Simplifying the above equation with n = 10,
I, =2V, +0.0498V,

(7.73)
(7.74)

(7.75)

(7.76)

From equation (7.73), y12 = —0.002
and from equation (7.75), yo1 = 0.2n
For reciprocity Yi2 = ¥o1
= —0.002 =0.2n
Hence, n=—0.01
R.P 7.8
Find T parameters (ABCD) for the two-port network shown in Fig. R.P. 7.8.
I 1.5V,
A, 10Q /\1 I
+ o—AWWW\ C < O +
A
Vi 25Q 200 V2
— c o —

Figure R.P. 7.8
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SOLUTION
Network equations are

V; —10I; = Vy — 1.5V, (7.77)

Vo — 1.5V, Vo

I, — I, —
! 25 th

= 7.78
50 — 0 (7.78)

Simplifying,

2.5V —10I; =V,
0.06V1 +1; =0.09Vy — I»

In matrix form,
2.5 —=10 Vi 1 0 V,
0.06 1 I, | | 0.09 1 —Ib

o [ 25 —10][ 1 0]_[o0613 323
~ 1006 1 0.09 1]~ | 0.053 0.806

Therefore

R.P 7.9

(a) Find T parameters for the active two port network shown in Fig. R.P. 7.9.
(b) Find new T parameters if a 20 €2 resistor is connected across the output.

—» 10Q 5Q P
+ O—AAMA—TAMA, o+
Vi
\2 §509 <¢ Vv,
0.08 7}
_o o-_
Figure R.P. 7.9
SOLUTION
(a) With V, = 1014,
0.08V, = 0.8I;
Therefore, V; — 10I; = Vo — 5(Iy — 0.08V;)
=V, — 51y +4I; (7.79)
V; —10I
L 41, — 081 = Y= 100 (7.80)

50
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Simplying the equations (7.79) and (7.80),we get

Vi —141, = V5 — 51,
and — V1 4+ 20I; = —50Iy

Therefore,

o[ 1 -4 (1 5] _[ 333 13333
-1 20 0 50 | | 0167 9.17

(b) Treating 20 €2 across the output as a second T network for

which

1 0 ] 20Q

T=| 1
— 1
20
Then new T-parameters,
p_[ 33 13337 1 O|_[ 10 13333
] 0167 9.17 — 1| [0625 917
20

7.10
Obtain z parameters for the network shown in Fig. R.P. 7.10.

I 10Q L2

+ 1 B +
Vi V2
0.3V, 6Q
(e, O
Figure R.P. 7.10
SOLUTION
At node 1,
Vi =(I; —0.3V3y)10 4+ V,
=10I; — 2V, (7.81)

At node 2,

Vv
Vo = (12—62) 10+V1:1012+V1—§V2

- §v2 —V, 4 10L (7.82)
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Putting in matrix form,

P2 [Vi]_[w o ][5
1 — A\ N 0 -10 I
3
Therefore,
I 10 0 ] [ 571 —4.28
[ [ 0 —10 | | 2.143 2.143

R.P 711

Obtain z and y parameters for the network shown in Fig. R.P. 7.11.

+0
+0

Figure R.P. 7.11

SOLUTION
For the meshes indicated, the equations in matrix form is

_ , S
1+£ 2 : —1
S S :
Vi - I
2 1 2! 1
| = =+=: =
vy |= s 2 s: 2 12
1
S N IR (R -
0 ! 2 (| 13
-1 % :£+_
1 N
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By matrix partitioning,

rs+2 2 7 r 1
R = N
2 s+4 |35 +4] ) 2
L s 2s - )
s+ 2 2 [ -1
. S s 2s 2
- 2 s+4 | [3s+4] 11
L s 2s A L2 4
[ s+2 2 7 [ 2s —s
. S S 3s+4 33+4]
N 2 s+4 | —s —8s
L S 2s | L 3s+4 3s+4
[ s2+10s+8 82+65+8-|
s(3s+4) s(3s+4)
| 246548 s2+8s5+8
s(3s+4) s(3s+4)

R.P 7.12
Find z and y parameters at w = 108 rad/sec for the transistor high frequency equivalent circuit
shown in Fig. R.P. 7.12.

I 1pF 15
+0O ” O +
SpF_L*
Vv, §100k9 =" <¢ 10kQ V,
0.017,
e, O —

Figure R.P. 7.12
SOLUTION
In the circuit, V,, = V1. Therefore the node equations are

I; = (107° 4 j6 x 1071V — j1074V,
I = —j107*V; 4+ 0.01V; + 10741 + j) Vo
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Simplifying the above equations,

L = 1074[(0.1 + j6)V; — j1Vy)
I, = 10~4[(100 + j1) V1 + (1 + j) V3]

L 0.1+j6 —jl VvV,
Therefore, { Il ] = x 1074
2 100 —j1 1441 V,
wC; =108 x5x10712=5x10"*
wCy =108 x 1072 =104
A =1078[(0.1 + 56)(1 + 7) + (100 — j1)(51)]
=10"% x 106.213 /92.64°
6 /89° —j1
Therefore, y = x 1074
100 /=0.6° /2 /45°
V2 /45° J1
Then, z=y = x 1071+ A
100 /—180.6° 6 /89°
\/5/450 ]1 1 10—4
— X
100/_18060 6/890 10 8 X 106213 /9264
[ 133.15 /—47.64°  94.16 /—2.64°
94.16 /86.8° 565 /—31.6°
I 7.13

Obtain T4, Tp, T for the network shown in Fig. R.P. 7.13 and obtain overall T.

NS}

W
[o)}
~

N

B

Figure R.P. 7.13
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SOLUTION
Using the equation for T-parameters for a T-network
Zy+ Z3 > 2173 1 Zy+ Z3
A_ = ———:] B = ——:5 = —_— D = ——-:
Zs Zs c Z3’ Z3
— % 2
We have for A Ty = 1
-1
)
9 5
| 6 6
For B, T = 1 10
-6 6
1 0
For C, Te=1]1 1
L 7
Overall T : T = [T4][Ts][Tc] = [

This dervation is left as an exercise to the reader.

4.709 15.93
0.962 3.46

|
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Exercise Problems

7.1

Find the y parameters for the network shown in Fig. E.P. 7.1.

ai Rp

Figure E.P. 7.1

_a+Rs+Rp —1 —(a+ Ry) 1

Ans:  y11 R.Rs V12 = R—B,Y21 = W,hz Ry
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E.P 7.2
Find the z parameters for the network shown in Fig. E.P. 7.2.
I I
—= 1 19 -
O—VWWV O
+ +
v, 2Q %Q v,
o o
Figure E.P. 7.2
13 2 2 3
Ans: =—0 = -0 =20 - 2Q.
ns Z11 Pat Z12 P Z21 P Z22 7
E.P 7.3
Find the h parameters for the network shown in Fig. E.P. 7.3.
ml,
S
L R, Cy L
o ANV Il o
+ +
Vv, §RB v,
o o
Figure E.P. 7.3
SCARARB+RA—|—(1—m)RB sCARB—|—m
Ans: hj; = , hoyy=—7—"7——.
sCaRp+1 sCaRp+1
sCasRp sCx
hig = ————, hog = —————.
sCaRp +1 sCaRp +1
E.P 7.4
Find the y parameters for the network shown in Fig. E.P. 7.4.
1Q 2Q 1Q
S i VAVAVAY AAYA'A% MNVN—O
2Q 2Q
o O
Figure E.P. 7.4

7 —2
NSt Y1 =Yy22 = 19 Yiz =Y¥21 = ¢
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EP 7.5
Find the y parameters for the network shown in Fig. E.P. 7.5. Give the result in s domain.

2F 2F
o o
1Q
o O
Figure E.P. 7.5
Ans: . 2s(2s+1) o —4s?
Pyl = Y22 = ds+1 Y12—Y21—4S_|_1-
E.P 7.6
Obtain the y parameters for the network shown in Fig. E.P. 7.6.
L 6 0 b
o AAAY AAAY O
+ +
A\ l 3Q 2i, v,
—_ ix —_
(e O
Figure E.P. 7.6

Ans: Y11 = 0.625 S, Yi2 = —-0.125 S, Y21 = 0.375 S, Y22 = 0.125S.

E.P 7.7
Find the z parameters for the two-port network shown in Fig. E.P. 7.7. Keep the result in s domain.
I, IF S A
o—1| il | Bl
: I I :

Figure E.P. 7.7

2s+1 25+ 2
Ans: zq1 = , Z12 = Z21 = 2, Z22 = PR
s
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E.P 7.8
Find the h parameters for the network shown in Fig. E.P. 7.8. Keep the result in s domain.

1H
— T —
I, 1Q L
O— A o)
+ 2Q
—ANVVW—
1Q
v, | v,
: T
(o, O
Figure E.P. 7.8
55+ 4 s+4 —(s+4) s
Ans: hi1=—" " hio=—"" hor=—"'" HQog=— "
m M T o2y M2 2G+2) T 2+2) 2T 2(s+2)
E.P 7.9
Find the transmission parameters for the network shown in Fig. E.P. 7.9. Keep the result in s
domain.
2Q
AAYA'A%
I 1Q 1Q b
o AR AAARY o
+ +
Vi —IF A2}
(_: _
Figure E.P. 7.9
3 4 2 4 4 3 4
Ans: :i, B:i, C= S, D= s+ .
s+4 s+4 s+4 s+4
E.P 7.10

For the same network described in Fig. E.P. 7.9, find the h parameters using the defining equations.

Then verify the result obtained using conversion formulas.

2s+4 s+4 h _ —(s+4) 4s

S = - —_— h - .
3s+4’ 127 3514 2L~ 3544 227 3544

Ans: hi; =
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E.P 7.11
Select the values of R4, Rp, and R¢ in the circuit shown in Fig. E.P. 7.11 so that A =1, B =34 (),
C=20mS and D=1.4.

I, R R L
> A B ag—
E AYAVAYAY NNVVN—O
+
V] RC V2
o )

Figure E.P. 7.11
Ans: R, =101, Rp = 2012, Rc = 5092

E.P 7.12

Find the s domain expression for the h parameters of the circuit in E.P. 7.12.

E.P 7.13
Find the y parameters for the network shown in Fig. E.P. 7.13.

L 25Q L
— -
o VWV O
+ I +
—_—
v 100L2 21, v,
O 0
Figure E.P. 7.13

Ans: Y11 = 0.04S, Yi2 = —0.048, Y21 = 0.048, Y22 = —0.03S.
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E.P 7.14
Find the two-port parameters hio and y;2 for the network shown in Fig. E.P. 7.14.

0.3V,
I P 4Q I,
o &= AN o)
+ N +
\A <¢ 021, 10KQ V,
o o

Figure E.P. 7.14

Ans: h12 = 1.2, Y12 = 0.24S.

E.P 7.15
Find the ABCD parameters for the 4 resistor of Fig. E.P. 7.15. Also show that the ABCD
parameters for a single 16() resistor can be obtained by (ABCD)*.

L 4Q L
O AVAVAYAY, ‘o)
+ +
Vl V2
o o

Figure E.P. 7.15

Ans: Verify your answer using the relation between the parameters.

E.P 7.16
For the T-network shown in Fig. E.P. 7.16. show that AD — BC =1.

I I
L 1Q 20 X
oO——ANMV AYAA'AY, o)
+ +
Vi 4Q v,
o o)

Figure E.P. 7.16
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E.P 7.17
Find ys; for the network shown in Fig. E.P. 7.17.
2Q2 2Q2
O— VWV AVAVA'AY o]
1 2
4H 4H
I 2’
O O
Figure E.P. 7.17
—8
Ans: = .
ns: y21 45+ 1

7.8

Determine the y-parameters for the network shown in Fig. E.P. 7.18.

L 10 1H o b

I O——AM—T—TTT ANMN—0 2
; 1, L

1F 1F v,
o 1 1 52

Figure E.P. 7.18

Ans: _83—|—82—|—2S+1 _ _ -1 _s3+32+2s—|—1
¢yl = s(s2 1 2) Y12 = Y21 = 75(32 +2)’ Y22 = s(s2 + 2) .
E.P 7.19
Obtain the h-parameters for the network shown in Fig. 7.19.
I I
1 2Q 2Q 2Q 2
% AAAY
+ +
A\ 1Q 1Q \S
o o
Figure E.P. 7.19
30 —1 1 4
Ans: hj; = —Q hyy = — hio = — hos = —0
ns 11 = 97%% 21 11° 12= 770 22 = 77
E.P 7.20

The following equations are written for a two-port network. Find the transmission parameters for
the network. (Hint: use relation between y and T parameters).

I, =0.05V; — 0.4V, I =-0.4V1+0.1V,
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E.P 7.21
Find the network shown in figure, determine the z and y parameters.
2V I
Il 10 1 2
(o,
+
\A 10
o

Figure E.P. 7.21

Ans: yq11 = 40%, y22 2430, yi2 = y21 = =30,

Z11 — ]_Q, Z2o = gﬂ, Z12 — Z21 — ]_Q

E.P 7.22
Determine the z, y and Transmission parameters of the network shown in Fig. 7.22.
51
I 1 I
1 10Q2 10Q2 2

- = VVVV o

+ +

Vi 5Q v,

(e, O

Figure E.P. 7.22

3 1 4
Ans: y11 = -0 Yi2 =y21 = -0 y22 = —=0O

55 55 55
Z11 = 209, Z12 = Z21 — 50 7992 = 150
A =550 B =550 C = 0.20, D =3.

7.23

For the network shown in Fig. E.P. 7.23 determine z parameters.

I 50 1H I,
1 (e, l\/\/\/\ll ’m\—o 2
2H

. I,
1'o 0?2
Figure E.P. 7.23

2s(5s+ 1) 2s 253 +5524+3s+5
:—’ Z P :—, Z pr—
252 + 5s + 1 252 £ 55+ 1" %2 252 + 55+ 1

Ans: Z11 12 = Z21

* The unit O and S are same
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Determine the y parameters of the two-port network shown in Fig. E.P. 7.24.

L 2Q 20 42
3 AVAVAVAY, NV 9
3Q
V1 VZ
2v,
o o
Figure E.P. 7.24
1 —1 -5 —4
Ans: = -0, = —0, = —0, = —0.
Y1 1 Y21 P Yi2 1 Y22 3



